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THE 


PRINCIPLES  OF  MECHANICS. 


TH  E term  Mechanics  has  at  different  times,  and 
by  different  writers,  been  applied  to  branches  of 
fcience  effentially  diftinft  from  each  other.  It  was 
originally  confined  to  the  doctrine  of  equilibrium,  or 
the  inveftigation  of  the  proportion  of  powers  when 
they  balance  each  other. 

Later  writers,  adapting  the  term  to  their  difcove- 
ries,  have  ufed  it  to  denote  that  fcience  which  treats 
of  the  nature,  genefis,  and  alteration  of  motion ; 
giving  to  the  former  branch,  by  way  of  contradiflinc- 
tion,  the  name  of  ftatics. 

Others,  giving  the  term  a ftill  more  comprehen- 
five  meaning,  have  applied  it  to  both  thefe  fciences. 

None  of  thefe  definitions  will  exactly  fuit  our 
prefent  purpofe ; the  firft  being  too  contracted,  and 
the  others  much  too  extenfive,  for  a treatife  which  is 
Vol.  III.  A intended 


2,  PRINCIPLES  OF  MECHANICS. 

intended  to  be  an  introduction  to  the  higher  branches 
of  philofophy.  Our  fyftem  of  mechanics  will  com- 
prife  the  doCtrine  of  equilibrium,  and  fo  much  of  the 
fcience  of  motion  as  is  neceffary  to  explain  the  effects 
of  impact  and  gravity. 


SECTION 


SECTION  I. 


ON  MATTER  AND  MOTION. 

DEFINITIONS. 

Art.  i.  Ji/fATTER  is  a fubftance,  the  object  of 
^ ^ our  fenfes,  in  which  are  always  united 
the  following  properties  5 extenjion , figure , Jolidity , mo- 
bility > divifibility , gravity , and  inactivity. 

2.  Extenfion  may  be  conlidered  in  three  points  of 
view  : 1 ft.  As  limply  denoting  the  part  of  Ipace 
which  lies  between  two  points,  in  which  cafe  it  is 
called  difiance.  2d.  As  implying  both  length  and 
breadth,  when  it  is  denominated  furface  or  area.  3d. 
As  comprifing  three  dimenlions,  length,  breadth,  and 
thicknefs,  in  which  cafe  it  may  be  called  capacity  or 
content.  It  is  uled  in  the  laft  of  thefe  fenfes  when  it 
is  faid  to  be  a property  of  matter. 

3.  Figure  is  the  boundary  of  extenfion.  The 
portions  of  matter,  from  which  we  receive  our  ideas  of 
this  fubftance,  are  bounded,  or  have  figure.  ' 

4.  Solidity  is  that  property  of  matter  by  which  it 
fills  fpace  ; or,  by  which  any  portion  of  matter  ex- 

a 2 eludes 
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eludes  every  other  portion  from  that  part  of  fpace 
which  it  occupies ; and  thus  it  is  capable  of  refiftance 
and  protrufion.  “ There  is  no  idea  which  we  receive 
more  conftantly  from  fenfation  than Jolidity.  Whether 
we  move  or  reft,  in  what  pofture  foever  we  are,  we 
always  feel  fomething  under  us  that  lupports  us,  and 
hinders  our  farther  finking  downwards ; and  the 
bodies  which  we  daily  handle  make  us  perceive  that, 
whilft  they  remain  between  them,  they  do  by  an 
infurmountable  force  hinder  the  approach  of  the  parts 
of  our  hands  that  prefs  them.”  * 

e>.  Mobility , or  a capacity  of  being  transferred  from 
one  place  to  another,  is  a quality  found  to  belong  to 
all  bodies  upon  which  we  can  make  fuitable  experi- 
ments ; and  hence  we  conclude  that  it  belongs  to  all 
matter. 

6.  Divijibility  fignifies  a capacity  of  being  fepa- 
rated  into  parts.  That  matter  is  thus  divilible,  our 
daily  experience  allures  us.  How  far  the  divifion  can 
actually  be  carried  is  not  fo  eafly  feen.  We  know 
that  many  bodies  may  be  reduced  to  a very  fine 
powder  by  trituration;  by  chemical  folution,  the  parts 
of  a body  may  be  fo  far  divided  as  not  to  be  fenfible 
to  the  fight ; and  by  the  help  of  the  microfcope  we 
difeover  myriads  of  organized  bodies,  totally  unknown 
before  fuch  inftruments  were  invented.  We  are  led, 
by  fuch  confederations  as  thefe,  to  conclude,  that  the 
divifion  of  matter  is  carried  to  a degree  of  minutenefs 
far  exceeding  the  bounds  of  our  faculties  ; and  it 
feems  not  unreafonable  to  fuppofe,  that  this  capacity 
.of  divifion  is  without  limit ; efpecially,  as  we  can 

prove 


Locke’s  Eflay.  B.  II.  Ch.  IV. 
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prove  that  any  portion  of  extension  is  divifible  into 
parts  lefs  and  lefs  without  end.* 

From  the  extremities  of  the  line  AB , draw  ACy 
BD , parallel  to  each  other,  and  in  oppolite  directions 3 
in  AC  take  any  number  of  points  E , F , G,  &e.  and 


join  DE,  DF , DG , &c  thefe  lines  will  cut  AB  in 
different  points ; and  fince  in  the  indefinite  line  AC 
an  unlimited  number  of  points  may  be  taken,  the 
number  of  parts  into  which  AB  is  divifible,  is  inde- 
finite. 

This  property  of  extenfion  may  alfo  be  proved  ex 


abfurdo.  If  poffible,  let  AB  be  the  leaft  portion  of  & 

circular 

\ 

* Porro  corporum  partes  divifas  eC  fibi  mutua  contiguas  ah' 
invicem  feparari  pofle  ex  phaenomenis  novimus,  et  partes  indmfas 
jn  partes  minorcs  ratione  diftingui  pofle  ex  mathematics*  cerium. 
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circular  arc  ; take  C the.  center,  join  AC,  CB,  and 
with  the  center  C,  and  radius  Ca > which  is  lets  than 
CA,  defcribe  a circle  cutting  CA  and  CB  in  the  points 
<7and/£;  then  becaufe  AB  and  ab  are  fimilar  arcs, 
they  are  as  their  radii ; therefore  ab  is  lefs  than  AB ; 
or  a portion  of  extenfion  lefs  than  the  leaft  poffible 
has  been  found,  which  is  abfiird.  Hence,  any- portion 
of  extenfion  is  divifible  into  parts  lefs  and  lefs,  without 
ever  coming  to  a limit. 

It  has  been  fuppofed  by  fome  writers  that  there  are 
certain  indivifible  particles  of  matter,  of  the  fame  form 
and  dimenfions,  by  the  different  modifications  of 
which  different  bodies  are  formed.  This  is  a gratui- 
tous aflumption,  unfupported  by  experiment ; nor  can 
it’s  truth  or  falfehood  be  brought  to  this  tell.  And 
as  the  contrary  is  at  leaft  poffible,  we  cannot  be 
certain,  that  conclulions  founded  on  this  hypothecs, 
are  juft  and  practical.  . 

7.  Gravity  is  the  tendency  which  all  bodies  have 
to  the  center  of  the  earth. 

t 

We  are  convinced  of  the  exiftence  of  this  tendency 
by  obferving,  that,  whenever  a body  is  fuftained,  it’s 
preffure  is  exerted  in  a direction  perpendicular  to  the 
horizon  ; and  that,  when  the  impediment  is  removed, 
it  always  defcends  in  that  direbtion. 

The  weight  of  a body  is  it’s  tendency  to  the  earth, 
compared  with  the  like  tendency  of  fome  other  body, 
which  is  confidered  as  a ftandard.  Thus,  if  a body 
with  a certain  degree  of  gravity  be  called  one  pound, 
any  other  body  which  has  the  fame  degree  of  gravity, 

or 

eft.  Utrum  vero  partes  ilia;  diftinttre  et  nondum  divifce  per  vires 
naturae  dividi  et  ab  invicem  feparari  poflint,  incertum  eft.  Newt. 
Princip.  L.  III.  Reg.  3. 
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or  which  by  it’s  gravity  will  produce  the  fame  effedt, 
under  the  fame  circumftances,  is  alfo  called  a pound  ; 
and  thefe  two  together,  two  pounds,  &c. 

Gravity  is  not  an  accidental  property  of  matter 
arifing  from  the  figure  or  difpoiition  of  the  parts  of  a 
body;  for  then,  by  changing  the  fhape,  or  altering 
the  arrangement  of  the  particles,  the  gravitation  of 
the  mafs  would  be  altered.  But  we  find  that  no  fepa- 
ration  of  the  particles,  no  change  of  the  ftrudture, 
which  human  power  can  effedt,  produces  any  altera- 
tion in  the  weight. 

As  gravity  is  a property  belonging  to  every  particle 
of  a body,  independent  of  it’s  fituation  with  refpedt  to 
other  particles,  the  gravity  of  the  whole  is  the  aggregate 
of  the  gravities  of  all  it’s  parts.  Thus,  though  the 
weight  of  the  whole  is  not  altered  by  any  divifion,  or 
new  arrangement  of  the  par  tides,  yet  every  increafe  or 
diminution  of  their  number,  produces  a correfpond- 
ing  increafe  or  diminution  of  the  weight. 

Our  prefent  fubjedt  does  not  lead  us  to  confider 
gravitation  in  any  other  point  of  view  than  fimpiy  as  a 
tendency  in  bodies  to  the  center  of  the  earth,  or  to 
attend  to  it’s  effedls  at  any  confiderable  diftance  from 
the  furface  ; it  may  not,  however,  be  improper  to 
obferve  that  the  operation  of  this  principle  is  much 
more  extenfive.  Every  portion  of  matter  gravitates 
towards  every  other  portion,  in  that  part  of  the  fyftem 
' of  nature  which  falls  under  our  obfervation.  The 
gravitation  indeed  of  fmall  particles  towards  each 
other  is  infenfible,  on  account  of  the  fuperior  adtion 
of  the  earth  j*  yet  it  has  been  found,  by  the  accurate 

obfervations 

• The  common  experiment  of  two  particles  of  the  fame  kind, 

as 
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obfervations  of  Dr.  Maskelyne,  in  Scotland,  that 
the  attraction  of  a mountain  is  fufficient  to  draw  the 
plumb-line  fenfibly  from  the  perpendicular. 

Sir  I.  Newton  has  difcovered  that  the  moon  is 
retained  in  her  orbit  by  the  agency  of  a caufe  limilar 
to  that  by  which  a body  falls  to  the  ground,  differing 
from  it  only  in  degree,  and  this  in  confequence  of  the 
greater  diftance  of  the  moon  from  the  earth’s  center. 
The  fame  author  has  demonllrated  that  the  planets 
are  retained  in  their  refpeCtive  orbits  by  a principle  of 
the  fame  kind  ; and  that  the  minuted  irregularities  in 
their  motions  may  be  fatisfaCtorily  deduced  from  the 
known  laws  of  it’s  operation. 

8.  Inactivity  may  be  confidered  in  two  lights  : 
i ft.  As  an  inability  in  matter  to  change  it’s  ftate  of 
reft  or  uniform  rectilinear  motion : 2d.  As  that 

quality  by  which  it  rejijls  any  fuch  change.  In  this 
latter  fenfe  it  is  ufually  called  the  force  of  inactivity , 
the  inertia , or  the  vis  inertia. 

The  inactivity  of  matter,  according  to  the  former 
explanation,  is  laid  down  as  a law  of  motion  ; the 
truth  of  which  we  (hall  endeavour  to  eftablifli  in  the 
next  feCtion. 

That  a body  refjts  any  change  in  it’s  ftate  of  reft, 
or  uniform  rectilinear  motion,  is  known  from  conftant 
experience.  We  cannot  move  the  leaft  particle  of 
matter  without  fome  exertion;  nor  can  we  deftroy 

any 

as  oil,  water,  quickfilver,  &c.  when  placed  upon  a fmooth  hori- 
zontal plane,  running  together,  cannot  be  attributed  to  this  caufe. 
If  the  effett  were  not  produced  by  fome  power  different  from  gra- 
vitation, a drop  of  oil  would  run  in  the  fame  manner  towards  a 
drop  of  water,  which  is  not  found  to  be  the  cafe. 
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any  motion  without  perceiving  fome  refinance.* 
Thus  we  fee,  in  general,  that  inertia  is  a property 
inherent  in  all  bodies  with  which  we  are  concerned  ; 
different  indeed  in  different  cafes,  but  exifting,  in 
a greater  or  lefs  degree,  in  all.  The  quantity  we 
are  not  at  prefent  confidering;  the  exiftence  of  the 
property,  every  one,  from  his  own  obfervation, 
will  readily  allow.  Thus  far  indeed  our  common 
experience  leads  us  with  refpect  to  the  quantity  of 
inertia,  that  if  one  portion  of  matter  be  added  to 
another,  the  inertia  of  the  whole  is  increafed ; and  if 
any  part  be  removed  the  inertia  is  leffened.  This 
clearly  fhews  that  it  exifts  in  every  particle,  and  that 
the  whole  inertia  is  the  aggregate  of  all  it’s  parts. 

Hence  it  follows,  from  our  notion  of  quantity,  that 
if  to  a body  with  a certain  quantity  of  inertia,  another, 
which  has  an  equal  quantity,  be  added,  the  whole 
inertia  will  be  doubled ; and  that  by  the  repeated 
addition  of  equal  quantities,  the  whole  inertia  will  be 
increafed  in  the  fame  proportion  with  the  number  of 
parts. 

Thefe  properties,  which  are  always  found  to  exift 
together  in  the  fame  fubftance,  have  fometimes  been 
faid  to  be  effential  to  matter  : Whether  they  are,  or 
are  not  necejjarily  united  in  the  fame  fubftance  it  is 
impoffible  to  decide,  nor  does  it  concern  us  to  en- 
quire. The  bufinefs  of  natural  phiiofophy  is  not  to 
find  out  what  might  have  been  the  conflitution  of 
nature,  but  to  examine  what  it  is  in  fa£t ; and  to 

account 

* It  muft  be  obferved,  that  this  refinance  is  diftinft  from,  and 
independent  of  gravity;  becaufe  it  is  perceived  where  gravity 
produces  no  effett ; as,  when  a wheel  is  turned  round  it’s  axis,  or 
a body  moved  along  an  horizontal  plane. 
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account  for  the  phenomena,  which  fall  under  our 
obfervation,  from  thofe  properties  of  matter  which 
we  know  by  experience  that  it  poffelTes. 

9.  By  the  quantity  of  matter  in  a body,  we  under- 
ftand  the  aggregate  of  it’s  particles,  each  of  which  has 
a certain  degree  of  inertia.  Or,  in  other  words,  if  we 
fuppofe  bodies  made  up  of  particles,  each  of  which 
has  the  fame  inertia,  the  quantity  of  matter  in  one,  is 
to  the  quantity  of  matter  in  another,  as  the  number 
of  fuch  particles  in  the  former  body,  to  the  number 
in  the  latter.* 

When  we  confider  bodies  as  made  up  of  parts,  and 
compare  them  in  this  refpedt,  it  becomes  neceffary  to 
give  a definite  and  precife  defeription  of  thofe  parts  3 
otherwife,  our  notion  of  the  quantity  will  be  vague 
and  inaccurate.  Now  the  only  properties  of  matter 
which  admit  of  exact  comparifon,  and  which  depend 
upon  the  number,  and  not  upon  the  arrangement  of 
the  particles,  are  weight  and  inertia ; either  of  which 
may  properly  be  made  ufe  of  as  a meafure  of  the 
quantity  of  matter 3 and  fince,  at  a given  place,  they 
are  proportional  to  each  other,  as  we  fhall  fhew  here- 
after (Art.  25),  it  is  of  little  confequence  which  mea- 
fure we  adopt.  The  inertia  has  been  fixed  upon, 
becaufe  the  gravity  of  a body,  though  invariable  at 

the 

* Quantitas  materise  eft  menfura  ejufdem  orta  ex  illius  denfi- 
tate  et  magnitudine  conjundtim.  Newt.  Princip.  Def.  1. 

Ejufdem  efle  denfitatis  dico,  quarum  vires  inertia:  1'un.t  ut  magni- 
tudines.  Lib.  III.  Prop.  6.  Cor.  4. 

Attciidi  enim  oportet  ad  pun&orum  numerum,  ex  quibus  corpus 
movendum  eft  conft  .turn.  Pun&a  vero  ea  inter  fe  aequalia  cenferi 
debent,  non  quas  xque  funt  parva,  fed  in  qua:  eadem  potentia 
aequales  exerit  cl  ;6lus.  Eul.  Mech.  139. 
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the  fame  place,  is  different  at  different  distances  from 
the  center  of  the  earth ; whereas,  the  inertia  is  always, 
and  under  all  circumftances,  the  fame. 

10.  By  motion  we  under  ft  and  a change  of  place ; 
and  it  is  of  two  kinds,  abfolute  and  relative. 

A body  is  faid  to  be  in  abfolute  motion  when  it  is 
actually  transferred  from  one  point  in  fixed  fpace  to 
another ; and  to  be  relatively  in  motion , when  it’s 
fituation  is  changed  with  refpetft  to  the  furrounding 
bodies. 

Thefe  two  kinds  of  motion  evidently  coincide  when 
the  bodies,  to  which  the  reference  is  made,  happen 
to  be  fixed.  In  other  cafes,  a body  relatively  in  mo- 
tion, or  relatively  at  reft,  may  or  may  not  be  abfolutely 
in  motion.  Thus,  a fpe&ator  ftanding  ftill  on  the 
fhore,  if  his  place  be  referred  to  a fhip  which  fails  by, 
is  relatively  in  motion ; and  the  feveral  parts  of  the 
veffel  are  at  reft,  with  refpecft  to  each  other,  though 
the  whole  is  transferred  from  one  part  of  fpace  to 
another. 

When  a body  always  paffes  over  equal  parts  of  fpace 
in  equal  fjcceffive  portions  of  time,  it’s  motion  is  laid 
to  be  uniform.  When  the  fucceffive  portions  of  fpace, 
defcribed  in  equal  times,  continually  increafe,  the 
motion  is  faid  to  be  accelerated ; and  to  be  retarded. , 
when  thofe  fpaces  continually  decreafe.  Alfo,  the 
motion  is  faid  to  be  uniformly  accelerated  or  retarded, 
when  the  increments  or  decrements  of  the  lpaces, 
defcribed  in  equal  fucceffive  portions  of  time,  are 
always  equal. 

1 1 . The  velocity  of  a body,  or  rate  of  it’s  motion, 
is  meafured  by  the  fpace,  uniformly  defcribed  in  a given 

time. 

The 
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The  given  time,  taken  as  a ftandard,  is  ufually  one 
fecond ; and  the  fpace  defcribed  is  meafured  in  feet. 
Thus,  when  v reprefents  a body’s  velocity,  v is  the 
number  of  feet  which  the  body  would  uniformly 
defcribe  in  one  fecond. 

If  a body’s  motion  be  accelerated  or  retarded,  the 
velocity  at  any  point  is  not  meafured  by  the  fpace 
actually  defcribed  in  a given  time,  but  by  the  fpace 
which  would  have  been  defcribed  in  the  given  time,  if 
the  motion  had  continued  uniform,  from  that  point. 

12.  Cor.  i.  If  two  bodies  move  uniformly  on 
the  fame  line,  in  oppofite  directions,  their  relative 
velocity  is  equal  to  the  J'um  of  their  abfolute  veloci- 
ties, fince  the  lpace  by  which  they  uniformly  approach 
to,  or  recede  from,  each  other,  in  any  time,  is  equal 
to  the  fum  of  the  fpaces  which  they  refpectively 
defcribe  in  that  time. 

When  the  bodies  move  in  the  fame  direction,  their 
relative  velocity  is  equal  to  the  difference  of  their  abfo- 
lute velocities. 

13.  Cor.  2.  When  a body  moves  with  an  uniform- 
velocity,  the  fpace  defcribed  is  proportional  to  the 
time  of  it’s  motion. 

Let  the  body  defcribe  a feet  in  one  fecond,  then 
fince  the  motion  is  uniform,  it  will  defcribe  ta  feet  in 
t feconds ; that  is,  the  fpace  defcribed  is  proportional 
to  the  time. 

14.  Cor.  3.  When  bodies  have  different  uniform 

motions,  the  fpaces  defcribed  are  proportional  to  the 
times  and  velocities  jointly.*  Let 

* Since  the  times  and  velocities  may  in  each  cafe  be  rep  re- 
fented  by  numbers,  there  is  no  impropriety  in  fpeaking  of  their 

products. 


definitions. 


*3 

Let  V and  v be  the  velocities  of  two  bodies  and 
B ; T and  t the  times  of  their  motions ; 5 and  s the 
fpaces  deferibed.  Alfo  let  S'  be  the  fpace  deferibed 
by  B in  the  time  T ; 

Then  S : S'  ::  V : v (Art.  n), 

S'  : s ::  T : t (Art.  13), 

Comp.  S : s ::  TV  : tv\ 
that  is,  S oc  T V (Alg.  Art.  195). 


Ex.  Let  the  times  be  to  each  other  as  6:5,  and 
the  velocities  as  2:3;  then  S : s ::  2 X 6 : 3 X 5 :: 

4 = 5- 

p 

1^5.  Cor.  4.  Since  SocTV,  we  have  Foe  and 

3 

roc-,  (Alg.  Art.  205). 


Ex.  1.  Let  ^ move  uniformly  through  5 feet  in 
3",  and  7?  through  9 feet  in  7";  required  the  ratio 
of  the  velocities. 


V : v ~ 1 


..5.9.. 


35  : 27- 


Ex.  2.  Let  yf’s  velocity  be  to  B’s  velocity  as  5 to 
4;  to  compare  the  times  in  which  they  will  deferibe  9 
and  7 feet  reipeftively. 


T : 


9.7.. 

*—  • - * • 

5 4' 


36  : 35- 


16.  Cor. 


products.  The  truth  of  this  obfervation  will  be  evident,  if  the 
proportion  be  exprelTed  indifferent  words:  When  the  uniform  velo- 
cities of  two  bodies  are  in  the  ratio  of  the  numbers  V and  t/,  and 
the  times  of  their  motions  in  the  ratio  of  the  numbers  T and  t, 
the  fpaces  deferibed  are  in  the  ratio  of  the  numbers  T/  and  t v. 
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DEFINITIONS. 

1 6.  Cor.  5.  Since  the  areas  of  rectangles  are  inihe 
ratio  compounded  of  the  ratios  of  their  tides,  if  the 
bafes  reprefent  the  velocities  of  two  motions,  and  alti- 
tudes the  times,  the  areas  will  reprefent  the  fpaces 
defcribed. 

17.  The  quantity  of  motion,  or  momentum , of  a body, 
is  meafured  by  the  velocity  and  quantity  of  matter 
jointly. 

Thus,  if  the  quantities  of  matter  in  two  bodies  be 
reprefented  by  6 and  7,  and  their  velocities  by  9 ana' 
8,  the  ratio  of  6 X 9 to  7x8,  or  27  to  28,  is  called. 
the  ratio  of  their  momenta. 

18.  Cor.  1.  If  M be  the  momentum  of  a body, 

it’s  quantity  of  matter,  and  V it’s  velocity,  then  . 

M ' M 

fince  Moa  QV,  we  have  i^oc  — • and  Toe—. 


Ex.  If  the  quantities  of  motion  be  as  6 to  5,  and 
the  velocities  as  7 to  8,  what  is  the  ratio  of  the  quan- 
tities of  matter  ? 


_ M , ' _ 6 c 

Since  Qoc  y , we  have  q ::  - : ^ ::  48  : 35. 


19.  Cor.  2.  If  M be  given,  ^oc  ~ ; and  confe- 

quently  if  ^j=c  p,  M is  invariable.  (Algebra,  Art. 
206). 

20.  Whatever  changes,  or  tends  to  change,  the 
ftate  of  reft  or  uniform  redtilinear  motion  of  a body, 
is  called  force. 


Thus, 
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Thus,  preffure,  impadt,  gravity,  &c.  are  called 
forces.  !• 

When  a force  produces  it’s  effedt  inftantaneoufly, 
it  is  faid  to  be  impuljive*  When  it  adts  inceiTantly, 
it  is  called  a conjiant  force. 

Conftant  forces  are  of  two  kinds,  uniform  and  vari- 
able. A force  is  faid  to  be  uniform  when  it  always 
produces  equal  effedts  in  equal  fucceffive  portions  of 
time;  and  variable , when  the  effedts  produced  in  equal 
times  are  unequal. 

Forces  which  are  known  to  us  only  by  their  effedts, 
muft  be  compared  by  eflimating  thofe  effedts  under 
the  fame  circumftances.  Thus  impulfive  forces  mufl 
be  meafured  by  the  whole  effedts  produced  ; uniform 
forces,  by  the  effedts  produced  in  equal  times ; and 
variable  forces,  by  the  effedts  which  would  be  pro- 
duced in  equal  times,  were  they  to  become  and  con- 
tinue uniform  for  thofe  times. 

The  effedts  produced  by  the  adtions  of  forces  are  of 
two  kinds,  velocity  and  momentum ; and  thus  we 
have  two  methods  of  comparing  them,  according  as 
we  conceive  them  to  be  the  caufes  of  velocity  or 
momentum. 

t 

21.  The  accelerating  force  is  meafured  by  the 
velocity  uniformly  generated  in  a given  time , no 
regard  being  had  to  the  quantity  of  matter  moved. 

Thus,  if  the  velocities  uniformly  generated,  in  two 
cafes,  in  equal  times,  be  as  6 to  7,  the  accelerating 
forces  are  faid  to  be  in  that  ratio. 

The 

» 1 ‘ r t » 

# Though  we  cannot  conceive  finite  effedts  to  be  produced 
otherwife  than  by  degrees,  and  confcquently  in  fucceffive  portions 
of  time ; yet  when  thefe  portions  are  fo  fmall  as  not  to  be  diftin- 
guifhable  by  our  faculties,  the  effedts  may  be  faid  to  be  inftantaneous. 


l6  MEASURE  OF  THE  INERTIA. 

The  accelerating  force  of  gravity  at  the  fame  place  is 
invariable  3 for  all  bodies  falling  freely,  in  an  exhaufled 
receiver,  acquire  equal  velocities  in  any  given  time. 

22.  The  moving  force  is  meafured  by  the  momen- 
tum uniformly  generated  in  a given  time. 

If  the  momenta  thus  generated,  in  two  cafes,  be  as 
14  to  15,  the  moving  forces  are  faid  to  be  in  that 
ratio. 

% 

23.  Cor.  1.  Since  the  momentum  is  proportional 
to  the  velocity  and  quantity  of  matter,  the  moving 
force  varies  as  the  accelerating  force  and  quantity  of 
matter  jointly. 

The  moving  force  of  gravity  varies  as  the  quantity 
of  matter  moved,  becaufe  the  accelerating  force  is 
given  (Art.  21). 

24.  Cor.  2.  Hence  it  follows  that  the  accelerating 
force  varies  as  the  moving  force  diredtly,  and  the 
quantity  of  matter  inverfely. 

Prop.  I. 

23.  T!Jie  vis  inertia  of  any  body  is  proportional  to  it's 
weight . 

The  inertia,  as  was  obferved  on  a former  occafion, 
is  the  refiftance  which  a body  makes  to  any  change  in 
it’s  flate  of  reft  or  uniform  motion  (Art.  8)  j and 
this  refiftance  is  manifeniy  the  fame  in  two  cafes,  if 
the  fame  force,  applied  in  the  fame  manner,  and  for 
the  fame  time,  generate  the  fame  velocity. 

Let  two  bodies  A and  B , equal  in  weighty  be  placed 
in  two  fimilar  and  equal  boxes,  which  are  connected 
by  a nring  and  hang  over  a fixed  pulley  3 then  thefe 

Will 
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will  exadtly  balance  each  other  ; and  if  the  whole  be 
put  into  motion,  the  gravity  can  neither  accelerate 
nor  retard  that  motion ; the  whole  refiftance  therefore 
to  the  communication  of  motion  in  the  fyftem,  arifes 
from  the  inertia  of  the  weights,  the  inertia  of  the 
firing  and  pulley,  the  friction  upon  the  axis,  and  the 
refiftance  of  the  air.* 

Now  let  a weight  C be  added  on  one  fide,  and  let 
the  velocity  generated  in  any  given  time,  in  the  whole 
fyftem,  by  this  additional  weight,  be  obferved. 

Then  in  the  place  of  A , or  B , fubftitute  any  other 
mafs  of  the  fame  weight,  and  it  will  be  found  that  C 
will,  in  the  fame  time,  generate  the  fame  velocity  in 
this  fyftem  as  in  the  former  ; and  therefore,  the  whole 
refiftance  to  the  communication  of  motion  muft  be 
the  fame.  Alfo  the  inertia  of  the  firing  and  pulley,  the 
fri&ion  of  the  axis,  and  the  air’s  refiftance  are  the  fame 
in  the  two  experiments  ; confequently,  the  refiftance 
arifingfrom  the  inertia  of  the  weights  is  the  fame:  That 
is,  fo  long  as  the  weight  remains  unaltered,  whatever 
be  the  form  or  conftitution  of  the  body,  the  inertia 
is  the  fame. 

Alfo,  fince  the  whole  quantity  of  inertia  is  the 
aggregate  inertia  of  all  the  parts  (Art.  8),  if  the  weight ' 
be  doubled,  an  equal  quantity  of  inertia  is  added  to  the 
former  quantity,  or  the  w'hole  inertia  is  doubled  ; and 
in  the  fame  manner,  if  the  weight  be  increafed  in  any 

proportion 

* This  experiment  may  be  made  with  great  accuracy  by  means 
of  a machine,  invented  by  Mr.  Atwood,  for  the  purpofe  of 
examining  the  motions  of  bodies  when  atted  upon  by  conftant 
forces.  This  machine  is  defcribed  in  his  well  known  treatife  on 
the  Rettilinear  Motion  and  Rotation  of  Bodies,  (p.  299). 
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proportion,  by  the  repeated  addition  of  equal  weights , 
the  inertia  is  increafed  in  the  fame  proportion. 

It  may  be  obferved,  that  the  velocity  generated  in 
a given  time,  is  the  fame,  whether  the  fyftem  begins 
to  move  from  reft  or  not ; therefore  the  inertia  is  the 
fame,  whether  the  body  be  at  reft  or  in  motion. 

26.  Cor.  Since  the  quantity  of  matter  is  meafured 
by  the  inertia  (Art.  9),  it  is  alfo  proportional  to  the 
weight. 


1 
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SECTION 


SECTION  II. 


ON  THE  LAWS  OF  MOTION. 

THE  FIRST  LAW. 


2. 7 • T F a body  be  at  reft  it  will  continue  at  reft , and  if 
in  motion  it  will  continue  to  move  uniformly  forward 
in  a right  line , till  it  is  aided  upon  by  fome  external  force. 

That  a body  at  reft  cannot  put  itfelf  in  motion  we 
know  from  conftant  and  univerfal  experience. 

That  a body  in  motion  will  continue  to  move  uni- 
formly forward  in  a right  line  till  it  is  afted  upon  by 
fome  external  force,  though  equally  certain,  is  not,  it 
muft  be  allowed,  equally  apparent ; fince  all  the  mo- 
tions which  fall  under  our  immediate  obfervation,  and 
reftilinear  motions  in  particular,  are  foon  deftroyed. 
If  however  we  can  point  out  the  caufes  which  tend  to 
deftroy  the  motions  of  bodies,  and  fhew,  experimen- 
tally, that  by  removing  fome  of  them  and  diminifhing 
others,  the  motions  continually  become  more  uniform 
and  reftilinear,  we  may  juftly  conclude  that  any 

b 2 deviation 
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deviation  from  the  firfl  diredion,  and  firft  velocity, 
muft  be  attributed  to  the  agency  of  external  caufes; 
and  that  there  is  no  tendency  in  matter  itfelf,  either 
to  increafe  or  diminilb  any  motion  imprefied  upon  it. 

Now  the  caufes  which  retard  a body’s  motion, 
befides  collifion,  or  the  evident  obftrudion  which  it 
meets  with  from  fenfible  mafles  of  matter,'  are  gravity, 
fridion,  and  the  refiftance  of  the  air;  and  it  will  appear 
by  the  following  experiments  that  when  thefe  are  re- 
moved, or  due  allowance  is  made  for  their  known 
effeds,  we  are  necefiarily  led  to  infer  the  truth  of  the 
law  above  laid  down. 

i ft.  If  a ball  be  thrown  along  a rough  pavement, 
it’s  motion,  on  account  of  the  many  obftacles  it  meets 
with,  will  be  very  irregular  and  foon  ceafe ; but  if  it 
be  bowled  upon  a fmooth  bowling-green,  it’s  motion 
will  continue  longer,  and  be  more  redilinear  ; and  if 
it  be  thrown  along  a fmooth  fheet  of  ice,  it  will  pre- 
ferve  both  it’s  direction  and  it’s  motion  for  a ftill 
longer  time. 

In  thefe  cafes,  the  gravity,  which  ads  in  a diredion 
perpendicular  to  the  plane  of  the  horizon,  neither 
accelerates  nor  retards  the  motion ; the  caufes  which 
produce  the  latter  effibd  are  collifion,  fridion,  and  the 
air’s  refiftance ; and  in  proportion  as  the  two  former 
of  thefe  are  leflened,  the  motion  becomes  more  nearly 
uniform  and  redilinear. 

2d.  When  a wheel  is  accurately  conftruded,  and  a 
rotatory  motion  about  it’s  axis  communicated  to  it,  if 
the  a?ds  and  it’s  fupports  be  well  polifhed,  the  motion 
will  continue  a confiderable  time;  if  the  axis  be  placed 
upon  fridion  wheels,  the  motion  will  continue  longer; 
apd  if  the  apparatus  be  placed  under  the  receiver  of  an 

air 
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air  pump,  and  the  air  be  exhaufted,  the  motion  will  con- 
tinue without  vifible  diminution  for  a very  long  time. 

In  thefe  instances,  gravity,  which  aCts  equally  on 
oppofite  points  of  the  wheel,  neither  accelerates  nor 
retards  the  motion  ; and  the  more  care  we  take  to 
remove  the  friction,  and  the  refinance  of  the  air,  the 
lefs  is  the  firfl  motion  diminifhed  in  a given  time. 

3d.  If  a body  be  projected  in  any  direction  in- 
clined to  the  horizon,  it  defcribes  a curve  which  is 
nearly  the  common  parabola.  This  effect  is  produced 
by  the  joint  action  of  gravity  and  the  motion  of  pro- 
jection ; and  fince  the  effect  produced  by  the  former 
is  known,  the  effect  produced  by  the  latter  may  be 
determined.  This,  it  is  found,  would  carry  the  body 
uniformly  forward  in  the  line  in  which  it  was  projected ; 
as  will  fully  appear  when  we  come  to  the  doctrine  of 
projectiles.  The  deviation  of  the  curve  defcribed 
from  the  parabolic  form  is  fufficiently  accounted  for 
by  the  refiftance  of  the  air. 

From  thefe,  and  limilar  experiments,  we  are  led  to 
conclude  that  all  bodies  in  motion  would  uniformly 
perfevere  in  that  motion,  were  they  not  prevented  by 
external  impediments ; and  that  every  increafe  or 
diminution  of  velocity,  every  deviation  from  the  line 
of  direction,  is  to  be  attributed  to  the  agency  of  fuch 
caufes. 

28.  It  may  not  be  improper  to  obferve,  that  this 
law  fuggefts  two  methods  of  diftinguifhing  between 
abfolute  motions,  and  fuch  as  are  only  apparent ; one, 
by  confidering  the  caufes  which  produce  the  motions ; 
and  the  other,  by  attending  to  the  effeCts  with  which 
the  motions  are  accompanied.  * iff,  We 

* Newt.  Princip.  Schol,  ad  Def. 
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id.  We  may  fometimes  diftinguifli  abfolute  mo- 
tion, or  change  of  abfolute  motion,  from  that  which 
is  merely  apparent,  by  confidering  the  caufes  which 
produce  them. 

When  two  bodies  are  abfolutely  at  reft,  they  are 
relatively  fo ; and  the  appearance  is  the  fame,  when 
they  are  moving  in  the  fame  diredtion,  at  the  fame 
rate ; a relative  motion  therefore  can  only  arife  from 
an  abfolute  motion,  or  change  of  abfolute  motion,  in 
one  or  both  of  the  bodies.  We  have  feen  alfo,  in  the 
laft  article,  that  motion,  or  change  of  motion  cannot  be 
produced  but  by  force  dmprefled ; and  therefore,  if 
we  know  that  fuch  a caule  exifts,  and  adts  upon  one 
of  the  bodies,  and  not  upon  the  other,  we  conclude 
that  the  relative  motion  arifesfrom  a change  in  the  ftate 
of  reft,  or  abfolute  motion  of  the  former  ; and  that  with 
refpedt  to  the  latter,  the  effect  is  merely  apparent. 
Thus,  when  a perfon  on  Oiipboard  obferves  the  coaft 
receding  from  him,  he  is  convinced  that  the  appear- 
ance arifes  from  a motion,  or  change  of  motion,  in  the 
ftiip,  upon  which  a caufe,  fufficient  to  produce  this 
effedt,  adts,  namely,  the  force  of  the  wind  or  tide. 

The  preceffion  of  the  equinoxes  arifes  from  a real 
motion  in  the  earth,  and  not  from  any  motion  in  the 
heavenly  bodies  ; becaufe  we  know  that  there  is  a 
force  impreffed  upon  the  earth,  which  is  fufficient  to 
account  for  the  appearance. 

2d.  Abfolute  motion  may  fometimes  be  diftin- 
guithed  from  apparent  motion,  by  the  effedts  produced. 

If  a body  be  abfolutely  in  motion,  it  endeavours  by 
it’s  inadlivity  to  proceed  in  the  line  of  it’s  diredtion  ; if 
the  motion  be  only  apparent,  there  is  no  fuch  tendency. 

It  is  in  confequence  of  the  tendency  to  perfevere  in 

redtilinear 
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redilinear  motion  that  a body  revolving  in  3 circle 
conftantly  endeavours  to  recede  from  the  center.  The 
effort,  thus  produced,  is  called  a centrifugal  force ; 
and  as  it  ariles  from  abfolute  motion  only,  whenever 
it  is  obferved,  we  are  convinced  that  the  motion  is  real. 

In  order  to  fee  the  nature  and  origin  of  this 
force,  fuppofe  a body  to  defcribe  the  circle  ABC ; 
then  at  any  point  A,  it  is  moving  in  the  diredion 


of  the  tangent  AD , and  in  this  diredion,  by  the 
firft  law  of  motion,  it  endeavours  to  proceed ; alfo, 
fince  every  point  D in  the  tangent  is  without  the 
circle,  this  tendency  to  move  on  in  the  diredion  of 
the  tangent,  is  a tendency  to  recede  from  the  center 
of  motion  ; and  the  body  will  adually  fly  off,  unlels 
it  is  prevented  by  an  adequate  force. 

The  following  experiment  is  given  by  Sir  I.  Nfiw- 
Ton  to  fhew  the  effed  of  the  centrifugal  force,  and 
to  pr<?ve  that  it  always  accompanies  an  abfolute 
circular  motion. 

Let  a bucket,  partly  filled  with  water,  be  fufpended 
by  a firing,  and  turned  round  till  the  firing  is  confi- 
derably  twilled  ; then  let  the  firing  be  fuffered  to 
untwift  itfelf,  and  thus  communicate  a circular  mo- 
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tion  to  the  veffel.  At  firft  the  water  remains  at  reft, 
and  it’s  furface  is  fmooth  and  undifturbed  ; but  as  it 
gradually  acquires  the  motion  of  the  bucket,  the 
furface  grows  concave  towards  the  center,  and  the 
water  afcends  up  the  Tides,  thus  endeavouring  to 
recede  from  the  axis  of  motion  ; and  this  effedl  is 
obferved  gradually  to  increafe  with  the  abfolute  velo- 
city of  the  water,  till  at  length  the  water  and  the 
bucket  are  relatively  at  reft.  When  this  is  the  cafe, 
let  the  bucket  be  fuddenly  flopped,  and  the  abfolute 
motion  of  the  water  will  be  gradually  diminifhed  by 
the  fritftion  of  the  veffel ; the  concavity  of  the  furface 
is  alfo  diminifhed  by  degrees,  and  at  length,  when 
the  water  is  again  at  reft,  the  furface  becomes  plane. 
Thus  we  find  that  the  centrifugal  force  does  not 
depend  upon  the  relative,  but  upon  the  abfolute 
motion,  with  which  it  always  begins,  increafes,  de- 
cteafes,  and  difappears. 

A Tingle  inftance  will  be  fufficient  to  fhew  the  great 
utility  of  this  conclufion  in  natural  philofophy. 

The  diurnal  rotation  of  the  heavenly  bodies  may, 
as  far  as  the  appearance  is  concerned,  be  accounted 
for,  either  by  fuppofing  the  heavens  to  revolve  from 
eaft  to  weft,  and  complete  a revolution  in  twenty-four 
hours ; or,  the  earth  to  revolve  from  weft  to  eaft,  in 
the  fame  time:  but  the  fenfible  diminution  of  gravity 
as  we  proceed  towards  the  equator,  and  the  oblate 
figure  of  the  earth,  which  are  the  effects  of  a centri- 
fugal force,  prove  that  the  appearance  is  to  be  afcribed 
to  a real  motion  in  the  earth. 
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THE  SECOND  LAW  OF  MOTION. 


19.  Motion , or  change  of  motion , is  proportional  to 
the  force  impreffed , and  takes  place  in  the  direction  in 
\ which  the  force  a£ls. 


It  has  been  feen  in  the  preceding  articles,  that  no 
motion  or  change  of  motion  is  ever  produced  in  a body 
without  fome  force  impreffed ; we  now  affert  that  it  can- 
not be  produced  without  an  adequate  force;  that  when 
bodies  adt  upon  each  other,  the  effedts  are  not  variable 
and  accidental,  but  fubjedt  to  general  laws.  Thus, 
whatever  happens  in  one  inftance,  will,  under  the  fame 
circumftances,  happen  again ; and  when  any  altera- 
tion takes  place  in  the  caufe,  there  will  be  a corref- 
ponding  and  proportional  alteration  in  the  effect 
produced.  Were  not  caufe  and  effedt  thus  connected 
with,  and  related  to,  each  other,  we  could  not  pre- 
tend to  lay  down  any  general  rules  refpedting  the 
mutual  adtions  of  bodies ; experiment  could  only 
furnifh  us  with  detached  and  ifolated  fadts,  wholly 
inapplicable  on  other  occafions ; and  that  harmony, 
which  wc  cannot  but  obferve  and  admire  in  the 
material  world,  would  be  loft. 

In  order  to  underftand  the  meaning  and  extent  of 
this  law  of  motion,  it  will  be  convenient  to  divide  it 
into  two  cafes  ; and  to  point  out  fuch  fadls,  under 
each  head,  as  tend  to  eftablilh  it’s  truth. 


1 ft.  The 


\/ 
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i ft.  The  fame  force,  aching  freely  for  a given  time* 
will  always  produce  the  fame  effect,  in  the  direction 
in  which  it  acts. 

Ex.  i.  If  a body,  in  one  inftance,  fall  perpendicu- 
larly through  i6tiz  feet  in  a fecond,  and  thus  acquire 
a velocity  which  would  carry  it,  uniformly,  through 
32  l feet  in  that  time,  it  will  always,  under  the  fame 
circumftances,  acquire  the  fame  velocity. 

The  effect  produced  is  the  fame,  whether  the  body 
begins  to  move  from  reft  or  not. 

Ex.  2.  If  a body  be  projected  perpendicularly 
downwards,  the  velocity  of  projection,  meafured  in 
feet  (Art.  n),  will,  in  one  fecond,  be  increased  by 
32  { ; and  if  it  be  projected  upwards,  it  will,  in  one 
fecond,  be  diminifhed  by  that  quantity. 

'**  ' * 1 ‘>i  • » * *1  '*]  A 

Ex.  3.  If  a body  be  projected  obliquely,  gravity 
will  ftill  produce  it’s  effect  in  a direction  perpenr 
dicular  to  the  horizon ; and  the  body,  which  by  it’s 
inactivity,  would  have  moved  uniformly  forward  in 
the  line  of  it’s  firft  motion,  will,  at  the  end  of  one 
fecond,  be  found  1 6 TV  feet  below  that  line ; having 
thus  acquired  a velocity  of  32  -J  feet  per  fecond,  in 
the  direction  of  gravity. 

2d.  If  the  force  imprefled  be  increafed  or  dimi- 
nifhed in  any  proportion,  the  motion  communicated 
will  be  increafed,  or  diminifhed  in  the  fame  propor- 
tion. 


Ex.  If 
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Ex.  If  a body  defcend  along  an  inclined  plane, 
the  length  of  which  is  twice  as  great  as  it’s  height, 
the  force  which  accelerates  it’s  motion  is  half  as  great 
as  the  force  of  gravity ; and,  allowing  for  the  effeft  of 
fridlion,  and  the  refiftance  of  the  air,  the  velocity 
generated  in  any  time  is  half  as  great  as  it  would  have 
been,  had  the  body  fallen,  for  the  fame  time,  by  the 
whole  force  of  gravity.* 

m V?  -i  ' < • ' ’ * j l < v O *-  i v..  I 

30.  In  eftimating  the  effeft  of  any  force,  two  cir- 
cumftances  are  to  be  attended  to ; firft,  we  mull 
confider  what  force  is  actually  imprefled ; for  this 
alone  can  produce  a change  in  the  ftate  of  motion  or 
quiefcence  of  a body.  Thus,  the  eftedt  of  a ftream 
upon  the  floats  of  a water-wheel  is  not  produced  by 
the  whole  force  of  the  ftream,  but  by  that  part  of 
it  which  ariles  from  the  excefs  of  the  velocity  of  the 
water  above  that  of  the  wheel ; and  it  is  nothing,  if 
they  move  with  equal  velocities.  Secondly,  we  muft 

confider 


* The  experiments  which  mod  fatisfa&orily  prove  the  truth 
of  this  law  of  motion,  are  made  with  Mr.  Atwood’s  machine, 
mentioned  on  a former  occafion  (Art.  25). 

Let  two  weights,  each  of  which  is  reprefen  ted  by  9 m>  balance 
each  other  on  this  machine;  and  obferve  what  velocity  is  generated, 
in  one  fecond,  when  a weight  2 m is  added  to  either  of  them. 
Again,  let  the  weights  8 m,  8 m,  be  fuftained,  as  before,  and  add 
iftn  to  one  of  them,  then  the  velocity  generated  in  one  fecond  is 
twice  as  great  as  in  the  former  in  dance  ; fince,  therefore,  the  mafs 
to  be  moved  is  the  fame  in  both  cafes,  viz.  10m  together  with  the 
inertia  of  the  machine,  it  is  manifeft  that  when  the  moving  force  is 
doubled  (Art.  23),  the  momentum  generated  is  alfo  doubled;  and, 
by  altering  the  ratio  of  the  weights,  it  may  be  fhewn,  in  any  other 
cafe,  that  the  momentum  communicated  is  proportional  to  the 
moving  force  imprefled. 
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confider  in  what  diredtion  the  force  acts ; and  taker 
that  part  of  it,  only,  which  lies  in  the  direction  in 
which  we  are  eftimating  the  effect.  Thus,  the  force 
of  the  wind  actually  imprefied  upon  the  fails  of  a 
windmill,  is  not  wholly  employed  in  producing  the 
circular  motion ; and  therefore  in  calculating  it’s 
effect,  in  this  refpedt,  we  mull  determine  what  part 
of  the  whole  force  adts  in  the  direction  of  the  motion. 

In  the  following  pages,  we  lhall  fee  a great  variety 
of  inftances  in  which  this  method  of  eftimating  the 
effedts  of  forces  is  applied  ; and  the  conclusions  thus 
deduced,  being  found,  without  exception,  to  agree 
with  experiment,  we  cannot  but  admit  the  truth  of 
the  principle. 

31.  Cor.  Since  the  effedl  produced  upon  each 
other  by  two  bodies,  depends  upon  their  relative  ve- 
locity, it  will  always  be  the  fame  whili.1  this  remains 
unaltered,  whatever  be  their  abfolute  motions. 


ir  • . Off; 


THE  THIRD  LAW  OF  MOTION. 


32.  A Elton  and  reaElion  are  equal , and  in  oppofite  , 
direEtions . 

Matter  not  only  perfeveres  in  it’s  State  of  reft  or 
uniform  redtilinear  motion,  but  alfo  by  it’s  inertia 
refills  any  change.  Our  experience  with  relpedt  to 

this 
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this  reaction,  or  oppofition  to  the  force  imprefied,  is 
lo  confiant  and  univerfal,  that  the  very  fuppolition  of 
k’s  non-exiftence  appears  to  be  abfurd.  For  who  can 
conceive  a preffure  without  fome  fupport  of  that  pref- 
fure  ? Who  can  fuppofe  a weight  to  be  raifed  without 
force  or  exertion  ? Thus  far  then  we  are  allured  by 
our  lenfes,  that  whenever  one  body  adts  upon  another, 
there  is  fome  readlion  : The  law  farther  aflerts,  that 
the  reaction  is  equal  in  quantity  to  the  action. 

By  action , we  here  underftand  moving  force,  which 
according  to  the  definition  (Art.  22),  is  meafured  by 
the  momentum  which  is,  or  would  be  generated,  in 
a given  time ; and  to  determine  whether  adtion  and 
readlion,  in  this  fenfe  of  the  words,  are  equal  or  not, 
recourfe  muft  be  had  to  experiment. 

Take  two  fitnilar  and  equal  cylindrical  pieces  of 
wood,  in  one  of  which  is  fixed  a fmall  fteel  point ; 
fufpend  them  by  equal  firings,  and  let  one  of  them 
defcend  through  any  arc  and  impinge  upon  the  other 
at  reft ; then,  by  means  of  the  fteel  point,  the  two 
bodies  will  move  on  together  as  one  mafs,  and  with 
a velocity  equal  to  half  the  velocity  of  the  impinging 
body.  Thus  the  momentum,  which  is  meafured  by 
the  quantity  of  matter  and  velocity  taken  jointly,  re- 
mains unaltered;  or,  as  much  momentum  as  is  gained 
by  the  body  ftruck,  fo  much  is  taken  from  the  mo- 
mentum of  the  ftriking  body,  or  communicated  to  it 
in  the  oppofite  diredtion. 

If  the  ftriking  body  be  loaded  with  lead,  and  thus 
made  twice  as  heavy  as  the  other,  the  common  velo- 
city after  impadt  is  found  to  be  to  the  velocity  of  the 
impinging  body  ::  2 : 3 ; and  bccaufe  the  joint  mafs 

after 
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after  impad  : quantity  of  matter  in  the  ftriking  body 
::  3 : 2,  the  momentum  after  impad  : momentum 
before  ::  3 X 2 : 2 X 3,  or  in.  a ratio  of  equality,  as  in 
the  former  cafe. 

In  making  experiments  to  eftablifh  this  third  law 
of  motion,  allowance  mud  be  made  for  the  air’s 
refiftance  ; and  care  mud  be  taken  to  obtain  a proper 
meafure  of  the  velocity  before  and  after  impad.  See 
Sir  I.  Newton’s  Scholium  to  the  Laws  of  Motion. 

33.  The  third  law  of  motion  is  not  confined  to 
cafes  of  adual  impad ; the  effeds  of  preffures  and 
attradions,  in  oppofite  diredions,  are  alfo  equal. 

When  two  bodies  fuftain  each  other,  the  preffures 
in  oppofite  diredions  muff  be  equal,  otherwife  motion 
would  enfue  ; and  if  motion  be  produced  by  the 
excefs  of  preffure  on  one  fide,  the  cafe  coincides  with 
t that  of  impad. * 

When  one  body  attrads  another,  it  is  itfelf  alfo 
equally  attraded ; and  as  much  momentum  as  is  thus 
communicated  to  one  body,  will  alfo  be  communi- 
cated to  the  other  in  the  oppofite  diredion. 

A loadftone  and  a piece  of  iron,  equal  in  weight, 
and  floating  upon  fimilar  and  equal  pieces  of  cork, 
approach  each  other  with  equal  velocities,  and  there- 
fore with  equal  momenta ; and  when  they  meet,  or 

* are 

\ * 

' 4 

• The  effetts  of  preffure  and  impaft  are  manifeftly  of  the  tame 
kind,  and  produced  in  the  fame  way ; excefs  of  preffure,  on  one 
fide,  produces  momentum,  and  equal  and  oppofite  momenta  fup- 
port  each  other  by  oppofite  preffures. 

Thus  alfo  preffures  may  be  compared,  either  by  comparing  the 
weights  which  they  fuftain,  or  by  the  momenta  which  they  would 
generate  under  die  fame  circumftances. 
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are  kept  afunder  by  any  obftacle,  they  fuftain  each 
orher  by  equal  and  oppofite  preffures. 

34.  Cor.  Since  the  adion  and  readion  are  equal  at 
every  inftant  of  time,  the  whole  effect  of  the  adion  in 
a finite  time,  however  it  may  vary,  is  equal  to  the 
effed  of  the  readion  ; fince  the  whole  effeds  are  made 
up  of  the  effeds  produced  in  every  inftant. 


SCHOLIUM. 


33.  Thefe  laws  are  the  fimpleft  principles  to 
which  motion  can  be  reduced,  and  upon  them  the 
whole  theory  depends.  They  are  not  indeed  felf- 
evident,  nor  do  they  admit  of  accurate  proof  by 
experiment,  on  account  of  the  great  nicety  required 
in  making  the  experiments,  of  the  effeds  of  fridion, 
and  of  the  air’s  refiftance,  which  cannot  entirely  be 
removed.  They  are  however  conftantly,  and  inva- 
riably, fuggefted  to  our  fenfes,  and  they  agree  with 
experiment  as  far  as  experiment  can  go  3 and  the 
more  accurately  the  experiments  are  made,  and  the 
greater  care  we  take  to  remove  all  thofe  impediments 
which  tend  to  render  the  conclufions  erroneous,  the 
more  nearly  do  the  experiments  coincide  with  thefe 
laws. 

Their  truth  is  alfo  eftablifhed  upon  a different 
ground  3 from  thefe  general  principles  innumerable 
'particular  conclufions  have  been  deduced  3 fometimes 
the  dedudions  are  fimple  and  immediate,  fometimes 

they 
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they  arc  made  by  tedious  and  intricate  operations  ; yet 
they  are  all,  without  exception,  confident  with  each 
other  and  with  experiment : it  follows  therefore  that 
the  principles,  upon  which  the  calculations  are  founded, 
are  true.* 

36.  It  will  be  neceffary  to  remember,  that  the  laws 
of  motion  relate,  immediately , to  the  aftions  of  particles 
of  matter  upon  each  other,  or  to  thofe  cafes  in  which 
the  whole  mafs  may  be  conceived  to  be  colleded  in  a 
point ; not  to  all  the  effects  that  may  eventually  be 
produced  in  the  feveral  particles  of  a fydem. 

A body  may  have  a redilinear  and  rotatory 
motion  given  it  at  the  fame  time,  and  it  wfill  retain 
both.  The  action  alfo,  or  readion,  may  be  applied 
at  a mechanical  advantage  or  difadvantage,  and  thus 
produce,  upon  the  whole,  very  different  momenta ; 
thefe  effeds  depend  upon  principles  which  are  not 
here  confidered ; but  which  mud  be  attended  to  in 
computing  fuch  effeds. 

* Atwood  on  the  Motions  of  Bodies,  p.  558. 
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SECTION  III. 


ON  THE  COMPOSITION  AND  RESOLU- 
TION OF  MOTION. 


Prop.  II. 

37*  V 'WO  lines , which  reprefent  the  momenta  commit- 
^ nicated  to  the  fame  or  equal  bodies , w///  reprefent 
the  fpaces  uniformly  defcribed  by  them  in  equal  times ; 
converfely , the  lines  which  reprefent  the  fpaces  uniformly 
defcribed  by  them  in  equal  times , will  reprefent  their 
momenta. 

The  momenta  of  bodies  may  be  reprefented  by 
numbers,  as  was  feen  Art.  1 7 ; but  in  many  cafes  it 
will  be  much  more  convenient  to  reprefent  them  by 
lines,  becaufe  lines  will  exprefs  not  only  the  quantities 
of  the  momenta,  but  alfo  the  directions  in  which  they 
are  communicated. 

Any  line  drawn  in  the  proper  direction,  may  be 
taken  to  reprefent  one  momentum ; but  to  reprefent 
a fecond,  a line,  in  the  direction  of  the  latter  motion, 
Vol.  III.  C muft 
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mutt  be  taken  in  the  fame  proportion  to  the  former 
line,  that  the  fecond  momentum  has  to  the  firft. 

Let  two  lines,  thus  taken,  reprefent  the  momenta 
communicated  to  the  fame,  or  equal  bodies ; then  fince 
Moc^X^,  (Art.  17),  and  is  here  given,  MocV; 
therefore  the  lines  which  reprefent  the  momenta,  will 
alfo  reprefent  the  velocities,  or  the  fpaces  uniformly 
defcribed  in  equal  times.  Again,  if  the  lines  reprefent 
the  fpaces  uniformly  defcribed  in  equal  times,  they 
reprefent  the  velocities,  and  fince  i^is  given,  VocQJf 
ocMi  therefore  the  lines  reprefent  the  momenta. 

Prop.  III. 

1 

38.  Two  uniform  motions , which , when  communicated 
feparately  to  a body , woidd  caufe  it  to  defcribe  the  adjacent 
Jides  of  a parallelogram  in  a given  time , willy  when  they 
are  communicated  at  the  fame  injlanty  caufe  it  to  defcribe 
the  diagonal  in  that  time ; and  the  motion  in  the  diagonal 
will  be  uniform . 

Let  a motion  be  communicated  to  a body  at  At 
which  would  caufe  it  to  move  uniformly  from  A to  B 


in  T",  and  at  the  fame  inftant,  another  motion  which 
alone  would  caufe  it  to  move  uniformly  from  A to  C 
in  ? ",  complete  the  parallelogram  BCt  and  draw  the 

diagonal 
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diagonal  AD ; then  the  body  will  arrive  at  the  point 
D,  in  <T",  having  defcribed  AD  with  an  uniform 
motion. 

For  the  motion  in  the  diredtion  AC  can  neither 
accelerate  nor  retard  the  approach  of  the  body  to  the 
line  ED  which  is  parallel  to  AC , (Art.  29.  Ex.  3) ; 
hence  the  body  will  arrive,  at  BD,  in  the  fame  time 
that  it  would  have  done,  had  no  motion  been  commu- 
nicated to  it  in  the  diredtion  AC , that  is,  in  T".  In 
the  fame  manner,  the  motion  in  the  direction  AB  can 
neither  make  the  body  approach  to,  nor  recede  from, 
CD  ; therefore,  in  confequence  of  the  motion  in  the 
diredtion  AC,  it  will  arrive  at  CD  in  the  fame  time  that 
it  would  have  done,  had  no  motion  been  communi- 
cated in  the  diredtion  AB,  that  is  in  ST".  Hence  it 
follows  that,  in  .confequence  of  the  two  motions,  the 
body  will  be  found  both  in  BD  and  CD  at  the  end 
of  T ",  and  will  therefore  be  found  in  D,  the  point  of 
their  interfedtion. 

Alfo,  fince  a body  in  motion  continues  to  move 
uniformly  forward  in  a right  line,  till  it  is  adted  upon 
by  fome  external  force  (Art.  27),  the  body  A muft  ' 
have  defcribed  the  right  line  AD,  with  an  uniform 
motion. 

39.  To  illuftrate  this  propofition,  fuppofe  a plane 
ABDC,  as  the  deck  of  a Ihip,  to  be  carried  uni- 
formly forward,  and  let  the  point  A defcribe  the  line 
in  T"’,  alfo,  let  a body  move  uniformly  in  this 
plane  from  A to  B,  in  the  fame  time.  Complete  the 
parallelogram  B C,  and  draw  the  diagonal  AD.  Then 
at  the  end  of  T"  the  body,  by  it’s  own  motion,  will 
arrive  at  B ; alfo  by  the  motion  of  the  plane,  A B will 
be  brought  in  to  the  lituation  CD,  and  the  point  B 

c 2 will 
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will'  coincide  with  D therefore  the  body  will  upon 
the  whole,  at  the  end  of  T",  be  found  in  D.  In  any 
other  time  let  the  point  A be  carried  from  A to 


M by  the  motion  of  the  plane,  and  the  body  from  A 
to  L by  it’s  own  motion  ; complete  the  parallelogram 
ALNM,  and  join  AN ; then,  as  in  the  preceding 
cafe,  the  body  will,  at  the  end  of  t'\  be  found  in  N; 
and  fince  the  motions  in  the  directions  AC , AB  are 
uniform,  "Tit::  AC  : AM  ::  AB  : AL  (Art.  13)  j 
that  is,  the  fides  of  the  parallelograms,  about  the  com- 
mon angle  LAM , are  proportional,  and  confequently 
the  parallelograms  are  about  the  fame  diagonal  AD 
(Euc.  26.6) ; therefore  the  body  at  the  end  of  any 
time  t"  will  be  found  in  the  diagonal  AD.  It  will 
alfo  move  uniformly  in  the  diagonal ; for,  from  the 
fimilar  triangles  AMN,  ACD , we  have  AD  : AN  :: 
AC  : AM  ::  T : /,  or  the  lpaces  defcribed  are  propor- 
tional to  the  times.  (Vid.  Art.  10). 

40.  Cor.  1.  The  fame  reafoning  is  applicable  to 
the  motion  of  a point. 

41.  Cor.  2.  If  two  Tides  of  a triangle,  AB , BD , 
taken  in  order,  reprefent  the  fpaces  over  which  two 
uniform  motions  would,  feparately,  carry  a body  in  a 
given  time ; when  thefe  motions  are  communicated  at 
the  fame  inftant  to  the  body  at  A , it  will  defcribe  the 
third  fide  AD , uniformly,  in  that  time. 


For, 
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For,  if  the  parallelogram  BC  be  completed,  the 
fame  motion,  which  would  carry  a body  uniformly 
from  B to  D,  would,  if  communicated  at  A,  carry 

it  in  the  fame  manner  from  A to  C ; and  in  confe- 

*» 

quence  of  this  motion,  and  of  the  motion  in  the 
direction  AB,  the  body  would  uniformly  defcribe  the 
diagonal  AD , which  is  the  third  fide  of  the  triangle 
ABD. 

42.  Cor.  3.  In  the  fame  manner,  if  the  lines  AB, 
BC,  CD,  DE,  taken  in  order,  reprefent  the  fpaces 
over  which  any  uniform  motions  would,  feparately. 


communicated  at  the  fame  inftant,  the  body  will  de- 
fcribe the  line  AE,  which  completes  the  figure,  in  that 
time ; and  the  motion  in  this  line  will  be  uniform. 

43.  Cor.  4.  If  AD  reprefent  the  uniform  velocity 
of  a body,  and  any  parallelogram  ABDC  (Art. 
38)  be  defcribed  about  it,  the  velocity  AD  may  be 
fuppofed  to  arife  from  the  two  uniform  velocities  A B, 
AC,  or  AB,  BD  -,  and  if  one  of  them,  AB,  be  .by 
any  means  taken  away,  the  velocity  remaining  will  be 
reprefented  by  AC  or  BD. 

44.  Def.  A force  is  faid  to  be  equivalent  to  any 

c 3 number 


3 THE  COMPOSITION  AND 

number  of  forces',  when  it  will,  fingly , produce  the 
lame  efteCt  that  the  others  produce  jointly , in  any 
given  time. 

Prop.  IV. 

45.  If  the  adjacent  fides  of  a 'parallelogram  reprefent 
the  quantities  and  directions  of  two  forces , aCting  at  the 
fame  time  upon  a body , the  diagonal  will  reprefent  one 
equivalent  to  them  both. 

\ « -d  ' ^ ^ ' 0 

Let  AB,  AC  reprefent  two  forces  aCting  upon  a 
body  at  A,  then  they  reprefent  the  momenta  commu- 
nicated to  it  in  thofe  directions  (Art.  22),  and  confe- 


quently  the  fpaces  which  it  would  uniformly  defcribe 
in  equal  times  (Art.  37).  Complete  the  parallelogram 
CB,  and  draw  the  diagonal  AD-,  then,  by  the  laft  pro- 
portion, AD  is  the  fpace  uniformly  defcribed  in  the 
fame  time,  when  the  two  motions  are  communicated  to 
the  body  at  the  fame  inlbant ; and  fince  AB,  AC  and 
AD,  reprefent  the  fpaces  uniformly  defcribed  by  the 
fame  body,  in  equal  times,  they  reprefent  the  momenta, 
and  therefore  the  forces  acting  in  thofe  directions  ; 
that  is,  the  forces  AB,  AC,*  aCting  at  the  fame  time, 
produce  a force  which  is  reprefented,  in  quantity  and 
direction,  by  AD.  Def. 

* In  this,  and  many  other  cafes,  where  forces  are  reprefented 
by  lines,  the  lines  are  ufed,  for  the  fake  of  brevity,  to  exprefs  the 
forces  which  they  reprefent. 
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f)ef.  The  force  reprefented  by  AD  is  faid  to  be 
compounded  of  the  two  AB,  AC. 

46.  Cor.  1.  If  two  fides  of  a triangle,  taken  in 

order,  reprefent  the  quantities  and  directions  of  two 
forces,  the  third  fide  will  reprefent  a force  equivalent 
to  them  both.  < 

For  a force  reprefented  by  BD , acting  at  A,  will 
produce  the  lame  effedt  that  the  force  AC,  which  is 
equal  to  it  and  in  the  fame  direction,  will  produce  -, 
and  AB,  AC,  are  equivalent  to  AD ; therefore  AB, 
BD  are  alfo  equivalent  to  AD. 

47.  Cor.  2.  If  any  lines  AB,  BC,  CD,  DE, 


taken  in  order,  reprefent  the  quantities  and  directions 
of  forces  communicated  at  the  fame  time  to  a body  at 
A,  the  line  AE,  which  completes  the  figure,  will 
reprefent  a force  equivalent  to  them  all. 

For  the  two  AB,  BC  are  equivalent  to  AC  ; alfo, 
AC,  CD,  that  is,  AB,  BC,  CD,  are  equivalent  to 
AD-,  in  the  fame  manner  AD,  DE,  that  is,  AB, 
BC,  CD  and  DE,  are  equivalent  to  AE. 

48.  Cor.  3.  Let  AB  and  AC  reprefent  the  quan- 
tities and  dire&ions  of  two  forces,  join  BC  and  draw 

c 4 AE 
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AE  bifedting  it  in  E,  then  will  2 AE  reprefent  a force 


equivalent  to  them  both. 

For,  if  the  parallelogram  be  completed,  fince  the 
diagonals  bifedt  each  other,  AD , which  reprefents  a 
force  equivalent  to  AB  and  AC,  is  equal  to  1AE. 

49.  Cor.  4.  If  the  angle  at  which  two  given  forces 
adt  be  diminifhed,  the  compound  force  is  increafed. 

Let  AB,  AC  be  the  two  given  forces,  'complete 


the  parallelogram  ABDC  and  draw  the  diagonal^/), 
this  reprefents  the  compound  force.  In  the  fame 
manner,  if  AE  be  taken  equal  to  AB,  and  AE,  AC, 
reprefent  the  two  forces,  then  AF,  the  diagonal  of  the 
parallelogram  AEFC,  reprefents  the  compound  force; 
and  fince  the  angle  BA C is  greater  than  the  angle  EAC, 
ACD  which  is  the  fupplement  of  the  former,  is  lefs 
than  ACF  the  fupplement  of  the  latter  ; alfo,  CF= 

AE 
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AF  — AB  ='  CD  ; therefore  in  the  two  triangles  A CD , 
the  tides  AC,  CD  are  refpeftively  equal  to  AC, 
CF , and  the  L.  ACD  is  lefs  than  the  L -ACF\ ; con- 
fequently  is  lefs  than  AF  (Euc.  24. 1). 

50.  Cor.  5.  Two  given  forces  produce  the  greateft 
effeft  when  they  aft  in  the  fame  direftion,  and  the  leaft 
when  they  aft  in  oppofite  directions ; for,  in  the  for- 
mer cafe,  the  diagonal  AF  becomes  equal  to  the  fum 
of  the  Tides  AC,  CF;  and  in  the  latter,  to  their 
difference. 

51.  Cor.  6.  Two  forces  cannot  keep  a body  at 
reft,  unlefs  they  are  equal  and  in  oppofite  directions. 

For  this  is  the  only  cafe  in  which  the  diagonal, 
reprefenting  the  compound  force,  vanifhes. 

52.  Cor.  7.  In  the  compofition  of  forces,  force  is 
loft ; for  the  forces  reprefented  by  the  two  tides  AB, 
BD  (Art.  45),  by  compofition  produce  the  force 
reprefented  by  AD;  and  the  two  tides  AB,  BD,  of  a 
triangle,  are  greater  than  the  third  tide  AD. 

Prop.  V. 

53.  If  a body , at  ref,  be  aided  upon  at  the  fame  time 
by  three  forces  which  are  reprefented  in  quantity  and 
direftion  by  the  three  fides  of  a triangle,  taken  in  order , 
it  will  remain  at  ref. 

Let  A B,  B C,  and  C A,  reprefent  the  quantities  and 


directions  of  three  forces  afting  at  the  fame  time  upon 

a body 
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a body  at  A’,  then  fince  AB  and  B Care  equivalent  to 
AC  (Art.  46),  AB , BC  and  CA , are  equivalent  to 
AC  and  CA -,  but  AC  and  CA,  which  are  equal  and 
in  oppofite  directions,  keep  the  body  at  reft ; there- 
fore AB,  BC,  and  CA,  will  alfo  keep  the  body  at  reft. 


• Prop.  VI. 

34.  If  a body  be  kept  at  reft  by  three  forces,  and  two 
of  them  be  reprefented  in  quantity  and  direction  by  two  fides 
AB,  BC,*  of  a triangle,  the  third  fide , taken  in  order, 
will  reprefent  the  quantity  and  direction  of  the  other  force. 

Since  AB,  BC  reprefent  the  quantities  and  direc- 
tions of  two  of  the  forces,  and  AB,  BC  are  equiva- 
lent to  AG,  the  third  force  muft  be  fuftained  by  AC ; 
therefore  CA  muft  reprefent  the  quantity  and  direc- 
tion of  the  third  force  (Art.  51). 

Prop.  VII. 

55.  If  a body  be  kept  at  rejl  by  three  forces , ailing 
upon  it  at  the  fame  time,  any  three  lines,  which  are  in  the 
directions  of  thefe  forces,  and  form  a triangle , will  repre- 
fent them. 

Let  three  forces  ading  in  the  diredions  AB,  AC, 
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B,  and  through  B draw  BI  parallel  to  AC , meeting 
DA  produced  in  I ; then  will  AB , B I and  I A repre- 
fent the  three  forces. 

For  AB  being  taken  to  reprefent  the  force  in  that 
direction,  if  B I do  not  reprefent  the  force  in  the 
direction  AC  or  BI , let  BF  be  taken  to  reprefent  it  ; 
join  AF ; then  fince  three  forces  keep  the  body  at  reft, 
and  AB,  BF  reprefent  the  quantities  and  diretions 
of  two  of  them,  FA  will  reprefent  the  third  (Art.  54), 
that  is,  FA  is  in  the  direction  AD,  which  is  impoffi- 
ble  (Euc.  11.  1.  Cor.) ; therefore  BI  reprefents  the 
force  in  the  direction  AC  and  confequently  I A 
reprefents  the  third  force  (Art.  54). 

56.  Cor.  1.  If  three  forces  keep  a body  at  reft, 
they  act  in  the  fame  plane  ; becaufe  the  three  fides  of 
a triangle  are  in  the  fame  plane  (Euc.  2.  11). 

57.  Cor.  2.  If  a body  be  kept  at  reft  by  three 
forces,  any  two  of  them  are  to  each  other  inverfely  as 
the  fines  of  the  angles  which  the  lines  of  their  direc- 
tions make  with  the  diretion  of  the  third  force. 

Let  ABI  be  a triangle  whofe  fides  are  in  the  direc- 
tions of  the  forces  5 then  thefe  fides  reprefent  the 
forces  •,  and  AB  : BI  ::  fin.  BIA  : fin.  BAI ::  fin. 
I AC  : fin.  BAI  ::  fin.  CAD  : fin.  BAD. 

58.  Cor.  3.  If  a body,  at  reft,  be  adted  upon  at  the 
fame  time  by  three  forces,  in  the  directions  of  the  fides 
of  a triangle  taken  in  order,  and  any  two  of  them  be 
to  each  other  inverfely  as  the  fines  of  the  angles  which 
their  directions  make  with  the  direction  of  the  third, 
the  body  will  remain  at  reft. 

For  in  this  cafe  the  forces  will  be  proportional  to 
the  three  fides  of  the  triangle,  and  confequently  they 
will  fuftain  each  other  (Art.  53). 


59-  V 
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Prop.  VIII. 

59.  If  a body  be  kept  at  rejl  by  three  forces , and  lines 
be  drawn  at  right  angles  to  the  directions  in  which  they 
act , forming  a triangle , the  fides  of  this  triangle  will 
reprefent  the  quantities  of  the  forces. 

Let  AB,  BC , CA  be  the  directions  in  which  the 
forces  a6t ; then  the  lines  AB , BC , CA  will  reprefent 
the  forces  (Art.  55).  Draw  the  perpendiculars  DH, 


Ef  FG , forming  a triangle  GHI-,  then  fince  the 
four  angles  of  the  quadrilateral  figure  ADHF  are 
equal  to  four  right  angles,  and  the  angles  at  D 
and  F are  right  angles,  the  remaining  angles  DHF , 
DAF  are  equal  to  two  right  angles,  or  to  the  two 
angles  DHF,  DHG  -,  confequently,  the  angle  DAF 
is  equal  to  the  angle  IHG.  In  the  fame  manner  it 
may  be  fhewn,  that  the  angles  ABC,  BCA  are  reflec- 
tively equal  to  GIH,  HGI;  therefore  the  triangles  ABC 
and  GHI  are  equiangular ; hence,  the  fides  about 
their  equal  angles  being  proportional,  the  forces  which 
are  proportional  to  the  lines  AB,  BC,  CA,are  pro- 
portional to  the  lines  HI,  IG,  GH. 

Cor.  If  the  lines  D H,  El,  FG  be  equally  inclined 
to  the  lines  DB,  EC,  FA,  the  fides  of  the  triangle 
GHI  will  reprefent  the  forces. 


Prop, 
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Prop.  IX. 

60.  If  any  number  of  forces , reprefented  in  quantity 
and  direction  by  the  fides  of  a polygon,  taken  in  order , ad 
at  the  fame  time  upon  a body  at  reft,  they  will  keep  it  at 
reft. 

LetAB,  BC,  CD,  DE  and  EA  (Fig.  Art. 47), 
reprefent  the  forces  ; then  fince  AB , BC,  CD  and 
DE  are  equivalent  to  A E (Art.  47),  AB,  BC,  CD, 
DE,  and  EA,  are  equivalent  to  A E and  EA;  that 
is,  they  will  keep  the  body  at  reft. 

Prop.  X. 

61.  If  any  numb  er  of  lines , taken  in  order,  reprefent 
the  quantities  and  diredions  of  forces  which  keep  a body 
at  ref,  thefe  lines  will  form  a polygon. 

Let  AB,  BC,  CD  and  DE  reprefent  forces  which 
keep  a body  at  reft  (Fig.  Art.  47)  ; then  the  point 
E coincides  with  A.  If  not,  join  AE;  then  AB, 
BC,  CD  and  DE  are  equivalent  to  AE;  and  the 
body  would  be  put  in  motion  by  a fingle  force  AE, 
which  is  contrary  to  the  fuppoiition ; therefore  the 
point  E coincides  with  A,  and  the  lines  form  a 
polygon.  v 

This  and  the  laft  proportion  are  true  when  the 
forces  aft  in  different  planes. 

Prop.  XI. 

62.  A fingle  force  may  be  refolded  into  any  number 
of forces. 

Since 


I 
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Since  the  Tingle  force  AD  is  equivalent  to  the  two 
AB,  BD,  it  may  be  conceived  to  be  made  up  of,  or 
refolved  into,  the  two  AB,  BD.  The  force  AD  may 


therefore  be  refolved  into  as  many  pairs  of  forces  as 
there  can  be  triangles  defcribed  upon  AD,  or  paral- 
lelograms about  it.  Alfo  AB,  or  BD,  may  be  refolved 
into  two  ■,  and,  by  proceeding  in  the  fame  manner, 
the  original  force  may  be  refolved  into  any  number  of 
others. 

63.  Cor.  1.  If  two  forces  are  together  equivalent 
to  AD,  and  AB  be  one  of  them,  BD  is  the  other. 

64.  Cor.  2.  If  the  force  AD  be  refolved  into  the 
two  AB,  BD,  and  AB  be  wholly  loft,  or  deftroyed, 
the  effedive  part  of  AD  is  reprefented  in  quantity 
and  diredion  by  BD. 

65.  Cor.  3.  In  the  refolution  of  forces,  the  whole 
quantity  of  force  is  increafed.  For  the  force  reprefented 
by  AD  is  refolved  into  the  two  AB,  BD,  which  are 
together  greater  than  AD  (Euc.  20.  1). 


Prop. 
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Prop.  XII. 

66.  The  effefis  of  forces , when  efimated  in  given 
directions,  are  not  altered  by  compofition  or  refolution. 

Let  two  forces  AB,BC,  and  the  force  AC  which  is 
equivalent  to  them  both,  be  eflimated  in  the  directions 


AP,  AGf  Draw  BD,  CP  parallel  to  AQj,  and  CE 
parallel  to  AP.  Then  the  force  AB  is  equivalent  to  the 
two  AD,  DB  ; of  which  AD  is  in  the  direction  AP, 
and  DB  in  the  direction  A in  the  fame  manner 
B C is  equivalent  to  the  two  BE,  EC ; the  former  of 
which  is  in  the  direction  BD  or  §fA,  and  the  latter  in 
the  direction  EC  os  AP  : therefore  the  forces  AB, 
BC,  when  efhimated  in  the  directions  AP,  Alsf,  are 
equivalent  so  AD,  EC,  DB  and  BE  -,  or,  AD,  DP, 
DB  and  5 A,  becaufe  EC  is  equal  to  DP  • and  fince 
DB  and  .SA  are  in  oppofite  directions,  the  part  EB  of 
the  force  DB  is  deflroyed  by  BE  -,  confequently,  the 
forces  are  equivalent  to  AP,  DE,  or  AP,  PC.  Alfo 
AC,  when  eflimated  in  the  propofed  directions,  is 
equivalent  to  AP,  PC',  therefore  the  effective  forces 
in  the  directions  AP,  A ^ are  the  fame,  whether  we 

eftimate 
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eftimate  AB  and  BC,  in  thofe  directions,  or  AC, 
which  is  equivalent  to  them. 

67.  Cor.  When  AB  coincides  with  AC,  EC  alfo 
coincides  with  it,  and  D coincides  with  E.  In  this 
cafe  the  forces  DB,  BE  wholly  deftroy  each  other  j 
and  thus,  in  the  compofition  of  forces,  force  is  loft. 


\ 
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SECTION  IV. 


ON  THE  MECHANICAL  POWERS. 


68.  np  H E mechanical  powers  are  the  mod  fimple 
inftruments  ufed  for  the  purpofe  of  fupport- 
ing  weights,  or  communicating  motion  to  bodies,  and 
by  the  combination  of  which,  all  machines,  however 
complicated,  are  conftrudted. 

Thefe  powers  are  fix  in  number,  viz.  the  lever ; the 
wheel  and  axle ; the  pulley ; the  inclined  plane ; the 
wedge ; and  the  fcrew.  • 

Before  we  enter  upon  a particular  defcription  of 
thefe  inftruments  and  the  calculation  of  their  effedts, 
it  is  neceffary  to  premife,  that  when  any  forces  are  ap- 
plied to  them,  they  are  themfelvesfuppofed  to  be  at  reft; 
and  confequently,  that  they  are  either  without  weight, 
or  that  the  parts  are  fo  adjufted  as  to  fuftain  each 
other.  They  are  alfo  fuppoled  to  be  perfectly  frnooth; 
no  allowance  being  made  for  the  effedts  of  fridtion. 

When  two  forces  adt  upon  each  other  by  means 
of  any  machine,  one  of  them  is,  for  the  fake  of  dif- 
tindtion,  called  the  power  and  the  other  the  weight. 
Vol.  III.  D ON 
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69.  Def.  The  Lever  is  an  inflexible  rod,  moveable 
upon  a point  which  is  called  the  fulcrum , or  center  of 
motion. 

The  power  and  weight  are  fuppofed  to  ad;  in  the 
plane  in  which  the  lever  is  moveable  round  the  ful- 
crum, and  tend  to  turn  it  in  oppofite  diredions. 

70.  The  properties  of  the  lever  cannot  be  deduced 
immediately  from  the  propofitions  laid  down  in  the 
laft  fedion,  becaufe  the  forces  ading  upon  the  lever 
are  not  applied  at  a point,  which  is  always  fuppofed 
to  be  the  cafe  in  the  compofition  and  refolution  of 
forces ; they  may  however  be  derived  from  the  fol- 
lowing principles,  the  truth  of  which  will  readily  be 
admitted. 

Ax.  1.  If  two  weighs  balance  each  other  upon  a 
ftraight  lever , the  prejfure  upon  the  fulcrum  is  equal  to  the 
fum  of  the  weights , whatever  be  the  length  of  the  lever.  * 

1 

Ax.  2.  If  a weight  be  fupported  upon  a lever  which 
refs  on  two  fulcrums , the  prejfure  upon  the  fulcr urns  is 
equal  to  the  whole  weight . • 

1 . 

Ax.  3. 

• The  effeft  produced  by  the  gravity  of  the  lever  is  not  taken 
into  confide  ration,  unlefs  it  be  exprefsly  mentioned. 
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Ax.  3.  Equal  forces , aEting  perpendicularly  at  the  extre- 
mities of  equal  arms  of  a lever , exert  the  fame  effort  to  turn 
the  lever  round. 


Prop.  XIII. 


71.  If  two  equal  w eights , att  perpendicularly  upon  a 
fr  night  lever , the  effort  to  put  it  in  motion , round  any  ful- 
crum, will  he  the  fame  as  if  they  aided  together  at  the 
middle  poini  between  them. 

• \ 

» 

Let  A and  B be  two  equal  weights,  a&ing  perpen- 
dicularly upon  the  lever  FB,  whofe  fulcrum  is  F. 


l\ 
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Bifedt  AB  in  C make  CE  = CF-}  and  at  E fuppofe 
another  fulcrum  to  be  placed. 

Then  fince  the  two  weights  A and  B are  fupported 
by  E and  F , and  thefe  fulcrums  are  fimilarly  fituated 
with  refpeft  to  the  weights,  each  fuftains  an  equal  pref- 
fure;  and  therefore  the  weight  fuftained  by  E is  equal  to 
half  the  fum  of  the  weights.  Now  let  the  weights  ^and 
B be  placed  at  C , the  middle  point  between  A and  B , 
and  confequently  the  middle  point  between  E and  F ; 
then  fince  E and  F fupport  the  whole  weight  C,  and 
are  fimilarly  fituated  with  refpect  to  it,  the  fulcrum  E 
fupports  half  the  weight ; that  is,  the  preffure  upon  E 
is  the  fame  whether  the  weights  are  placed  at  A and 

D 2 F> 
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B , or  colledted  in  C,  the  middle  point  between  them  ; 
and  therefore,  the  effort  to  put  the  lever  in  motion 
round  F,  is  the  fame  on  either  fuppofition. 

72.  Cor.  If  a weight  be  formed  into  a cylinder 
AB  (Fig.  Art.  73)  which  is  every  where  of  the  fame 
denfity,  and  placed  parallel  to  the  horizon,  the  effort 
of  any  part  AD,  to  put  the  whole  in  motion  round  C , 
is  the  fame  as  if  this  part  were  colledted  at  E , the 
middle  point  of  AD. 

For  the  weight  AD  may  be  fuppofed  to  confift  of 
pairs  of  equal  weights,  equally  diitant  from  the  middle 
point. 

What  is  here  affirmed  of  weights,  is  true  of  any 
forces  which  are  proportional  to  the  weights,  and  adt  in 
the  fame  directions. 


Prop.  XIV. 

73.  Two  weights , or  two  forces , acting  perpendicu- 
larly upon  a flraight  lever,  will  balance  each  other,  zvhen 
they  are  reciprocally  proportional  to  their  dijlances  from 

the  fulcrum. 

\ 

Cafe  1 . When  the  weights  adt  on  contrary  fides  of  the 
fulcrum.  Let  x and  y be  the  two  weights,  and  let  them 
be  formed  into  the  cylinder  AB,  which  is  every  where 
of  the  fame  denfity.  Bifedt  AB  in  C-,  then  this  cylinder 

/ • ’ ' t 

A E D c Y 

will  balance  itfelf  upon  the  fulcrum  C (Art.  72).  Divide 
AB  into  two  parts  in  D,  fo  that  AD  : DB  ::  x:y,  and 
the  weights  of  AD  and  DB  will  be  refpedtively  x and 

jy; 
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y ; bileft  AD  in  E and  DB  in  F ; then  fince  AD  and 
DB  keep  the  lever  at  reft,  they  will  keep  it  at  reft 
when  they  are  collected  at  E and  F (Art.  72) ; that 
is,  at,  when  placed  at  E,  will  balance  jy,  when  placed  at 


F ; and  x:y  ::  AD  : BD 


AD 

2 


BD  AB-BD 

• • - • 
* ' • • • 

2 2 


AB_AD. CB-BF:  AC-AE  ::  CF  : CE. 

2 

Cafe  2.  When  the  two  forces  aft  on  the  fame  fide 
of  the  center  of  motion.  Let  A and  B be  two  weights 
which  balance  each  other  upon  the  lever  ACB,  whofe 
fulcrum  is  C,  as  in  the  ift  cafe  ; and  fuppofe  a power 
fufficient  to  fuftain  a weight  equal  to  the  fum  of  the 
weights  A and  B,  to  be  applied  at  C , in  a direftion 


o 

A 


oppofite  to  that  in  which  the  weights  aft  ; then  will 
this  power  fupply  the  place  of  the  fulcrum  (Art.  70. 
Ax.  1)  ; and  A or  B may  be  confidered  as  the  center 
of  motion.  Hence,  when  B is  the  center  of  motion, 
there  is  an  equilibrium  if  the  weight  at  A be  to  the 
power  applied  at  C ::  A : A + B ; and  from  the  ift 
cafe,  A : B ::  BC  : AC  j therefore  A : A-\-B  (C)  :: 
BC  : AB. 

74.  Cor.  i.  If  two  weights,  or  two  forces,  afting 
perpendicularly  on  the  arms  of  a ftraight  lever,  keep 
each  other  in  equilibrio,  they  are  inverfely  as  their 
diftances  from  the  center  of  motion. 

For  the  weights  will  balance  when  they  are  in 
that  proportion,  and  if  the  proportion  be  altered  by 
increafing  or  diminifhing  one  of  the  weights,  it’s  effort 

d 3 to 
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to  turn  the  lever  round  will  be  altered,  or  the  equi* 
librium  will  be  deftroyed. 

75.  Cor.  2.  Since  A : B ::  BC  : AC  when  there  is 
an  equilibrium  upon  the  lever  AB , whofe  fulcrum  is  C , 
by  multiplying  extremes  and  means,  A x AC  = Bx  BC. 

7 6 . Cor.  3 . When  the  power  and  weight  aft  on 
the  fame  fide  of  the  fulcrum,  and  keep  each  other  in 
equilibrio,  the  weight  fuftained  by  the  fulcrum  is  equal 
to  the  difference  between  the  power  and  the  weight. 

77.  Cor.  4.  In  the  common  balance,  the  arms 
of  the  lever  are  equal ; confequently,  the  power  and 
weight,  or  two  weights,  which  fuftain  each  other,  are 
equal.  In  the  falfe  balance,  one  arm  is  longer  than 
the  other ; therefore  the  weight,  which  is  fufpended 
at  this  arm,  is  proportionally  lefs  than  the  weight 
which  it  fuftains  at  the  other. 

78.  Cor.  5.  If  the  fame  body  be  weighed  at  the 
two  ends  of  a falfe  balance,  it’s  true  weight  is  a mean 
proportional  between  the  apparent  weights. 

Call  the  true  weight  x,  and  the  apparent  weights, 
when  it  is  fufpended  at  A and  B,  a and  b refpeftively; 
then  a : x ::  AC  : BC,  and  # : b 'SAC  : BC ; therefore 
a : x ::  x : b. 

79.  Cor.  6.  If  a weight  C be  placed  upon  a lever 
which  is  fupported  upon  two  props  A and  B in  an 

k 4 ft 

horizontal  pofition,  the  preffure  upon  A : the  preffurc 
upon  B ::  BC  : AC. 

For  if  B be  conceived  to  be  the  fulcrum,  we  have 
this  proportion,  the  weight  fuftained  by  A : the  weight 
C ::  BC:  AB j in  the  fame  manner,  if^be  confidered 


✓ 


as 
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as  the  fulcrum*  then  the  v eight  C : the  weight  fuf- 
tained  by  B ::  AB  : CA 5 thf  refore,  ex  tequo,  the  weight 
fuftained  by  : the  weight  uftained  by  B ::  BC  : AC. 

80.  Cor.  7.  If  a given  /eight  P be  moyed  along 
the  graduated  arm  of  a ftr.  jght  lever,  the  weight  W* 

. A C _D , 

A 1 1 


which  it  will  balance  at  A,  is  proportional  to  CD, 
the  diftance  at  which  the  given  weight  ads. 

When  there  is  an  equilibrium,  h Fx  AC  = Px  DC 
(Art.  75);  and  AC  and  P are  invariable ; therefore 
Woe  DC  (Alg.  Art.  199). 


Prop.  XV. 

j % \ f •.  * r P . ] . , , ; i j i \ ; ' 1 \ • 

81.  If  two  forces , ailing  upon  the  arms  of  any  lever , 
keep  it  at  ref , they  are  to  each  other  inverfely  as  the  per- 
pendiculars drawn  from  the  center  of  motion  to  the  direc- 
tions in  which  the  forces  act. 

Cafe  1.  Let  two  forces,  A and  B,  acl perpendicularly 
upon  the  arms  CA,  CB,  of  the  lever  ACB  whole 
fulcrum  is  C,  and  keep  ei'ch  other  at  reft.  Produce 

P 


BC  to  D and  make  CD-CA-,  then  the  effort  of  A 
to  move  the  lever  round  C,  will  be  the  fame,  whether 
it  be  fuppofed  to  ad  perpendicularly  at  the  extremity 

04  of 
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of  the  arm  CA,  or  CD  (Art.  70.  Ax.  3)  ; and  on  the 
latter  fuppofition,  fince  there  is  an  equilibrium,  A : B 
::  CB  : CD  (Art.  74) ; therefore  A : B ::  CB  : CA. 

Cafe  2.  When  the  directions  AD,  BH,  in  which 
the  forces  aCt,  are  not  perpendicular  to  the  arms.  Take 


AD  and  BH,  to  reprefent  the  forces;  draw  CM  and 
CN  at  right  angles  to  thofe  directions  ; alfo  draw  AF 
perpendicular,  and  DF  parallel  to  AC,  and  com- 
plete the  parallelogram  GF-,  then  the  force  AD  is 
equivalent  to  the  two  AF,  AG,  of  which,  AG  aCts  in 
die  direction  of  the  arm,  and  therefore  can  produce 
no  effeCt  in  turning  the  lever  round.  Let  BH  be 
refolved,  in  the  fame  manner,  into  the  two  BI,  BK , 
of  which  BI  is  perpendicular  to,  and  BK  in  the 
direction  of  the  arm  CB ; then  BK  will  produce  no 
effeCt  in  turning  the  lever  round  ; and  fince  the  lever  is 
kept  at  reft,  AF  and  BI,  which  produce  this  effeCt, 
and  aCt  perpendicularly  upon  the  arms,  are  to  each 
other,  by  the  1 ft  cafe,  inverfely  as  the  arms ; that  is, 
AF:  BI ::  CB  : CA,  or  AFxCA=BIxCB.  Alfo, 
in  the  fimilar  triangles  ADF,  ACM,  AF  : AD  ::  CM 

; CA, 


I 
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: CA,  and  AFxCA  = ADxCM-,  in  the  fame  man- 
ner, BI xCB  = BHxCN ; therefore  ADxCM— 
BHxCN,  and  AD  : BH ::  CN  : CM. 

82.  Cor.  1.  Let  a body  IK  be  moveable  about 
the  center  C,  and  two  forces  ad  upon  it  at  A and  B, 


tv  : 


D 


in  the  diredions  AD,  BH,  which  coincide  with  the 
plane  ACB-,  join  AC,  CB-,  then  this  body  may  becon- 
lidered  as  a lever  ACB , and  drawing  the  perpendicu- 
lars CM,  CN,  there  will  be  an  equilibrium,  when  the 
force  ading  at  A : the  force  ading  at  B ::  CN  : CM. 

83  Cor.  2.  The  effort  of  the  force  A,  to  turn  the 
lever  round,  is  the  fame,  at  whatever  point  in  the 
diredion  MD  it  is  applied;  becaufe  the  perpendicular 
CM  remains  the  fame. 

84.  Cor.  3.  Since  CA  : CM  ::  rad.  : fin.  CAM, 


85.  Cor. 


rad. 
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85.  Cor.  4.  If  the  lever  ACB  be  ftraight,  and 


thediredions  AD , B H,  parallel,  A : B ::  BC  : AC j 
becaufe,  in  this  cafe,  fin.  CAM — fin.  CBH. 

86.  Cor.  5.  If  two  weights  balance  each  other 
upon  a ftraight  lever  in  any  one  pofition,  they  will 
balance  each  other  in  any  other  pofition  of  the  lever ; 
for  the  weights  ad  in  parallel  diredions,  and  the 
arms  of  the  lever  remain,  the  fame. 

87.  Cor.  6..  If  a man,  balanced  in  a common  pair 
of  fcales,  prefs  upwards  by  means  of  a rod,  againft  any 
point  in  the  beam,  except  that  from  which  the  fcale  is 
fufpended,  he  will  preponderate. 

Let  the  adion  upwards  take  place  at  Z),  then  the 
fcale,  by  the  readion  downwards,  will  be  brought 


as  if  DA , AEj  DE  conftituted  one  mafs;  that  is, 

drawing 
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drawing  EF  perpendicular  to  C A produced,  as  if  the 
fcale  were  applied  at  F (Art.  82) ; confequently  the 
weight,  neceffary  to  maintain  the  equilibrium,  is 
greater,  than  if  the  fcale  were  fuffered  to  hang  freely 
from  A,  in  the  proportion  of  CF  : CA. 

88.  Cor.  7.  Let  AD  reprefent  a wheel,  bearing 
a weight  at  it’s  center  C ; AB  an  obftacle  over  which 


it  is  to  be  moved  by  a force  a&ing  in  the  direction 
CE-,  join  CA,  draw  CD  perpendicular  to  the  horizon, 
and  from  A draw  AG,  AF,  at  right  angles  to  CE , 
CD.  Then  CA  may  be  confidered  as  a lever  whofe 
center  of  motion  is  A,  CD  the  direction  in  which 
the  weight  a£ts,  and  CE  the  direction  in  which  the 
power  is  applied ; and  there  is  an  equilibrium  on  this 
lever,  when  the  power  : the  weight  ::  AF  : AG. 

Suppofing  the  wheel,  the  weight,  and  the  obftacle 
given,  the  power  is  the  leaft  when  AG  is  the  greateft ; 
that  is,  when  CA  is  perpendicular  to  CAy  or  parallel 
to  the  tangent  at  A. 

89.  Cor.  8.  Let  two  forces  acting  in  the  direc- 
tions AD,  BH,  upon  the  arms  of  the  lever  ACB , 
keep  each  other  in  equilibrio  ; produce  DA  and  HB 
till  they  meet  in  P ; join  CP,  and  draw  CL  parallel 
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to  PB ; then  will  PL , LC  reprefent  the  two  forces, 


For,  if  PC  be  made  the  radius,  C M and  CN  are  the 
fines  of  the  angles  CPM , CPN,  or  CPL,  PCL  ; and 
PL  : LC  ::  fin.  PCL  : fin.  LPC  ::  CN  : CM ; 
therefore  PL,  LC,  reprefent  the  quantities  and  direc- 
tions of  the  two  forces,  which  may  be  fuppofed  to  be 
applied  at  P (Art.  83),  and  which  are  fuftained  by  the 
readtion  of  the  fulcrum  ; confequently,  CP  reprefents 
the  quantity  and  direction  of  that  readtion  (Art.  54), 
01  PC  reprefents  the  preffure  upon  the  fulcrum. 

Prop.  XVI. 

90.  In  a combination  of  fraight  levers,  AB,  CD, 
whofe  centers  of  motion  are  E and  F,  if  they  aEi  perpen- 
dicularly upon  each  other,  and  the  directions  in  which  the 
power  and  weight  are  applied  be  alfo  perpendicular  to  the 
arms,  there  is  an  equilibrium  when  P : JV ::  EBx  FD 
; EAx  FC. 
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For,  the  power  at  A : the  weight  at  B , or  C ::  £5 
: EA ; and  the  weight  at  C : the  weight  at  D : : F.D 

;*  FC,  /.  P:W  ::  EBxFD  : E Ax  FC. 

By  the  fame  method  we  may  find  the  proportion 
between  the  power  and  die  weight,  when  there  is  an 
equilibrium,  in  any  other  combination  of  levers. 

91.  Cor.  If  E and  F be  confidered  as  the  power 
and  weight,  A and  D the  centers  of  motion,  we  have, 
as  before,  E : F ::  FDxBA  : AExCD.  Hence 
the  preflure  upon  E : the  preffure  upon  F ::  FDx 
BA  : AExCD. 

Prop.  XVII. 

92.  Any  weights  will  keep  each  other  in  equilibria  on 
the  arms  of  a Jlraight  lever , when  the  products , which 
arife  from  multiplying  each  weight  by  it's  di/lance  from  the 
fulcrum , are  equal , on  each  fide  of  the  fulcrum. 

The  weights  A,  B,  D,  and  E>  F,  will  balance  each 
other  upon  the  lever  AF  whole  fulcrum  is  C,  if  Ax 

AC  + BxBC+Dx  DC=ExEC+  FxFC. 

A BYT)  C E X F 

• * * A * 

P-' 

qi 

it 

In  CF  take  any  point  X,  and  let  the  weights  r,  s,  /, 
placed  at  X,  balance  refpedtively,  A,  B,  D -,  then  Ax 
AC  = rxXC ; BxBC=sxXC  DxDC  = txXC 
(Art.  75);  or,  Ax  AC+BxBC+D  x DC=r+s  + t 
XXC.  In  the  fame  manner,  let  p and  q,  placed  at  T , 

balance 
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balance  refpeCtively,  E and  F-y  then  p + qxFC  — E 
xEC+FxFC ; but  by  the  fuppofidon  AxAC-\-B 
xBC  + DxDC — E X E C + F X FC ; therefore 
r+s  + txXC=p-{-  qxTC,  and  the  weights  r , j,  t 
placed  at  X,  balance  the  weights  p , q,  placed  at  T 
(Art.  73) ; alfo  A , B,  D,  balance  the  former  weights, 
and  E,  F , the  latter  3 confequently  B,  Z>,  will 
balance  E and  F.  , 

93.  Cor.  1.  If  the  weights  do  not  act  in  parallel 
directions,  inftead  of  the  diftances  we  muft  fubftitute 
the  perpendiculars,  drawn  from  the  center  of  motion, 
upon  the  directions.  (Vid.  Art.  81). 

94.  Cor.  2.  In  Art.  80  the  lever  is  fuppofed  to 
be  without  weight,  or  the  arms  AC , CD  to  balance 
each  other : In  the  formation  of  the  common  JieeF 
yard  the  longer  arm  CB  is  heavier  than  CA , and 
allowance  muft  be  made  for  this  excefs.  Let  the' 

/* 
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moveable  weight  P , when  placed  at  E keep  tire 
lever  at  reft  ; then  when  W and  P are  fufpended  upon 
the  lever,  and  the  whole  remains  at  reft,  W fuftains 
P,  and  alfo  a weight  which  would  fupport  P when 
placed  at  £;  therefore  W X AC—  P X DC+PxEC = 
P X DE  ; and  fince  A C and  P are  invariable,  fVocED-, 
the  graduation  muft  therefore  begin  from  E 3 and  if  P, 

when 
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when  placed  at  F , fupport  a weight  of  one  pound 
at  Ay  take  FG , GD , &c.  equal  to  each  other,  and 
to  EF,  and  when  P is  placed  at  G it  will  fupport 
two  pounds ; when  at  D it  will  fuppcrt  three  pounds; 
&c. 


\ 
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95.  The  wheel  and  axle  confifts  of  two  parts,  a 
cylinder  AB  moveable  about  it’s  axis  CD,  and  a circle 


EF  fo  attached  to  the  cylinder  that  the  axis  CD 
pafles  through  it’s  center,  and  is  perpendicular  to  it’s 
plane.  v 

The  power  is  applied  at  the  circumference  of  the 

wheel, 
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wheel,  ufually  in  the  direftion  of  a tangent,  and  the 
weight  is  raifed  by  a rope  which  winds  round  the  axle. 

Prop.  XVIII. 

96.  There  is  an  equilibrium  upon  the  wheel  and  axle , 
when  the  power  is  to  the  weight , as  the  radius  of  the  axle 
to  the  radius  of  the  wheel. 

The  effort  of  the  power  to  turn  the  machine  round 
the  axis,  mull  be  the  fame  at  whatever  point  in  the  axle 
the  wheel  is  fixed-,  fuppofe  it  to  be  removed,  and  placed 
in  fuch  a fituation  that  the  power  and  weight  may  aft 


in  the  fame  plane,  and  let  CA , CB,  be  the  radii  of  the 
wheel  and  axle,  at  the  extremities  of  which  the  power 
and  weight  aft ; then  the  machine  becomes  a lever 
ACB , whofe  center  of  motion  is  C,  and  fince  the  radii 
CA,  CB,  are  at  right  angles  to  AP  and  BW,  we  have 
P : IV  ::  CB  : CA  (Art.  82). 

97.  Cor.  1.  If  the  power  aft  in  the  direftion  Ap 
draw  CE  perpendicular  to  Ap,  and  there  will  be  an 
equilibrium  when  P : W w CB  : CE  (Art.  82). 

The  fame  conclufion  may  alfo  be  obtained  by  reviv- 
ing 
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ing  the  power  into  two,  one  perpendicular  to  ACy 
and  the  other  parallel  to  it. 

98.  Cor.  2.  If  iR  be  the  thicknefs  of  the  ropes  by 
which  the  power  and  weight  adt,  there  will  be  an  equi- 
librium when  P : JV ::  CB-\-R  : CA+Ry  fince  the 
power  and  weight  mufl  be  fuppofed  to  be  applied  in 
the  axes  of  the  ropes. 

The  ratio  of  the  power  to  the  weight  is  greater  in 
this  cafe  than  the  former ; for  if  any  quantity  be  added 
to  the  terms  of  a ratio  of  lefs  inequality,  that  ratio  is 
increafed  (Alg.  Art.  162). 

99.  Cor.  3.  If  the  plane  of  the  wheel  be  inclined 
to  the  axle  at  the  angle  EOD , draw  ED  perpendicular 


to  CD ; and  confidering  the  wheel  and  axle  as  one 
mafs,  there  is  an  equilibrium  when  P : JV  : : the  radius 
of  the  axle  : ED. 

100.  Cor.  4.  In  a combination  of  wheels  and  axles, 
where  the  circumference  of  the  firfl  axle  is  applied  to 

1 

the  circumference  of  the  fecond  wheel,  by  means  of  a 
firing,  or  by  tooth  and  pinion,  and  the  fecond  axle 
to  the  third  wheel,  &c.  there  is  an  equilibrium  when 
P : JV  ::  the  produdt  of  the  radii  of  all  the  axles  : the 
product  of  the  radii  of  all  the  wheels.  (Vid.  Art.  90). 

101.  Cor.  5.  When  the  power  and  weight  adt  in 
parallel  directions,  and  on  oppofite  Tides  of  the  axis, 
the  preffure  upon  the  axis  is  equal  to  their  fum ; and 
when  they  adt  on  the  fame  fide,  to  their  difference.  In 
other  cafes  the  preffure  may  be  efti mated  by  Art.  89. 
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ON  THE  PULLEY. 


102.  Def.  A Pw//^y  is  a fmall  wheel  moveable 
about  it’s  center,  in  the  circumference  of  which  a 
groove  is  formed  to  admit  a rope  or  flexible  chain. 

The  pulley  is  faid  to  be  fixed , or  moveable , accord- 
ing as  the  center  of  motion  is  fixed  or  moveable. 

• * * » > « 

Prop.  XIX. 

103.  In  the  fingle  fixed  pulley , there  is  an  equilibrium 
when  the  power  and  weight  are  equal. 

, 

For  whatever  force  is  exerted  at  D in  the  direction 
DAP,  by  the  power,  an  equal  force  is  exerted  by  the 


weight  in  the  dire&ion  DBW  thefe  forces  will  there- 
fore keep  each  other  at  reft. 

Cor. 
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Cor.  The  propofition  is  true  when  the  power  is  ap- 
plied in  any  other  direction  Dp ; the  only  alteration 
made,  by  changing  it’s  direftion,  is  in  the  preffure 
upon  the  center  of  motion.  (Vid.  Art.  106). 

Prop.  XX. 

104.  In  the  Jingle  moveable  pulley , whofe  firings  art 
parallel , the  power  is  to  the  weight  as  1 to  2.  * 

A firing  fixed  at  A,  pafles  under  the  moveable 
pulley  A , and  over  the  fixed  pulley  B j the  weight  is 


annexed  to  the  center  of  the  pulley  A , and  the  power 
is  applied  at  P.  Then  fince  the  firings  EA,  BA  are 

in 

* In  this  and  the  following  proportions,  the  power  and  weight 
are  fuppofed  to  be  in  equilibrio. 

E 2. 
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in  the  direction  in  which  the  weight  a<fts,  they  exactly 
fuftain  it ; and  they  are  equally  ftretched  in  every 
point,  therefore  they  fuftain  it  equally  between  them; 
or  each  fuftains  half  the  weight.  Alfo,  whatever 
weight  AB  fuftains,  P fuftains  (Art.  103) ; therefore 
P : W ::  1 : 2. 

1 

Prop.  XXf. 

105.  In  general , in  the  Jingle  moveable  pulley , the 
power  is  to  the  weight , as  radius  to  twice  the  cofine  of 
the  angle  which  either  firing  makes  with  the  direction  in 
which  the  weight  alts.  , 

' f 1 

Let  A IV  be  the  direction  in  which  the  weight  acfts  ; 
produce  BD  till  it  meets  AW  in  C , from  A draw  AD 

' * 


at  right  angles  to  AC,  meeting  BC  in  D-,  then  if  CD 

’ ~ be 


1 


/ 
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be  taken  to  reprefent  the  power  at  P,  or  the  pow^r 
which  adls  in  the  direction  DB,  CA  will  reprefent 
that  part  of  it  which  is  effective  in  fuflaining  the 
weight,  and  AD  will  be  counteradled  by  an  equal 
and  oppofite  force,  arifing  from  the  tenfion  of  the 
firing  CE ; alfo,  the  two  firings  are  equally  effective 
in  fuflaining  the  weight ; therefore  2 AC  will  reprefent 
the  whole  weight  fuflained  ; confequently,  P \ W 
CD  : 2 AC  ::  rad.  : 2 cof.  DC  A. 

106.  Cor.  1.  If  the  figure  be  inverted,  and  E and 
B be  confidered  as  a power  and  weight  which  fuf- 
tain  each  other  upon  the  fixed  pulley  A , W is  the 
preffure  upon  the  center  of  motion  ; confequently, 
the  power  : the  preffure  ::  radius  : 2 cof.  DC  A. 

107.  Cor.  2.  When  the  firings  are  parallel,  the 
angle  DC  A vanifhes,  and  it’s  cofine  becomes  the 
radius;  in  this  cafe,  the  power  : the  preffure  ::  i : 2. 

Prop.  XXII. 

108.  In  a fyjlem  where  the  fame  firing  paffes  round 
any  number  of  pulleys,  and  the  parts  of  it  between  the  pul- 
leys  are*  parallel,  P : W ::  1 : the  number  of  firings  at 
the  lower  block. 

• • 1 1 

Since  the  parallel  parts,  or  firings  at  the  lower 
block,  are  in  the  direction  in  which  the  weight  adls, 
they  exadlly  fupport  the  whole  weight ; alfo,  fmce 
there  is  an  equilibrium,  the  tenfion  in  every  point  of 
thefe  firings  is  the  fame,  and  each  of  them  fuflains 
an  equal  weight ; confequently,  if  there  be  n firings, 

e 3 each 


7o 
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each  fuftains- part  of  the  weight  $ hence,  P fuf- 


tains  - th  part  of  the  weight,  or  P : W ~ : i :: 

i : n. 

109.  Cor.  If  two  fyflems  of  this  kind  be  com- 
bined, in  which  there  are  m and  n firings,  refpe&ively, 
at  the  lower  blocks,  P : W 1 : mu. 


Prop. 
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'>  \ 


Prop.  XXIII. 

1 10.  In  a fyfiem  where  each  pulley  hangs  by  a feparate 
firing , and,  the  firings  are , parallel , P : W y 1 : that 
power  of  2 'whofe  index  is  the  number  of  moveable  pulleys. 

> . \ t\.  \ t . n - ; 

In  this  fyftem,  a firing  paffes  over  tlie  fixed  pulley 
A , and  under  the  moveable  pulley  B,  and  is  fixed 


at  E ; another  firing  is  fixed  at  B , paffes  under  the 
moveable  pulley  C,  and  is  fixed  at  F ; he.  in  fuch  a 
manner  that  the  firings  are  parallel. 

Then,  by  Art.  104,  when  there  is  an  equilibrium. 


P : the  weight  at  B ::  1 : 2 

the  weight  at  B : the  weight  at  C ::  1 : 2 

the  weight  at  C : the  weight  at  D ::  1 : 2 

&c. 

e 4 Comp; 


/ 
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Comp.  P : fV ::  i : 2X2X2X&C.  continued  to  as 
many  fa&ors  as  there  are  moveable  pulleys ; that  is, 
when  there  are  n fuch  pulleys,  P : W : 1 1 : -2". 

ni.  Cor.  1.  The  power  and  weight  are  wholly 
fuflained  at  A,  E , F , G,  &c.  which  points  fuflain 
refpedtively,  2 P,  P,  2P,  4P,  &c. 

1 1 2.  Cor.  2.  When  the  firings  are  not  parallel,  P : 
JP" ::  rad  . : 2 cof.  of  the  angle  which  the  firing  makes 
with  the  direction  in  which  the  weight  a£ts,  in  each  cafe 
(Art.  105). 

Prop.  XXIV. 

1 1 3 . In  a fyjiem  of  n pulleys  each  hanging  by  a fepa- 
rate  firing , where  the  firings  are  attached  to  the  weight  as 
is  reprefented  in  the  annexed  figure , P : W ::  1 : 2”  — 1 . 

A firing  fixed  to  the  weight  at  F pafies  over  the 


pulley  C,  and  is  again  fixed  to  the  pulley  B another 

firing 
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firing  fixed  at  E pafies  over  the  pulley  B , and  is  fixed 
to  the  pulley  A-,  &c.  in  fuch  a manner  that  the 
firings  are  parallel : , 

Then,  if  P be  the  power,  the  weight  fuftained  by 
the  firing  Z>4?  is  P*,  alfo  the  preflure  downwards  upon 
At  or  the  weight  which  the  firing  BA  fuftains,  is  2P 
(Art.  107)  ; therefore  the  firing  EB  fuftains  2P;  in 
the  fame  manner,  the  firing  FC  fuftains  4 Pj  &c. 
and  the  whole  weight  fuftained  is  P+2P  + 4P+&C. 
Hence,  P : W ::  1 : 1+2  + 4 + &C.  to  n terms  :: 
1 : 2*  — 1 (Alg.  Art.  222). 

1 14.  Cor.  1.  Both  the  power  and  the  weight  are 
fuftained  at  H. 

1 15.  Cor.  2.  When  the  firings  are  not  parallel, 
the  power  in  each  cafe,  is  to  the  correfponding  preflure 
upon  the  center  of  the  pulley  ::  rad.  : 2 cof.  of  the 
angle  made  by  the  firing  with  the  dire&ion  in  which 
the  weight  a<£ts  (Art.  106).  Alfo,  by  the  refolution 
of  forces,  the  power  in  each  cafe,  or  preflure  upon  the 
former  pulley,  is  to  the  weight  it  fuftains  ::  rad.  : cof. 
of  the  angle  made  by  the  firing  with  the  dire&ion  in 
which  the  weight  a<£ls. 
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Prop.  XXV. 

1 16.  If  a body  aft  upon  a perfeftly  hard  and  finooth 
plane , the  effect  produced  upon  the  plane  is  in  a direftion 
perpendicular  to  it's  furface. 


Cafe 
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Cafe  i.  When  the  body  ads  perpendicularly  upon 
the  plane,  it’s  force  is  wholly  effedive  in  that  direc- 
tion; fince  there  is  no  caufe  to  prevent  the  effed,  or 
to  alter  it’s  diredion. 

Cafe  2.  When  the  diredion  in  which  the  body 
ads  is  oblique  to  the  plane,  refolve  it’s  force  into  two, 
one  parallel,  and  the  other  perpendicular,  to  the  plane ; 
the  former  of  thefe  can  produce  no  effed  upon  the 
plane,  becaufe  there  is  nothing  to  oppofe  it  in  the 
diredion  in  which  it  ads  (Vid.  Art.  29:) ; and  the 
latter  is  wholly  effediye  (by  the  firft  cafe) ; that  is, 
the  effed  produced  by  the  force  is  in  a diredion  per- 
pendicular to  the  plane. 

1 1 7.  Cor.  The  readion  of  the  plane  is  in  a direc- 
tion perpendicular  to  it’s  furface  (Art.  32). 

1 * \ . * * V , . . t • 

Prop.  XXVI. 

1 1 8.  When  a body  is  JuJlained  upon  a plane  which 
is  inclined  to  the  horizon , P : W 1:  the  fine  of  the  plane's 
inclination  : the  fine  of  the  angle  which  the  direftion  of  the 
power  makes  with  a perpendicular  to  the  plane. 

'•  ' ’■*'  - ' r' 

Let  BC  be  parallel  to  the  horizon,  BA  a plane  in- 


clined to  it  j P the  body,  fuflained  at  any  point  upon 

the 
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the  plane  by  a power  ading  in  the  direction  PV.  From 
P draw  PC  perpendicular  to  BA , meeting  BC  in  C; 
and  from  C draw  CV  perpendicular  to  BC,  meeting 
PV  in  V.  Then  the  body  P is  kept  at  reft  by  three 
forces  which  aft  upon  it  at  the  fame  time ; the  power, 
in  the  direction  PV-,  gravity,  in  the  direction  VC ; and 
the  reaction  of  the  plane,  in  the  direction  CP  (Art. 

1 1 7) ; thefe  three  forces  are  therefore  properly  repre- 
lented  by  the  three  lines  PV,  VC  and  CP  (Art.  55); 
or  P \ W ::  PV  : VC  ::  fin.  PCV  : fin.  VPC: ; and  in 
the  fimilar  triangles  A PC,  ABC  (Euc.  8.  6),  the 
angles  ACP,  and  CBA  are  equal  > therefore  P ; W 
::  fin.  ABC  : fin.  VPC. 

1 19.  Cor.  1.  When  PV  coincides  with  PA,  or  the 
power  ads  parallel  to  the  plane,  P : IV  ::  PA  : AC 
::  AC  : AB. 

120.  Cor.  2.  When  PV  coincides  with  Pv,  or 
the  power  ads  parallel  to  the  bafe,  P : PV ::  Pv  : vC 
::  AC  : CB-,  becaufe  the  triangles  PvC , ABC  are 
fimilar. 

1 21.  Cor  3.  When  PV  is  parallel  to  CV  the 
power  fuftains  the  whole  weight. 

122.  Cor.  4.  Since  P : W ::  fin.  ABC  : fin.  VPC , 
by  multiplying  extremes  and  means,  Pxfin.  VPC— 
Wx  fin.  ABC  and  if  W,  and  the  fine  of  the  z.  ABC 

be  invariable,  P oc  - y pQ  (Alg.  Art.  206) ; there- 
fore, P is  the  leaft  when  ? T --7,  is  the  leaft,  or  fin. 

lin.  VP C 

VPC  the  greateft;  that  is,  when  fin.  VPC  becomes 
the  radius,  or  PV  coincides  with  PA.  Alfo,  P is 
indefinitely  great  when  fin.  VPC  vanifties  ; that  is, 
when  the  power  ads  perpendicularly  to  the  plane. 

123.  Cor. 
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123.  Cor.  5.  If  P and  the  z.  ABC  be  given,  W 
oc  fin .VPC-,  therefore  W will  be  the  greateft  when 
fin.  VPC  is  the  greateft,  that  is,  when  PV  coincides 
with  PA.  Alfo,  W vanifhes  when  the  fin.  VPC  va- 
nifihes,  or  PV  coincides  with  PC. 

124.  Cor.  6.  The  power  : the  preffure  PV  : 
PC  ::  fin.  PCV  : fin.  PVC  ::  fin.  ABC  : fin.  PVC. 

125.  Cor.  7.  When  the  power  acts  parallel  to  the 
plane,  the  power  : the  preffure  ::  PA  : PC  ::  AC  : BC. 

126.  Cor.  8.  When  the  power  aCts  parallel  to  the 
bafe,  the  power  : the  preffure  ::  Pv  : PC  ::  AC  : A B. 

127.  Cor.  9.  P X fin  .PVC  = the  preffure  X fin. 
ABC ; and  w'hen  P and  th z t-ABC  are  given,  the 
preffure  esc  fin.-P^C;  therefore,  the  preffure  will  be 
the  greateft  when  PV  is  parallel  to  the  bafe. 

128.  Cor.  10.  When  two  fides  of  a triangle, 
taken  in  order,  reprefent  the  quantities  and  directions 
of  two  forces  which  are  fuftained  by  a third,  the  re- 
maining fide,  taken  in  the  fame  order,  will  reprefent 
the  quantity  and  direction  of  the  third  force  (Art. 
54).  Hence,  if  we  fuppofe  PV  to  revolve  round  P , 
when  it  falls  between  Px  which  is  parallel  to  VC,  and 
PE,  the  direction  of  gravity  remaining  unaltered,  the 
direction  of  the  reaCtion  muft  be  changed,  or  the  body 
muft  be  fuppofed  to  be  fuftained  againft  the  under 
furface  of  the  plane.  When  it  falls  between  PE  and 
xP  produced,  the  direction  of  the  power  muft  be 
changed  : And  when  it  falls  between  xP  produced, 
and  PC,  the  directions  of  both  the  power  and  reac- 
tion muft  be  different  from  what  they  were  fuppoied 
to  be  in  the  proof  of  the  propofition ; that  is,  the 
body  muft  be  fuftained  againft  the  under  furface  of 
the  plane,  by  a force  which  acts  in  the  direction  VP. 

129.  Cor. 
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129.  Cor.  11.  If  the  weights  P,  W,  fuftain  each 
other  upon  the  planes  AC,  CB,  which  have  a com- 


r 


mon  altitude  CD,  by  means,  of  a firing  PC IV  which 
paffes  over  the  pulley  C and  is  parallel  to  the  planes, 
then  P : W ::  AC  : BC. 

For,  fincethe  tenfion  of  the  firing  is  every  where  the 
fame,  the  fuftaining  power,  in  each  cafe,  is  the  fame 3 
and  calling  this  power  x , 

> / "■ 

P : x ::  AC  : CD  (Art.  119)3 
x : W w CD  : CB  ■, 
comp.  P : fV AC  : CB. 


» 

ON  THE  WEDGE. 


130.  Def.  A Wedge  is  a triangular  prifm,  or  a 
folid  generated  by  the  motion  of  a plane  triangle 
parallel  to  itfelf,  upon  a ftraight  line  which  paffes 
through  one  of  it’s  angular  points.  * 

Knives, 


# See  alfo  Euc.  B.  XI.  Def.  13. 
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Knives,  fwords,  coulters,  nails,  &c.  are  inftruments 
of  this  kind. 

The  wedge  is  called  ifofceles  or  fcalene , according 
as  the  generating  triangle  is  ifofceles  or  fcalene. 

Prop.  XXVII. 

1 3 1 . If  two  equal  forces  all  upon  the  fides  of  an  ifof- 
celes wedge  at  equal  angles  of  inclination , and  a force  a5i 
perpendicularly  upon  the  back , they  will  keep  the  wedge 
(it  ref , when  the  force  upon  the  back  is  to  the  fum  of  the 
forces  upon  the  fides , as  the  pro  dull  of  the  fine  of  half  the 
vertical  angle  of  the  wedge  bind  the  fine  of  the  angle  at 
which  the  directions  of  the  forces  are  inclined  to  the  fides , 
to  the  fquare  of  radius. 

Let  AVB  reprefent  a feftion  of  the  wedge,  made 
by  a plane  perpendicular  to  it’s  fides  3 draw  VC  per- 


pendicular to  AB  ; DC , dC,  in  the  dire&ions  of  the 
forces  upon  the  fides  3 and  CE>  Ce  at  right  angles  to 
AV , BV-,  join  Ee , meeting  CV  in  F. 

Then,  in  the  triangles  VC  A,  VCB , fince  the  angles 
VC  A,  CAV , are  refpectively  equal  to  VCB , VBC , and 
VC  is  common  to  both,  AC  = CB , and  the  LCVA 
= L.  CVB.  Again,  in  the  triangles  ACD}  BCd , 
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the  angles  DAC , CD  A,  are  equal  to  the  angles  CBd, 
BdC,  and  AG—BC-,  therefore,  DC=dC.  In  the 
fame  manner  it  may  be  fhewn  that  CE  — Ce , and  AE 
= Be-,  hence  the  fides  AF , BV , of  the  triangle  AVB , 
are  cut  proportionally  in  E and  e therefore  Ee  is 
parallel  to  AB\ Euc.  2.  6),  or  perpendicular  to  CF-, 
alfo,  fince  CE  = Ce  and  CF  is  common  to-  the  right 
angled  triangles  CEF , CeF,  we  have  EF=eF  ( Euc. 
47.  1). 

Now  fince  DC  and  dC  are  equal,  and  in  the 
directions  of  the  forces  upon  the  fides,  they  will 
reprefent  them  3 refolve  D C into  two,  DE,  EC,  of 
which  D E produces  no  effect  upon  the  wedge,  and 
EC,  which  is  effective  (Art.  116),  does  not  wholly 
oppofe  the  power,  or  force  upon  the  back ; refolve 
EC  therefore  into  two,  EF,  parallel  to  the  back,  and 
FC  perpendicular  to  it,  the  latter  of  which  is  the 
only  force  which  oppofes  the  power.  In  the  fame 
manner  it  appears  that  eF,  FC  are  the  only  effective 
parts  of  dC,  of  which  FC  oppofes  the  power,  and  eF 
is  counteracted  by  the  equal  and  oppofite  force  EF ; 
hence,  if  2 CF  reprefent  the  power,  the  wedge  will  be 
kept  at  relt  *;  that  is,  when  the  force  upon  the  back  : 
the  fum  of  the  refiftances  upon  the  fides  : : 2 CF  : 
D C + dC  ::  2CF  : 2 DC  ::  CF  : DC ; and 

CF : CE  : : fin.  CE F : rad.  : : fin.  CVE  : rad. 
CE  : DC  : : fin .CDE  : rad. 

Comp.  CF : DC ::  fin.  CF E X fin.  CDE  : rad?)2. 

132.  Cor.  1.  The  forces  do  not  fuftain  each  other , 
becaufe  the  parts  DE,  de  are  not  counteracted. 

133-  Cor- 

* The  directions  of  the  three  force?  mult  meet  in  a point, 
other  wife  a rotatory  motion  will  be  given  to  the  wedge. 


So 
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133.  Cor.  2.  If  the  refiftances  ad  perpendicularly 
upon  the  Tides  of  the  wedge,  the  angle  CDE  becomes 
a right  angle,  and  P : the  fum  of  the  refiftances  ::  fin. 
CVE  X rad.  : rad?1  * ::  fin.  C VE  : rad.  ::  AC  : AV . 

134.  Cor.  3.  If  the  directions  of  the  refiftances  be 
perpendicular  to  the  back,  the  angle  CD E=  L.CVE, 
and  P : the  fum  of  the  refiftances  ::  fin.  CVE^%  : racD* 
::  ACZ  : AV\ 

133.  Cor.  4.  When  the  refiftances  ad  parallel  to 
the  back,  fin.  CDA  = {m.CAV,  and  P : the  fum  of  the 
refiftances ::  fin.  CPA  X fin.  CAP  : rad?!1  ::  CAxCV 
: AV 1 ::  CExAV*  : AVX  ::  CE  : AV. 

136.  Cor.  5.  In  the  demonftration  of  the  propo- 
rtion it  has  been  fuppofed  that  the  fides  of  the  wedge 
are  perfedly  fmooth  $ if  on  account  of  the  fridion, 
or  by  any  other  means,  the  refiftances  are  wholly 
effedive,  join  Dd>  which  will  cut  CV  at  right  angles 


in  y,  and  refolve  DC,  dC  into  Dy,  yC,  dy,  yC,  of 
which  Dy  and  dy  deftroy  each  other,  and  lyC  fuf- 
tains  the  power.  Hence,  the  power  : the  fum  of  the 
refiftances  ::  2^C  : 2 DC  ::  yC  : DC  ::  fin.  CDy  or 
DC  A : rad, 

/ N 

137.  Cor. 

* \ 

* By  fimilar  triangles,  CE  : CA  ::  CV : AV ; therefore  CE  x 
AV-CAxCV. 


/ 
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137.  Cor.  6.  If  Ee  cut  DC  and  dC  in  x and  z, 
the  forces,  xC , zC , when  wholly  effedtive,  and  the 
forces  Z)C,  a C adting  upon  fmooth  furfaces,  will  fuf- 
tain  the  fame  power  2 CF. 

138.  Cor.  7.  If  from  any  point  P in  the  fide 
AV,  PC  be  drawn  and  the  refiftance  upon  the  fide  be 
reprefented  by  it,  the  effedt  upon  the  wedge  will  be 
the  fame  as  before ; the  only  difference  will  be  in  the 
part  PE  which  is  ineffective. 

139.  Cor.  8.  If  DC  be  taken  to  reprefent  the  re- 
fiftance on  one  fide,  and  pCy  greater  or  lefs  than  dC , 
reprefent  the  refiftance  on  the  other,  the  wedge  cannot 
be  kept  at  reft  by  a power  adting  upon  the  back ; be- 
caufe,  on  this  fuppofition,  the  forces  which  are  parallel 
to  the  back  are  unequal. 

This  propofition  and  ids  corollaries  have  been  de- 
duced from  the  adtual  refolution  of  the  forces,  for 
the  purpofe  of  fhewing  what  parts  are  loft,  or  deftroyed 
by  their  oppofition  to  each  other ; the  fame  conclu- 
fions  may,  however,  be  very  concifely  and  eafily 
obtained  from  Art.  142. 

% 

Prop.  XXVIII. 

140.  When  three  forces , aiding  perpendicularly  upon 
the  fides  of  a Jcalene  wedge , keep  each  other  in  equilibria, 
they  are  proportional  to  thofe  fides. 


Vol.  III.  F meet 
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meet  in  / ; then  fince  the  forces  keep  each  other  at 
reft,  they  are  proportional  to  the  three  Tides  of  a tri- 
angle which  are  refpeCtively  perpendicular  to  thole 
directions  (Art.  59)  j that  is,  to  the  three  tides  of  the 
wedge. 

141.  Cor.  1.  If  the  lines  of  direction,  palling 
through  the  points  of  impaCt,  do  not  meet  in  a point, 
the  wedge  will  have  a rotatory  motion  communicated 
to  it : and  this  motion  will  be  round  the  center  of 
gravity  of  the  wedge.  (Vid.  SeCt.  V.) 

142.  Cor.  2.  When  the  directions  of  the  forces 
are  not  perpendicular  to  the  Tides,  the  effective  parts 
muft  be  found,  and  there  will  be  an  equilibrium  when 
thofe  parts  are  to  each  other  as  the  Tides  of  the  wedge. 


ON  THE  SCREW. 

143.  Def.  The  Screw  is  a mechanical  power, 
which  may  be  conceived  to  be  generated  in  the  fol- 
lowing manner : 

Let  a folid  and  a hollow  cylinder  of  equal  diameters 
be  taken,  and  let  ABC  be  a plane  triangle  whofe  bafe 
BC  is  equal  to  the  circumference  of  the  folid  cylinder ; 
apply  the  triangle  to  this  cylinder  in  fuch  a manner 
that  the  bafe  B C may  coincide  with  the  bafe  of  the 
Cylinder,  and  BA  will  form  a fpiral  thread  on  it’s 
furface.  By  applying  to  the  cylinder,  triangles,  in  fuc- 
ceftion,  fimilar  and  equal  to  ABC,  in  fuch  a manner, 
that  their  bales  may  be  parallel  to  BC,  the  fpiral 

thread 
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thread  may  be  continued;  and  fuppofing  this  thread  to 
have  thicknefs,  or  the  cylinder  to  be  protuberant  where 
it  falls,  the  external  fcrew  will  be  formed,  in  which  the 


diftance  between  two  contiguous  threads,  meafured 
in  the  direction  of  the  axis  of  the  cylinder,  is  AC, 
Again,  let  the  triangles  be  applied  in  the  fame  manner 
to  the  concave  furface  of  the  hollow  cylinder,  and 
where  the  thread  falls  let  a groove  be  made,  and  the 
internal  fcrew  will  be  formed.  The  two  fcrews  being 
thus  exactly  adapted  to  each  other,  the  folid  or  hollow 
cylinder,  as  the  cafe  requires,  may  be  moved  round 


the  common  axis,  by  a lever  perpendicular  to  that 
axis;  and  a motion  will  be  produced  in  the  direftion 
of  the  axis,  by  means  of  the  fpiral  thread. 

f 2 


Prop. 
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Prop.  XXIX. 

W S • r . r.  . 

144.  When  there  is  an  equilibrium  upon  the  fcreiv , P 
: W : : the  dijlance  between  two  contiguous  threads , mea- 
fured  in  the  direction  of  the  axis  : the  circumference  of  the 

circle  which  the  power  defcribes. 

, / 

Let  BCD  reprefent  a feftion  of  the  fcrew  made  by 
a plane  perpendicular  to  it’s  axis,  C E a part  of  the 
fpiral  thread  upon  which  the  weight  is  fuftained ; then 
CE  is  a portion  of  an  inclined  plane,  whofe  height  is 
the  diftance  between  two  threads,  and  bafe  equal  to 
the  circumference  BCD.  Call  F the  power  which 
acting  at  C in  the  plane  BCD , and  in  the  direction 
Cl  perpendicular  to  AC , will  fuftain  the  weight,  or 
prevent  the  motion  of  the  fcrew  round  the  axis;  then 
fince  the  weight  is  fuftained  upon  the  inclined  plane 


CE  by  a power  F acting  parallel  to  it’s  bafe;  F : W :: 
the  height : the  bafe  (Art.  120)  ::  the  diftance  between 
two  threads  : the  circumference  BCD.  Now,  inftead 
of  fuppofmg  the  power  F to  aft  at  C,  let  a power  P 
aft  perpendicularly  at  G,  on  the  lever  GCA , whofe 
center  of  motion  is  A,  and  let  this  power  produce  the 
fame  effect  at  C that  F does ; then,  by  the  property  of 

the 


ON  THE  SCREW,  85 

the  lever,  P : F ::  C A : GA  ::  the  circumference 
BCD  : the  circumference  FGH.  We  have  therefore 
thefe  two  proportions, 

1 . i-  / ' ( . t ; 1_*  J ‘ " f.  j I < •* 

F :W : : the  diflance  between  two  threads : BCD 
P:F ::  . £CZ)  * : FGH 

comp.  P : W : : the  diflance  between  two  threads  :FGH. 

145.  Cor.  1.  In  the  proof  of  this  propofition  the 
whole  weight  is  fuppofed  to  be  fuflained  at  one  point 
C of  the  fpiral  thread ; if  we  fuppofe  it  to  be  difperfed 
over  the  whole  thread,  then,  by  the  propofition,  the 
power  at  G neceffary  to  fuflain  any  part  of  the  weight 
: that  weight  ::  the  diflance  between  two  threads  : the 
circumference  of  the  circle  FGH ; therefore  the  fum 
of  all  thefe  powers,  or  the  whole  power  : the  fum  of 
all  the  correfponding  weights,  or  the  whole  weight,  :: 
the  diflance  between  two  threads  : the  circumference 
of  the  circle  FGH  (Alg.  Art.  183). 

146.  Cor.  2.  Since  the  power,  neceffary  to  fuflain  a 
given  weight,  depends  upon  the  diflance  between  two 
threads  and  the  circumference  FGH , if  thefe  remain 
unaltered,  the  power  is  the  fame,  whether  the  weight 
is  fuppofed  to  be  fuflained  at  C,  or  at  a point  upon 
the  thread  nearer  to,  or  farther  from,  the  axis  of  the 
cylinder. 

147.  Some  Authors  have  deduced  the  proper- 
ties of  the  mechanical  powers  immediately  from  the 
Third  Law  of  Motion,  contending  that  if  the  power 
and  weight  be  fuch  as  would  fuflain  each  other,  and 
the  machine  be  put  into  motion,  the  momenta  of  the 
power  and  weight  are  equal ; and  confcquently,  that 
the  power  X the  velocity  of  the  power  = the  weight 

f 3 X the 
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X the  velocity  of  the  weight;  or  the  power's  velocity  : 
the  zveighfs  velocity  : : the  weight  : the  power. 

Though  this  conclufion  be  juft,  the  reafoning  by 
which  it  is  attempted  to  be  proved  is  inadmiflible, 
becaufe  the  Third  Law  of  Motion  relates  to  the 
aftion  of  one  body  immediately  upon  another  (Art. 
36).  It  may  however  be  deduced  from  the  forego- 
ing propofitions  ; and  as  it  is,  in  many  cafes,  the  fim- 
pleft  method  of  eftimating  the  power  of  a machine, 
it  may  not  be  improper  to  eftablifh  it’s  truth. 

In  the  application  of  the  rule,  two  things  muft  be 
attended  to  : 1 ft.  We  muft  eftimate  the  velocity  of 
the  power  or  weight  in  the  direction  in  which  it  afts. 
2dly.  We  muft  eftimate  that  part  only  of  the  power 
or  weight  which  is  efFeftive. 

Thefe  two  confiderations  are  fuggefted  by  the  Se- 
cond Law  of  Motion,  according  to  which,  motion 
is  communicated  in  the  direction  of  the  force  imprejjed, 
and  is  proportional  to  that  force. 

f'  • '<  •’•»».  j r . . ‘.  ^ Ji ' t 1 0'  • ■ L 'i  ' k r • £.*?■  ✓ , 2 • 

Prop.  XXX. 

148.  The  velocity  of  a body  in  any  one  direction  AB 
being  given , to  eftimate  it's  velocity  in  any  other  diredion 

BP. 

Suppofe  the  motion  of  A to  be  produced  by  a force 
adting  in  the  direction  B P,  by  means  of  a firing  which 
pafles  over  a pulley  at  P ; produce  PB  to  0,  making 
PO  — PA ; then  OB  is  the  fpace  which  meafures  the 
approach  of  A to  P.  Now  let  the  pulley  be  removed 
to  fuch  a diftance  that  the  angle  at  P may  be  con- 
fidered  as  evanefcent,  and  the  power  will  always  aft  in 

the 
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the  fame  direction  BP  ; alfo,  the  angles  at  A and  O 
are  equal,  and  they  are  right  angles,  becaufe  the  three 


angles  of  the  triangle  APO  are  equal  to  two  right  an- 
gles, and  the  angle  at  P vanifhes  ; therefore,  the  fpace 
defcribed  in  the  diredtion  OP,  or  BP,  is  determined 
by  drawing  AO  perpendicular  to  OP.  If  the  Ipace 
defcribed  in  the  direction  xy , which  is  parallel  to  OP, 
be  required,  produce  AO  to  x,  and  from  B draw  By 
at  right  angles  to  xy ; then  the  figure  OByx  is  a pa- 
rallelogram, and  QB  — xy  the  fpace  required.  Alfo, 
if  the  motion  in  the  direction  AB  be  uniform,  the 
motion  in  the  direction  BP,  or  xy,  is  uniform ; fince 
AB  : OB  ::  rad.  : cof.  ABO.  Hence,  the  velocity 
in  the  direction  AB  : the  velocity  in  the  direction 
BP  ::  AB  : OB  (Art.  n). 


Prop.  XXXI. 

149.  If  a power  and  weight  fuflain  each  other  on  any 
machine,  and  the  whole  be  put  in  motion,  the  velocity  of 
the  power  ; the  velocity  of  the  weight  ::  the  weight  : the 
power.  . * 

F 4 Cafe 
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Cafe  i.  In  the  lever  ACB , Jet  a power  and  weight, 
afting  in  the  directions  AD,  BH,  fuftain  each  other, 
and  let  the  machine  be  moved  uniformly  round  the 


center  C,  through  a very  fmall  angle  ACa  : Join  Aa , 
Bb  draw  CM,  ax  at  right  angles  to  MD  ; and  CN, 
hy  at  right  angles  to  N B-,  then  A' s velocity  : 5’s 
velocity  ::  Ax  : By  (Art.  148).  Now  the  triangles 
Ax  a,  MCA  are  fimilar  ; becaufe  Lx  AC  = /L  AMC 
-\-lMCA  (Euc.  32.  1),  and  L a AC  = Z_  AMC  j 
therefore,  L xAa  = L.  MCA ; and  the  angles  at  M and 
x are  right  angles  confequently,  the  remaining  angles 
are  equal  and 

Ax  : Aa ::  CM:  CA ; 

alfo,  A a : Bb  ::  CA  : CB  from  thefim.  As  ACa,BCb ; 
and  Bb  : By  ::  CB  : CN  from  the  fim.  As  B by,  BCN-, 
com.  Ax  : By  ::  CM:  CN  ::  the  weight  : the  power 
(Art.  81);  or  the  power’s  velocity  : the  weight’s  velo- 
city ::  the  weight  : the  power. 
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Cafe  2.  In  the  wheel  and  axle , if  the  power  be  made 
to  defcribe  a fpace  equal  to  the  circumference  of  the 
wheel  with  an  uniform  motion,  the  weight  will  be 
uniformly  raifed  through  a fpace  equal  to  the  circum- 
ference of  the  axle ; hence,  the  power’s  velocity  : 
the  weight’s  velocity  ::  the  circumference  of  the  wheel 
: the  circumference  of  the  axle  ::  the  radius  of  the 

V 

wheel  : the  radius  of  the  axle  the  weight  : the 
power  (Art.  96). 

Cafe  3.  In  the  Jingle  fixed  pulley , if  the- weight  be 
uniformly  raifed  1 inch,  the  power  will  uniformly 
defcribe  1 inch  in  the  direction  of  it’s  action ; there- 
fore the  power’s  velocity  : the  weight’s  velocity  :: 
the  weight  : the  power. 

Cafe  4.  In  the  Jhlgle  moveable  pulley  where  the  firings 
are  parallel , if  the  weight  be  raifed  1 inch,  each  of  the 
firings  is  fhortened  1 inch,  and  the  power  defcribes  2 
inches;  therefore.  P’s  velocity  : IV’  s velocity  W : 
P (Art.  104). 

Cafe  5.  In  the  fyfiem  of  pulleys  defer ibed  in  Art.  108, 
if  the  weight  be  raifed  1 inch,  each  of  the  firings  at 
the  lower  block  is  fhortened  1 inch,  and  the  power 
defcribes  n inches;  therefore,  P’s  velocity  : W’ s 
velocity  : : IV  : P. 

In  this  fyfiem  of  pulleys,  whilfl  one  inch  of  the 
firing  paffes  over  the  pulley  A,  2 inches  pafs  over 
the  pulley  P,  3 over  C,  4 over  Z),  &c. 

Hence  it  follows,  that  if  in  the  folid  block  A,  the 
grooves  A , C , E,  &c.  be  cut,  whofe  radii  are  1,  3, 
5,  &c.  and  in  the  block  P,  the  grooves  P,  D,  F,  &c. 
whofe  radii  are  2,  4,  6,  &c.  and  a firing  be  paffed  round 
thefe  grooves  as  in  the  annexed  figure;  the  grooves 
will  anfwer  the  purpofe  of  fo  many  diflin£l  pulleys, 

and 

« 1 t 
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and  every  point  in  each,  moving  with  the  velocity  of 
the  firing  in  contad  with  it,  the  whole  fridion  will  be 


removed  to  the  two  centers  of  motion  in  the  blocks 
A and  B. 

Cafe  6.  In  the  JyJlem  of  pulleys  defer ibed  in  Art.  no, 
each  fucceeding  pulley  moves  twice  as  fall  as  the 
preceding ; 


therefore,  /P’s  velocity  : C* s velocity  ::  i : z 

C’ s velocity  : P’s  velocity  ::  i : z 

B's  velocity  : P’s  velocity  : : i : 2- 

&c. 


comp.  /P’s  velocity  ; P’s  velocity  i : z X 2 X 2 


X&c. 


P : W. 


I 


Cafe 
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Cafe  7.  In  the  fyfiem  Art.  1 13,  if  the  weight  be  raifed 
1 inch  the  pulley  B will  defcend  1 inch,  and  the  pulley 
A will  defcend  2 + 1 inches ; in  the  fame  manner, 
the  next  pulley  will  defcend  2 X 2 + 1 + 1 inches,  or  ' 
4+2  + 1 inches;  & c.  therefore.  P’s  velocity  : W' s 
velocity  ::  1+2+4+&C.  : 1 ::  W : P. 

Cafe  8.  Let  a body  be  uniformly  railed  along  the 
inclined  -plane  BA  from  B to  P,  by  a power  aCting 
parallel  to  PV , upon  BP  defcribe  a femicircle  B OP, 


cutting  BC  in  M\  produce  VP  to  O,  join  BO , PM, 
MO.  Then  lince  the  angles  BOP , BMP , in  the 
femicircle,  are  right  angles,  OP  and  MP  are  Ipaces 
uniformly  defcribed  in  the  fame  time,  by  the  power 
and  weight  in  their  refpeCtive  directions  (Art.  148)  ; 
alfo,  becaufe  L.  P O M = L.PB  M—  L PCV,  and 
l.  OPM=  L.  PV C (Euc.  29. 1 ),  the  triangles  POM, 
P VC  are  limilar,  and  OP  : MP  ::  VC  : PV,  or  the 
power’s  velocity  : the  weight’s  velocity  ::  the  weight 
: the  power,  in  the  cafe  of  an  equilibrium  (Art.  1 18). 

Cafe  9.  In  the  ijofceles  wedge,  xC  is  the  only  effective 
part  of  the  refiltance  DQ  (Vid.  Art,  137)  ; draw  V O 

perpendicular 
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perpendicular  to  CD  produced;  then  if  the  wedge  be 
moved  uniformly  from  C to  P,  CO  is  the  fpace  uni- 


formly defcribed  by  the  refilling  force  (Art.  148)  ; 
hence,  the  power’s  velocity  : the  velocity  of  the  refill- 
ing force  ::  CV  : CO  ::  Cx  : CF  ::  the  refillance  : 
the  power. 

Cafe  10.  In  the  fcrew , whilft  the  power  uniformly 
d'efcribes  the  circumference  of  the  circle  FGH  (Art. 
144),  the  weight  is  uniformly  raifed  through  the  dif- 
tance  between  two  contiguous  threads ; therefore  P’s 
velocity  : W'%  velocity  ::  the  circumference  of  the 
circle  FGH  : the  dillance  between  two  threads  W 
: P. 

Cafe  11.  In  any  combination  of  the.  mechanical  pozvers, 
let  P : IV,  JV  : P,  R : S,  &c.  be  the  proportions 
between  the  power  and  weight  in  each  cafe,  when 

there  is  an  equilibrium  ; then 

. 

' • . 

P’s  velocity  : W\  velocity  ::  W \ P 

JY's  velocity  : P’s  velocity  ::  P : W 
P’s  velocity  : S' s velocity  ::  S : P 
&c. 

comp.  P’s  velocity  : S’ s velocity  ::  S : P. 

SCHOLIUM. 
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150.  It  has  been  ufual  to  diflinguifh  Levers  into 
three  kinds,  according  to  the  different  fituations  of 
the  power,  weight,  and  center  of  motion ; there  are 
however  only  two  kinds  which  effentially  differ ; thofe 
in  which  the  forces  aft  on  contrary  fides  of  the  center 
of  motion,  as  the  common  balance,  fteelyard,  &c, 
and  thofe  in  which  they  aft  on  the  fame  fide,  as  the 
flock  knife,  fhears  which  aft  by  a fpring,  oars,  &c. 
the  proportion  between  the  forces,  when  there  is  an 
equilibrium,  is  expreffed  in  the  fame  terms  in  each  cafe; 
but  the  levers  differ  in  this  refpeft,  that  the  preffure 
upon  the  fulcrum  depends  upon  the  fum  of  the  forces 
in  the  former  cafe,  and  upon  their  difference  in  the 
latter;  and  confequently,  the  friftion  upon  the  center 
of  motion,  caeteris  paribus,  is  greater  in  the  former 
cafe  than  the  latter. 

1 5 1 . The  Pulley  has,  by  fome  Writers,  been 
referred  to  the  lever,  and  they  have  juftly  deduced  it’s 
properties  from  the  proportions  which  are  found  to 
obtain  in  that  mechanical  power  ; for  the  adhefion  of 
the  pulley  and  the  rope,  which  takes  place  at  the  cir- 
cumference of  the  pulley,  will  overcome  the  friftion 
at  the  center  of  motion  ; both  becaufe  it  afts  at  a 
mechanical  advantage,  and  becaufe  the  furface  in  con- 
taft  is  greater;  and  the  friftion  depends,  not  only 

upon 
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upon  the  weight  fuftained,  but  alfo  upon  the  quantity 
of  furface  in  contact  : Thus,  in  practice,  the  rope 
and  pulley  move  on  together,  and  the  pulley  becomes 
a lever. 

152.  The  Wedge  has  hitherto  chiefly  been  applied 
to  the  purpofes  of  feparating  the  parts  of  bodies,  and 
it’s  power,  notwithftanding  the  fridtion,  is  much 
greater  than  the  theory  leads  us  to  expedt ; the  reafon 
is,  the  effedt  is  produced  by  impadt,  and  the  momen- 
tum thus  generated  is  incomparably  greater  than  the 
effedt  of  preffure,  in  the  fame  time.  Mr.  Eckhard, 
a very  ingenious  mechanic,  by  combining  it  with  the 
wheel  and  axle,  has  conftrudted  a machine,  the  power 
of  which,  confidering  it’s  fimplicity,  is  much  greater 
than  that  of  any  machine  before  invented. 
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ON  THE  CENTER  OF  GRAVITY. 


153.  Def.  rT"'HE  Center  of  Gravity  of  anybody, 
or  fyftem  of  bodies,  is  that  point 
upon  which  the  body  or  fyftem,  afted  upon  only  by 
the  force  of  gravity,  will  balance  itfelf  in  all  pofitions  *. 

154.  Hence  it  follows,  that  if  a line  or  plane, 
which  paffes  through  the  center  of  gravity,  be  fup- 
ported,  the  body,  or  fyftem,  will  be  fupported. 

1 55.  Converfely,  if  a body,  or  fyftem,  balance 
itfelf  upon  a line  or  plane,  in  all  pofitions,  the  center 
of  gravity  is  in  that  line  or  plane. 

If  not,  let  the  line  or  plane  be  moved  parallel  to 
itfelf  till  it  paffes  through  the  center  of  gravity,  then 
we  have  increafed  both  the  quantity  of  matter  on  one 
fide  of  the  line  or  plane,  and  it’s  diftance  from  the 
line  or  plane,  and  diminiflhed  both,  on  the  other 
fide  ; hence,  if  the  body  balanced  itfelf  in  all  pofitions 
in  the  former  cafe,  it  cannot,  from  the  nature  of  the 

lever, 

* That  there  is  fuch  a point  in  every  body,  or  fyftem  of  bodies, 
will  be  fhewn  hereafter. 
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lever,  balance  itfelf  in  all  portions,  in  the  latter  -3  con- 
fequently,  the  center  of  gravity  is  not  in  this  line,  or 
plane  (Art.  1 54),  which  is  contrary  to  the  fuppofition. 

156.  Cor.  By  reafoning  in  the  fame  manner,  it 
appears  that  a body,  or  fyftem  of  bodies,  cannot  have 
more  than  one  center  of  gravity. , 

Prop.  XXXII. 

157.  To  find  the  center  of  gravity  of  any  number  of 
particles  of  matter. 

Let  A , B,  C,  D,  &c.  be  the  particles ; and  fup- 
pofe  A , B connedted  by  the  inflexible  line  AB  with- 
out weight  * ; divide  AB  into  two  parts  in  E , fo  that 


A : B ::  BE  : EA , or  comp.  A-\-B  : B ::  AB  : AE-, 
then  will  A and  B balance  each  other  upon  E,  or  if 
E be  fupported,  A and  B will  be  fupported  in  all  pofi- 
tions  (Art.  86) ; alfo  the  preflure  upon  the  point  E is 
equal  to  the  fum  of  the  weights  A and  B (Art.  70.  Ax. 
1).  Join  EC,  and  take  A+B  : C ::  CF  : FE,  or 
A+B  + C : C ::  EC  : FE j then  if  F be  fupported,  E 
and  C will  be  fupported,  that  is,  A,  B and  C will  be 
fupported,  in  all  pofitions  of  the  fyftem  and  the  pref- 

fure 

* The  particles  muft  be  fuppofed  to  be  connefted,  otherwife  they 
could  not  aft  upon  each  other,  fo  as  to  balance  round  any  point. 
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fare  upon  F will  be  the  fum  of  the  weights  A , B and 
C.  In  the  fame  manner,  join  FD,  and  divide  it  into 
two  parts  in  G,  fo  that  A-\-B  + C : D ::  DG  : FGf 
or  A-\-B-\-C-\-D  : D FD  : FG,  and  the  fjftem, 
will  balance  itfelf  in  all  pofitions  upon  G ; that  is,  G 
is  the  center  of  gravity  of  the  fyftem- 

138.  Cor.  i.  From  this  proportion  it  appears 
that  every  body,  or  fyftem  of  bodies,  has  a center  of 
gravity. 

159.  Cor.  2.  If  the  particles  be  fuppofed  to  be 
connected  in  any  other  manner,  the  fame  point  G 
will  be  found  to  be  their  center  of  gravity  (Art.  156). 

160.  Cor.  3.  The  effect  of  any  number  of  parti- 
cles in  a fyftem,  to  produce  or  deftroy  an  equilibrium, 
is  the  fame,  whether  they  are  difperfed,  or  collected  in 
their  common  center  of  gravity. 

161.  Cor.  4.  If  A,  B , C,  &c.  be  bodies  of  finite 
magnitudes,  G the  center  of  gravity  of  the  fyftem, 
may  be  found  by  fappofing  the  bodies  collefted  in 
their  refpeftive  centers  of  gravity. 

162.  Cor.  5.  If  the  bodies  A,  B , C,  &c.  be  in- 
creafed  or  diminifhed  in  a given  ratio,  the  fame  point 
G will  be  the  center  of  gravity  of  the  fyftem.  For  the 
points  Ef  F , G,  depend  upon  the  relative,  and  not 
upon  the  abfolute  weights  of  the  bodies. 

163.  Cor.  6.  If  any  forces  which  are  proportional 

to  the  weights,  aft  in  parallel  direftions  at  A , B , C, 
JD,  they  will  fuftain  each  other  upon  the  point  G j 
and  this  point  is  ftill  called  the  center  of  gravity, 
though  the  particles  are  not  afted  upon  by  the  force 
of  gravity.  , 

164.  Cor.  7.  A force  applied  at  the  center  of 
gravity  of  a body  cannot  produce  a rotatory  motion  in 
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it.  For  every  particle  refills,  by  it’s  inertia,  the  com- 
munication of  motion,  and  in  a direftion  oppofite  to 
that  in  which  the  force  applied  tends  to  communicate 
the  motion ; thefe  refiftances,  therefore,  of  the  par- 
ticles aft  in  parallel  direftions,  and  they  are  propor- 
tional to  the  weights  (Art.  25);  confequently,  they 
will  balance  each  other  upon  the  center  of  gravity. 

Prop.  XXXIII. 

165.  To  find  the  center  of  gravity  of  a right  line  *. 

The  center  of  gravity  of  a right  line  compofed  of 
particles  of  matter  which  are  equal  to  each  other  and 
uniformly  difpeifed,  is  it’s  middle  point.  For,  there 
are  equal  weights  on  each  fide,  equally  diflant  from 
the  middle  point,  which  will  fuftain  each  other,  in  all 
pofitions,  upon  that  point  (Art.  86). 

Prop.  XXXIV. 

1 66.  To  find  the  center  of  gravity  of  a ■parallelogram. 

/ 1 

Let  AB  be  an  uniform  lamina  of  matter  in  the 


form  of  a parallelogram ; bifeft  AO,  A I in  K and 

D; 

* 

* When  we  fpeak  of  a line  or  plane  as  having  a center  of 
gravity,  we  fuppofe  it  to  be  made  up  of  equal  particles  of  matter 
uniformly  diffufed  over  it. 
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D draw  KL,  DE  refpedively  parallel  to  A I,  AO, 
cutting  each  other  in  C > this  point  C is  the  center 
of  gravity  of  the  figure.  For  if  the  parallelogram  be 
luppofed  to  be  made  up  of  lines  parallel  to  A I,  any 
one  of  thefe,  as  KL,  is  bifeded  by  the  line  DE 
(lince  AC,  Cl  are  parallelograms,  and  therefore,  KC 
= AD  = DI=CL)-,  confequently,  each  line  will  ba- 
lance itfelf  upon  DE  (Art.  165),  or  the  whole  figure 
will  balance  itfelf  upon  DE^-  'm  all  pofitions ; there- 
fore, the  center  of  gravity  is  in  that  line  (Art.  155). 
In  the  fame  manner  it  may  be  fhewn  that  the  center 
of  gravity  of  the  figure  is  in  the  line  KL,  confequendy 
C,  the  interfedion  of  the  two  lines,  is  the  center  of 
gravity  required. 

Prop.  XXXV. 

167.  To  find  the  center  of  gravity  of  a triangle. 

Let  ABC  be  an  uniform  lamina  of  matter  in  the 
form  of  a triangle  5 bifed  AB,  AC  in  D,  E,  join 


A 


CD,  BE,  cutting  each  other  in  G,  this  point  is  the 
center  of  gravity  of  the  triangle. 

Suppofe  the  triangle  to  be  made  up  of  lines  parallel 
to  CA,  of  which  let  cea  be  one ; then  fince  the  tri- 
angles BEL,  Bee  are  fimilar* 

G 2.  * 


M 


1 
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B E : EC  ::  Be  : ec aKo/mthe  A'sBEA, Bea, 
AE  : BE  ::  ea  : Be ; 

comp.  EA  : EC  ::  ea  : ecy  and  EA=EC,  therefore 
ea  = ec\  and  confequently,  the  line  ac  will  balance  itfelf 
in  all  pofitions  upon  BE.  For  the  fame  reafort  every 
other  line  parallel  to  AC  will  balance  itfelf,  in  all  pofi- 
tions, upon  BE,  or  the  whole  triangle  will  balance 
itfelf  in  all  pofitions  upon  BE ; therefore  the  center  of 
gravity  of  the  triangle  is  in  that  line.  In  the  fame 
manner  it  may  be  proved  that  the  center  of  gravity  is 
in  the  line  CD  therefore  it  is  in  G,  the  interfeflion 
of  the  two  lines  BE,  CD. 

168.  Cor.  The  diftance  of  G from  B is  two  thirds 
of  the  line  BE.  Join  ED  -,  then  fince  AD  = DB,  and 
AE  — EC , ED  is  parallel  to  BC  (Euc.2.6) ; therefore, 
the  triangles  A ED,  ACB  are  fimilar,  and  CB  : CA 
::  ED  : E A,  alt.  CB  : ED  ::  CA  : EA  ::  2 : 1. 
Alfo,  the  triangles  CGB , EGD  are  fimilar,  therefore, 
BG  : CB  ::  EG  : ED,  alt.  BG  : GE  ::  CB  : ED 
::  2 : ij  hence,  BG  ; BE  ::  2 : 3. 

Prop.  XXXVI. 

169.  ’To  find  the  center  of  gravity  of  any  rectilinear 
figure. 


Let  A BCD E be  the  given  figure.  Divide  it  into 
the  triangles  ABC,  ACD,  ADE,  whofe  centers  of 
gravity  a,  b , c,  may  be  found  by  the  laft  propofition  ; 
then  if  the  triangles  be  collefted  in  their  refpedtive 
centers  of  gravity  (Art.  160),  their  common  center  of 
gravity  may  be  found  as  in  Prop.  32 ; that  is,joinrf£and 

take 
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takedb  : ad  ::  the  triangle  ABC  : the  triangle  ADC, 


and  d is  the  center  of  gravity  of  the  two  triangles 
ABC , ACD.  Join  dc , and  take  ce  : ed  ::  the  fum  of 
the  triangles  ABC , ACD  : the  triangle  AED , and 
is  the  center  of  gravity  of  the  figure. 

• \ • 1 / 

Prop.  XXXVII. 

170.  To  find  the  center  of  gravity  of  any  number  of 
bodies  -placed  in  a firaight  line. 

Let  A , B,  C,  D , be  the  bodies,  collected  in  their 
refpedtive  centers  of  gravity ; 5 any  point  in  the 
firaight  line  SAD  ; O the  center  of  gravity  of  all  the 
bodies.  Then  fince  the  bodies  balance  each  other 

S A B P C D 

upon  O,  AxAO  + BxBO  = CxCO  + DxDO 
(vid.  Art.  92)  ; that  is.  Ax  SO^SA  + BxSO-  SB 
= Cx  SC  - SO  + D X SD  - SO ; hence,  by  mult, 
and  tranfpofition,  Ax  SO  + Bx  SO  + Cx  SO+Dx 

G 3 ; SO 

1 : . 
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SO  = AxSA  + BxSB  + CxSC+DxSD ; therefore, 
AxSA+BxSB+CxSC+DxSD 
A + B + C + D ' 

1 71.  Cor.  If  any  of  the  bodies  lie  the  other  way 
from  S,  their  didances  mud  be  reckoned  negative ; 
and  if  SO  be  negative,  the  diftance  SO  mud  be  mea- 
fured  from  S in  that  dire&ion  which,  in  the  calcula- 
tion, was  fuppofed  to  be  negative.  (Vid.  Alg.  Art. 

474)- 

Prop.  XXXVIII. 

172.  If  perpendiculars  be  drawn  from  any  number 
of  bodies  to  a given  plane , the  fum  of  the  products  of  each 
body  multiplied  by  it's  perpendicular  diftance  from  the 
plane , is  equal  to  the  product  of  the  fum  of  all  the  bodies 
multiplied  by  the  perpendicular  diftance  of  their  common 
center  of  gravity  from  the  plane. 

Let  A , B , C , &c.  be  the  bodies,  colle&ed  in 


their  refpe&ive  centers  of  gravity ; the  given 

plane ; 


I 
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plane;  draw  Aa , Bb , Cc  at  right  angles  to  Pi^,  and 
confequendy,  parallel  to  each  other  (Euc.  6.  1 1);  join 
AB , and  take  AE  \ EB  w B \ A,  then  E is  the  center 
of  gravity  of  A and  B through  E draw  Ee  perpendi- 
cular to  P^,,  or  parallel  to  Aa,  and  xEy  perpendicu- 
lar to  Aa  or  Bb-,  then  in  the  fimilar  triangles  A Ex, 
EBy,  Ax  : AE  w By  \ BE,  alt.  Ax  : By  ::  AE  : 
BE  ::  B : A -,  therefore  Ax  Ax  = Bx  By,  that  is,  A 
Xxa  — Aa  — BxBb—yb,  or  fin ce  Ea,  Eb  are  paral- 
lelograms, AxEe  - Aa  — BxBb  — Ee ; and  by  mul- 
tiplication and  tranfpofition,  AxEe-\-B  X Ee  = Ax 
Aay-Bx  Bb , that  is,  A + Bx  Ee  = Ax  Aay-BxBb. 

Again,  join  EC,  and  take  CG  : GE  ::  A-\~B  : C, 
then  G is  the  center  of  gravity  of  the  bodies  A,  B,  C ; 
draw  Gg  perpendicular  to  P^j,  and  it  may  be  fhewn, 
as  before, that  Ay-Bx  Ee-\-CxCc=  Ay-B  y-C  X Gg, 
or  AxAa  + Bx  Bb-y-  C X Cc=A-+-B  + CX  Gg.  The 
fame  demonftration  may  be  extended  to  any  number 
of  bodies. 

AxAay-BxBb+CxCc 

173.  Cor.  1 . Hence  Gg  = — — — -+-  ; 

and  if  a plane  be  drawn  parallel  to  P^,  and  at  the 
diftance  Gg  from  it,  the  center  of  gravity  of  the  fyftem 
lies  fomewhere  in  this  plane.  In  the  fame  manner 
two  other  planes  may  be  found,  in  each  of  which  the 
center  of  gravity  lies,  and  the  point  where  the  three 
planes  cut  each  other  is  the  center  of  gravity  of  the 
fyftem. 

174.  Cor.  2.  If  any  of  the  bodies  lie  on  the  other 
fide  of  the  plane  their  diftances  mull  be  reckoned 
negative. 

175.  Cor.  3.  Wherever  the  bodies  are  fituated^ 

g 4 if 
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if  their  refpeftive  perpendicular  diflances  from  the 
plane  remain  the  fame,  the  diflance  of  their  common 
center  of  gravity  from  the  plane  will  remain  the  fame. 

176.  Let  the  bodies  lie  in  the  fame  plane,  and 
let  perpendiculars  Aa,  Bb , Cc,  Gg  be  drawn  to  any 
given  line  in  that  plane,  then 

^ AX  Aa  + BxBb+CxCc 

GX~  A + B + C ' 

177.  Cor.  If  A and  B be  on  one  fide  of  the 
plane,  and  C on  the  other,  and  the  plane  pafs  through 
the  center  of  gravity,  then  AxAa  + BxBb  = Cx  Cc. 
For  GgX  A+B  + C = Ax  Aa  + B X Bb-*  Cx  Cc,  and 
Gg  = o,  therefore  Ax  Aa-\-Bx  Bb  — Cx  Cc  = o ; or 
AX  Aa+B  X Bb  = CxCc. 

Prop.  XXXIX. 

178.  If  any  momenta  be  communicated  to  the  parts 
of  a fyflem , it's  center  of  gravity  will  move  in  the  fame 
manner  that  a body , equal  to  the  fum  of  the  bodies  in  the 
fyjlem , would  move , were  it  placed  iji  that  centetr,  and 
the  fame  momenta  communicated  to  it , in  the  fame  di- 
rections. 

Let  A , B,  C be  the  bodies  in  the  fyflem  ; join  BC , 
and  take  BT : TC  ::  C : B ; join  AT , and  take  TE 
: EA  ::  A : B + C,  or  TE  : T A ::  A : A + B + C, 
then  will  E be  the  center  of  gravity  of  the  fyflem 
(Art.  161). 

Suppofe  the  momentum  communicated  to  A would 
caufe  it  to  move  from  A to  x in  T",  and  at  x let  the 
body  be  flopped  ; join  T x,  and  take  TF  : Tx  ::  A : 
A + B + C,  then  F is  the  center  of  gravity  of  the  bodies 

when 
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when  they  are  at  .v,  B , C;  join  EF,  and  fmce  TE  : TA 
::  A:  A+B+C  ::  7T7:  *T.v,  EF  is  parallel  to  Ax  (Euc. 
2.  6),  and  confequently  the  triangles  TEF , are 


">i 


fimilar;  EF  : Ax  ::  A : Hence  if  one 

body  A in  the  fyflem  be  moved  from  A to  x,  the 
center  of  gravity  is  moved  from  E to  F ; which  point 
may  be  thus  determined ; draw  EF  parallel  to  Ax,  and 
takeii.F  : Ax  ::  A : A-\-B  + C.  Next,  let  a momentum 
be  communicated  to  B which  would  caufe  it  to  move 
from  B to  y in  T"-,  at  y let  the  body  be  flopped;  then, 
according  to  the  rule  above  laid  down,  draw  FG  parallel 
to  By,  and  take  FG  : By  : : B : A -\-B-\-C,  and  G will 
be  the  center  of  gravity  of  the  bodies  when  they  are 
at  x,  y,  C.  In  the  fame  manner  let  a momentum  be 
communicated  to  C which  would  caufe  it  to  move 
from  C to  z in  T",  and  at  2;  let  the  body  be  flopped  ; 
draw  GH  parallel  to  Cz  and  take  GH  : Cz  ::  C : A 
-\-B  + C,  then  H is  the  center  of  gravity  of  the  bodies 
when  they  are  at  x,y,  z.  If  now  the  momenta,  inflead 
of  being  communicated  feparately,  be  communicated 
at  the  fame  infant  to  the  bodies,  at  the  end  of  ct" 
they  will  be  found  in  x,  y,  z refpe&ively ; therefore 

at 
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at  the  end  of  T"  their  common  center  of  gravity  will 
be  in  H. 

, \ . : . • . » > - .•->•••  • 

Now  let  E be  a body  equal  to  A-\-B-\-C,  and  let 

the  fame  momentum  be  communicated  to  it  that  was 
before  communicated  to  A,  and  in  the  fame  direction  ; 
then  lince  EF  is  parallel  to  Ax,  EF  is  in  the  direftion 
in  which  the  body  E will  move ; alfo  fince  the  quan- 
tities of  motion  communicated  to  A and  E are  equal* 
their  velocities  are  reciprocally  proportional  to  their 
quantities  of  matter  (Art.  19),  or  E' s velocity  : A’s 
velocity  ::  A : A+B  + C ::  EF  : Ax ; therefore,  EF 
and  Ax  are  fpaces  defcribed  by  E and  A in  equal 
times  (Art.  1 1 )/  or  E will  defcribe  the  fpace  EF  in 
F".  In  the  fame  manner  FG  is  the  fpace  which  the 
body.  £ . will  defcribe  in  F'f,  if  the  momentum,  before 
communicated:  to  B , be  communicated  to  it ; and 
GH  tire  fpace  it  will  defcribe  in  F",  if  the  momentum 
before  communicated  to  C,  be  communicated  to  it ; 
join  EH ; and  when  the  motions  are  communicated  at 
the. fame  injlant  to  E , it  will  defcribe  EH  in  F"  (Art. 
42).  Hence  it  follows  that  when  the  fame  momenta 
are  communicated  to  the  parts  of  a fyftem,  and  to  a 
body,  equal  to  the  fum  of  the  bodies,  placed  in  the 
common  center  of  gravity,  this  body  and  the  center 
of  gravity  are  in  the  fame  point  at  the  end  of  F" ; 
and  F may  reprefent  any  time  ; therefore,  they  are 
always  in  the  fame  point. 

The  fame  demonftration  may  be  applied  whatever 
be  the  number  of  bodies  in  the  fyftem. 

179..  Cor.  1.  If  the  parts  of  a fyftem  move  uni- 
formly in  right  lines,  the  center  of  gravity  will  either 
remain  at  reft,  or  move  uniformly  in  a right  line.  For 
if  the  momenta  communicated  to  the  feveral  parts  of 
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the  fvftem  be  communicated  to  a bod}*-,  equal  to  the 
fum  of  the  bodies,  placed  in  the  center  of  gravity  of 
the  fvftem,  it  will  either  remain  at  reft  or  move  uni- 
formly in  a right  line  (Art.  27). 

180.  If  two  weights  fupport  each  other  upon  any 
machine,  and  it  be  put  in  motion,  the  center  of  gra- 
vity of  the  weights  "’will  neither  afeend  nor  defeend. 
For  the  momenta  of  the  weights  in  a direction  perpen- 
dicular to  the  horizon,  are  equal  and  oppofite  (Art. 
149) ; therefore,  if  they  were  communicated  to  a body 
equal  to  the  fum  of  the  bodies,  placed  in  the  common 
center  of  gravity,  they  would  neither  caufe  it  to  afeend 
or  defeend. 

18 1.  Cor.  3.  The  motion  or  quiefcence  of  the 
center  of  gravity  is  not  affected  by  the  mutual  actions 
of  the  parts  of  a fyftem  upon  each  other.  For  action 
and  reaction  are  equal  and  in  oppofite  directions,  and 
equal  and  oppofite  momenta  communicated  to  a body, 
equal  to  the  fum  of  the  bodies  in  the  fyftem,  will  not 
difturb  it’s  motion  or  quiefcence. 

182.  Cor.  4.  The  effect  of  any  force  to  .commu- 
nicate motion  to  the  common  center  of  gravity,  is 
the  fame,  upon  whatever  body  in  the  fyftem  it  acts. 

183.  Cor.  5.  If  G be  the  center  of  gravity  of  the 


particles  of  matter  A , B , C , Z),  which  are  acted 

upon 


\ 
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upon  only  by  their  mutual  attra&ions,  they  will  meet 
at  G.  For  they  mud  meet,  and  their  common  center 
of  gravity  will  remain  at  reft  (Art.  181);  therefore, 
they  muft  meet  at  that  center. 

1 84.  Cor.  6.  If  a rotatory  motion  be  communi- 
cated to  a body  and  it  be  then  left  to  move  freely, 
the  axis  of  rotation  will  pafs  through  the  center  of 
gravity.  For  the  center  of  gravity  itfelf,  either  re- 
maining at  reft  or  moving  uniformly  forward  in  a 
right  line,  has  no  rotation. 


Prop.  XL. 

185.  If  a body  be  placed  upon  an  horizontal  plane , 
and  a line  be  drawn  from  it's  center  of  gravity  perpendi- 
cular to  that  plane,  the  body  will  be  fuftained , or  noty 
according  as  the  perpendicular  falls  within  or  without  it's 
hafe. 

Let  AB DC  reprefent  the  body,  G it’s  center  of 
gravity ; draw  GE  perpendicular  to  the  horizon  ; join 
CGy  and  with  the  radius  CG  defcribe  the  circular  arc 
HGF  i then  the  body  cannot  fall  over  at  C unlefs  the 


center  of  gravity  defcribes  the  circular  arc  GF.  Sup- 
pofe  the  whole  force  of  gravity  applied  at  G (Art. 
160),  and  take  GE  to  reprefent  it ; draw  Ex  perpen- 
dicular 
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dicular  to  CG-,  then  the  force  GE  is  equivalent  to 
the  two  Gx , xE,  of  which  Gx  cannot  move  the  body- 
cither  in  the  direction  GF  or  GH ; and  when  E falls 
within  the  bafe,  xE  ads  at  G in  the  diredion  Gff^ 
therefore  the  center  of  gravity  cannot  deferibe  the  arc 
GF , that  is,  the  body  cannot  fall  over  at  C.  In  the 
fame  manner  it  may  be  fhewn  that  it  cannot  fall  over 
at  D. 

When  the  perpendicular  GE  falls  without  the  bafe, 
xE  ads  in  the  diredion  GF,  and  fince  there  is  no 


force  to  counterad  this,  the  center  of  gravity  will  move 
in  that  diredion,  or  the  body  will  fall. 

186.  Cor.  1.  In  the  fame  manner  it  may  be  (hewn, 
that  if  a body  be  placed  upon  an  inclined  plane,  and 
the  lateral  motion  be  prevented  by  fridion,  the  body 
will  be  fullained  or  not,  according  as  the  perpendi- 
cular to  the  horizon,  drawn  through  it’s  center  of 
gravity,  falls  within  or  without  the  bafe. 

Ex.  Let  ABDC  reprefent  a cube  of  uniform  denfity 
placed  upon  the  inclined  plane  RS  G it’s  center  of 
gravity;  draw  G E perpendicular  to  CD,  and  GFH 
perpendicular  to  the  horizon  ; then  this  body  will  not 
be  lnftained  upon  the  inclined  plane,  if  the  angle  of  the 
plane’s  inclination  SRT,  exceed  half  a right  angle.  For 

if 


no 
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if  the  l-FRH  be  greater  than  half  a right  angle,  the 


L RFH  or  GFE  is  lefs  than  half  a right  angle,  and  the 
Z.FGE  is  greater  than  half  a right  angle  ; therefore, 
EF  is  greater  than  EG,  or  EC,  and  the  body  will  roll. 

' \ 

187.  Cor.  2.  The  higher  the  center  of  gravity  of 
a body  is,  cteteris  paribus,  the  more  eafily  it  is  over- 
turned. 

The  fame  conftru&ion  being  made  as  in  the  propo- 
fition,  the  whole  weight  of  the  body  : that  part  of 
the  weight  which  keeps  it  fteady  upon  it’s  bafe,  or 
oppofes  any  power  employed  to  overturn  it  ::  GE 
: xE  ::  GC : CE;  and  when  CE  and  the  whole 
weight  of  the  body  are  given,  the  force  which  keeps 

the  body  fteady  oc  — ^ (Alg.  Art.  206) ; therefore  as 

GC  increafes,  that  is,  as  GE  increafes,  the  force  which 
keeps,  the  body  fteady  decreafes,  or  the  more  eafily 
will  the  body  be  overturned. 

1S8.  Cor.  3.  When  CE  vanifhes  with  refpedt  to 
GC,  the  force  which  keeps  the  body  fteady  vanifhes, 
and  the  body  may  be  overturned  by  a very  fmall  force. 
Thus  it  is  extremely  difficult  to  balance  a body  upon 
a point  placed  under  the  center  of  gravity. 


Prop. 
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Prop.  XLI. 

189.  If  a body  be  fuj pended  by  any  point , it,  will 
: not  remain  at  rejl  till  the  center  of  gravity  is  in  the  line 
which  is  drawn  through  that  point , perpendicular  to  the 
horizon. 

* - * 

Let  S be  the  point  of  fufpenfion  of  the  body  ABC\ 


G ids  center  of  gravity ; join  SG  and  produce  it; 
through  S,  and  G , draw  RST , and  GH  perpendicu- 
lars to  the  horizon  ; then  the  immediate  effedt  of  gravity 
is  to  draw  the  point  G in  the  direction  GH ; take 
GH  to  reprefent  the  force  in  that  direction,  and  draw 
HI  perpendicular  to  G/;  then  the  force  GH  is  equi- 
valent to  the  two  G /,  IH,  of  which  GI  is  fuftained 
by  the  reaction  of  the  point  of  fufpenfion  S,  and  IH 
is  employed  in  moving  the  center  of  gravity  in  a 
direction  perpendicular  to  S G ; therefore  the  center  of 
gravity  cannot  remain  at  reft  till  ///vanifhes;  that 

is. 
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is,  till  the  angle  IGH , or  GST  vanifhes,  or  SG 
coincides  with  RT. 

190.  Cor.  Hence  it  follows  that  if  a body  be  fuf- 
pended  fucceffively  by  different  points,  and  perpendi- 
culars to  the  horizon  be  drawn  through  the  points  of 
fufpenfion,  the  center  of  gravity  will  lie  in  each  of  thefe 
perpendiculars,  and  confequently,  in  the  point  of  their 
interfeftion. 


\ 
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SECTION  VI, 


ON  THE  COLLISION  OF  BODIES. 
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19 1.  Def.  TTJRDNESS,  which  is  found  in 
different  bodies  in  different  degrees, 
confifts  in  a firm  cohefion  of  the  component  particles; 
and  that  body  is  faid  to  be  harder  than  another,  whofe  * 
particles  require  a greater  force  to  feparate  them.  By 
a perfectly  hard  body  we  mean  one  whofe  parts  can- 
not be  feparated,  or  moved  one  amongft  another,  by 
any  finite  force. 

192.  Def.  The  tendency  in  a body  to  recover  it’s 
former  figure,  after  having  been  compreffed,  is  called 
elajlicity . That  body  is  faid  to  be  more  elaftic  than 
another,  which  recovers  it’s  figure  with  the  greater 
force,  fuppofing  the  compreffing  force  the  fame.  By 
a perfectly  elajlic  body  we  mean  one  which  recovers  it’s 
figure  with  a force  equal  to  that  which  was  employed 
compreffing  it. 

Vol.  III. 
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That  fucli  a tendency  exifts  in  bodies  is  evident  from 
a variety  of  experiments.  If  an  ivory  ball,  ftained  with 
ink,  be  brought  gently  into  conta6t  with  an  unftained 
ball,  the  fpot  received  by  the  latter  will  be  very 
finall,  fince  two  fpheres  touch  each  other  only  in  a 
tingle  point ; but  if  one  of  the  balls  be  made  to  im- 
pinge upon  the  other,  the  fpot  will  be  enlarged ; and 
the  greater  the  force  of  impa£t,  the  greater  will  be 
the  furface  ftained ; hence  it  is  manifeft,  that  one,  or 
both  of  the  balls,-  has  been  comprefted,  and  afterwards 
recovered  it's  fpherical  figure.  Almoft  all  bodies  with 
which  we  are  acquainted  are  elaftic  in  a greater  or  lefs 
degree;  but  none  perfectly  fa  In  fteel  balls  the  force 
of  elafticity  is  to  the  compreffing  force  as  5 to  9 ; in 
glafs  as  1 5 to  16;  though  in  all  cafes,  the  force  of 
elafticity  feems  to  depend,  in  fome  meafure,  upon 
the  diameter  of  the  ball. 

193.  Def,  The  impa£t  of  two  bodies  is  faid  to  be 
direB,  when  their  centers  of  gravity  move  in  the  right 
line  which  paftes  through  the  point  of  impacft. 

In  confidering  the  effects  of  collifion,  the  bodies 
are  ufually  fuppofed  to  be  fpheres  of  uniform  matter ; 
and  in  their  actions  upon  each  other,  not  to  be 
affe&ed  by  gravity,  or  any  other  force  but  that  of 
inertia. 


Prop.  XLII. 

194.  If  the  impaB  of  tzvo  perfectly  hard  bodies  be 
direB,  after  impaB  they  will  either  remain  at  rejl , or 
move  on  uniformly , together. 


Since  there  is  no  force  to  turn  either  body  out  of  the 
line  of  direction,  they  will  continue  in  that  line  after 

impact. 
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impact  *.  Let  A and  B be  the  two  bodies,  moving 
in  the  fame  direction,  and  let  A overtake  B ; then 
will  A continue  to  accelerate  B’ s motion,  and  B will 
continue  to  retard  A' s,  till  their  velocities  are  equal, 
at  which  time  they  will  ceafe  to  aft  upon  each 
other ; and  fmce  there  is  no  force  to  feparate  them, 
they  will  move  on  together,  and  their  common  velo- 
city, by  the  Firft  Law  of  Motion,  will  be  uniform. 
"When  they  move  in  oppofite  directions,  if  their  forces 
be  equal  they  will  reft  after  impact ; if  A’s  force  be 
greater  than  B’s,  the  whole  velocity  of  B will  be 
deftroyed,  and  A’s  not  being  deftroyed,  A will  com- 
municate velocity  to  B,  and  B by  it’s  reaction  will 
retard  A,  till  they  move  on  together,  as  in  the  former 
cafe. 

Prop.  XLIII. 

195.  If  the  impact  of  two  perfectly  hard  bodies  be 
dire  II,  their  common  velocity  may  be  found  by  dividing  the 
whole  momentum  before  impact , efimated  in  the  direction 
of  either  motion , by  the  fum  of  the  quantities  of  matter. 

Let  A and  B be  the  quantities  of  matter  con- 
tained in  the  bodies,  a and  b their  velocities;  then, 

when  they  move  in  the  fame  direction,  A a + B b 
is  the  whole  momentum  in  that  direction,  before 
impact.  When  they  move  in  oppofite  directions,  Aa 
-Bb  is  the  whole  momentum  eftimated  in  the  direc- 
tion in  which  A moves.  In 

• The  momenta  of  the  particles  in  each  body  are  proportional 
to  their  weights,  fince  their  velocities  are  equal  ; thefe  momenta, 
therefore,  will  not  turn  the  body  to  either  fide  of  the  line  palling 
through  the  center  of  gravity  (Art.  163). 
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In  the  former  cafe,  as  much  as  Aa,  the  momentum 
of  A,  is  diminifhed,  fo  much  is  Bb , the  momentum 
of  B , increafed  by  the  impadt  (Art.  32);  therefore  A a 
+ Bb  is  equal  to  the  whole  momentum  after  impadt. 

In  the  latter  cafe,  as  much  as  Bb  is  diminifhed  by 
the  impact,  fo  much  is  Aa  diminifhed  (Art.  32)  ; 
and  fuppofing  A a not  to  be  lefs  than  Bb , the  mo- 
mentum remaining,  when  IPs  momentum  is  deftroyed, 
is  Aa—  Bb  ; and  as  much  momentum  as  is  afterwards 
communicated  to  5,  fo  much  is  loft  by  A ; therefore 
Aa  - Bb  is  equal  to  the  whole  momentum  after  impadt. 
If  A a be  lefs  than  Bb,  the  momentum  after  impadt,  in 
the  diredtion  of  B' s motion,  will  be  Bb  — Aa  ; or,  in 
the  diredtion  of  A’s  motion,  Aa-  Bb. 

Let  v be  the  common  velocity  after  impadt ; then 
A+Bxv  is  the  whole  momentum;  confequently, 

Aa  ± Bb 


A + BXv  = Aa±  Bb,  and  v = : 


A + B 


In  which 


expreffion  the  pofitive  fign  is  to  be  ufed  when  the  bo- 
dies move  in  the  fame  diredtion  before  impadt,  and  the 
negative  fign  when  they  move  in  oppofite  diredtions. 

196.  Cor.  1.  When  the  bodies  move  in  oppofite 
diredtions  with  equal  momenta,  they  will  remain  at 
reft  after  impadt.  In  this  cafe  Aa—  Bb  = o ; :.v  = o. 

197.  Cor.  2.  If  Bb  be  greater  than  A a,  v is  nega- 
tive. This  fihews  that  the  bodies  will  move  in  the 
diredtion  of  B’ s motion,  which  was  fuppofed,  in  the 
propofition,  to  be  negative. 


Prop.  XLIV. 

198.  In  the  dire  El  impaEl  of  two  perfeElly  hard  bo- 
dies A and  B,  ef  mating  the  ejfeEls  in  the  dire  El  ion  of  A1 s 

motion , 


v 
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motion,  A+B  : A ::  the  relative  velocity  of  the  two  bo- 
dies : the  velocity  gained  by  B.  And  A + B : B : : their 
relative  velocity  : the  velocity  lof  by  A. 

The  fame  notation  being  retained;  when  the  bo- 
dies move  in  the  fame  direction,  a - b is  their  relative 
velocity  (Art.  12);  and  v,  their  common  velocity 

after  impadt,  is  — ^ (Art.  195);  therefore,  the 

velocity  gained  by  B,  or  v - b,  is  — b,  or 

A -j- 

^A+l^  ’ ^ence’  A + B : A : : a - b : the  velocity 

• J U D Air  Aa  + Bb  Ba  — Bb  . 
gained  by  B.  Alio,  a--^p-g-,  or  is  the 

velocity  lojl  by  ^ ; therefore  B : 5 : : « — £ ; the 
velocity  loft  by  A. 

When  the  bodies  move  in  oppofite  diredtions,  a + b 

is  their  relative  velocity  (Art.  12) ; and  v = 

(Art.  195);  alfo,  the  velocity  communicated  to  B 

upon  the  whole,  in  the  diredtion  of  A ’s  motion,  is 

, , Aa—Bb  . . Aa+Ab  . r 

b+v,  or  b + - that  is,  ; therefore, 

A+B  : A ::  a + b : the  velocity  gained  by  B. 

The  velocity  loft  by  A is  a - or  ■ ; 

therefore,  A+B  : B ::  a + b : the  velocity  loft  by  A. 

Ex.  Let  the  weights  of  A and  B be  10  and  6 * ; their 
velocities  iz  and  8,  refpedtively;  then,  when  they  move 

in 

* Vid.  Art.  26. 
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in  the  Tame  direction,  10  + 6 : id  ::  12-  8:^  = 2-, 
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the  velocity  gained  by  B ; and  10  + 6 : 6 ::  12  — 8 : 

“ = 1 the  velocity  loft  by  A. 

When  they  move  in  oppofite  directions,  12+8  is 
their  relative  velocity;  and  10  + 6 : 10  ::  12  + 8 : 

— 12",  the  velocity  gained  by  B in  the  direction 

of  A's  motion.  Alfo,  fince  it  had  a velocity  8 in  the 
oppofite  direction  before  impaCt,  it’s  velocity  after 

impaCt  is  4-  in  the  direction  of  A' s motion.  Again, 

2r 

10  + 6 ; 6 ::  12  + 8 : = 7 the  velocity  loll  byvf. 

X O 2 

199.  Cor.  1.  Whilft  the  relative  velocity  remains 
the  fame,  the  velocity  gained  by  B , and  the  velocity 
loft  by  yf,  are  unaltered. 

200.  Cor.  2.  Hence  it  alfo  follows  that  the  veloci- 
ties, gained  by  B>  and  loft  by  vf,  are  the  fame  whether 
both  bodies  are  in  motion,  or  A impinges  upon  B at 
reft,  with  a velocity  equal  to  their  relative  velocity  in 
the  former  cafe. 

201.  Cor.  3.  If  the  relative  velocity  be  the  fame, 
the  momentum  communicated  is  the  fame,  whether 
A impinges  upon  B , or  B upon  A. 

Call  r the  relative  velocity  ; then  when  A impinges 


upon  B}  A+B  : A : : r : 


Ar 

A+B 


, the  velocity  gained 


ABr 

by  B therefore  momentri:,rn  gained  by 

Br 

B.  When  B impinges  upon  A , A+B  : B ::  r : g, 

A+B 

the 
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A'By 

the  velocity  gained  by  A-,  therefore  — is  the  mo- 
mentum gained  by  A ; which  is  alfo  the  momentum 
gained  by  B on  the  former  fuppofition. 

Prop.  XLV. 

202.  When  the  bodies  are  perfeftly  elajlic,  the  veto- 
city  gained  by  the  body  Jlruck , and  the  velocity  lojl  by  the 
Jinking  body , will  be  twice  as  great  as  if  the  bodies  were 
perfectly  hard. 

Let  A and  B be  the  bodies  j then,  as  in  Art. 
194,  A will  accelerate  B’s  motion,  and  B will  retard 
A’s,  till  their  velocities  are  equal ; and  if  they  were 
perfectly  hard  they  would  then  ceafe  to  ad  upon 
each  other,  and  move  on  together  .;  thus,  during  the 
firft  part  of  the  collifion,  the  fame  effed  is  produced, 
that  is,  the  fame  velocity  is  gained  and  loft,  as  if  the 
bodies  were  perfectly  hard.  But  during  this  period 
the  bodies  are  compreffed  by  the  ftroke,  and  fince 
they  are,  by  the  fuppofition,  perfectly  elaftic,  the 
force  with  which  each  will  recover  it’s  former  fhape 
is  equal  to  that  with  which  it  was  compreffed  ; there- 
fore, each  body  will  receive  another  impulfe  from  the 
elafticity  equal  to  the  former,  or  B will  gain,  and  A 
lofe  upon  the  whole,  twice  as  great  a velocity  as  if 
both  bodies  had  been  perfectly  hard. 

203.  Cor.  The  fame  demonftration  may  be  ap- 
plied to  the  cafe  where  one  body  is  perfedly  hards 
and  the  other  perfedly  elaftic. 
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Prop.  XLVI. 

204.  In  the  collijion  of  two  perfedlly  elaftic  bodies  A 
and  B,  A + B : 2 A : : their  relative  velocity  before  impabl 
: the  velocity  gained  by  B in  the  direction  of  A' s motion ; 
and  A + B : 2 B ::  their  relative  velocity  : the  velocity 
lofi  by  A , in  that  direction. 

Call  r the  relative  velocity  of  the  bodies,  # the  ve- 
locity gained  by  i?,  and  y the  velocity  loft  by  A , 
when  both  bodies  are  perfectly  hard  ; then  ix  is  the 
velocity  gained  by  B,  and  2 y the  velocity  loft  by  A, 
When  they  are  perfectly  elaftic ; and 


A+B  : A ::  r : x (Art.  198);  therefore* 

A+B  : 2 A ::  r : 2X  (Alg.  Art.  185),  the  velocity 
gained  by  B. 


Again,  A + B : B ::  r : y (Art.  198) ; therefore, 
A+B  : 2 B ::  r : 2 y,  the  velocity  loft  by  A. 


Ex.  Let  the  weights  of  the  bodies  be  5 and  4,  their 
velocities  7 and  5 ; then,  when  they  move  in  the  fame 

20 

9 


direction,  5 + 4:10::  7 — 5 


O 

2 the  velocity 


gained  by  B therefore  5 + 2 or  7 - is  B’s  velocity 
1 9 9 ; 

after  impadt.  Alfo,  5 + 4:  8 ::  7-5  : i_  = 1 2 tj,e 

9 9 

velocity  loft  by  A 5 therefore  7 - 1 or  5 is  A’s 

9 9 

velocity  after  impadt.  When  they  move  in  oppofite 

diredticns? 
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120  I , . . 

directions,  5 + 4:  10  ::  7 + 5: = 1 3 - , the  velocity 

9 

gained  by  B.  Alfo,  fince  it  had  a velocity  5 in  the 
oppofite  direction,  it’s  velocity  after  impaCt,  in  the 

direction  of  A's  motion,  is  13 --5,  or  8-.  Again, 

3 3 


5 + 4 ••  8 ::  7 + 5 


: — =10  - A's  velocity  loft; 
9 3 


and 


fince  it  had  a velocity  7 before  impact,  after  impaCt  it 
will  move  in  the  oppofite  direction  with  a velocity  3 

3 

205.  Cor.  1.  When  A=B , the  bodies  inter- 
change velocities.  For,  in  this  cafe,  A + B = 2A  = 
2 By  therefore,  the  velocity  gained  by  B,  and  the  ve- 
locity loft  by  A , are  refpeCtively  equal  to  their  relative 
velocity  before  impaCt.  Let  a and  b be  their  velocities 
before  impaCt;  then,  when  they  move  in  the  fame  direc- 
tion, a-  bis  the  velocity  gained  by  B,  or  loft  by  A ; 
therefore  a—b  + b , or  a , is  B' s velocity  after  impaCt  ; 
and  a - a — b,  or  b,  is  A’s  velocity.  If  b be  negative, 
or  the  bodies  move  in  oppofite  directions,  a-\-b-  b,  or 
«,  is  B's  velocity,  and#  — a-\-b,  or  —b,  isA's  velo- 
city after  impaCt. 

206.  Cor.  2.  If  the  bodies  move  in  oppofite  direc- 
tions with  equal  quantities  of  motion,  the  whole  mo- 
mentum of  each  will  be  deftroyed  during  the  com- 
preffion,  and  an  equal  one  generated  by  elafticity  in 
the  oppofite  direction ; each  body  will  therefore  be 
reflected  with  a velocity  equal  to  that  which  it  had 
before  impaCt. 

207.  Cor.  3.  In  the  congrefs  of  perfectly  elaftic 
bodies,  the  relative  velocity  after  impaCt  is  equal  to 
the  relative  velocity  before  impaCt. 


Let 
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Let  a and  b be  the  velocities  of  the  bodies  before  im- 
pad; pandj  their  velocities  after;  then#  — b = q — p. 

For,  A+B  : 2 A wa-b : - , the  velocity  gained 

A+B 


by  B-,  i = b+2J^jrrB^-  Alfo’  A + B '■  i B :: 

a — i:  2 ~ the  velocity  loft  by  A-,  tlierefore  p = 

A + B 


a — 


2 BXci  — b 
A+B  ’ 


and 


, , 2A+2BXCI- b 

t-p  = l-a+ — — 


-b—a+za-zb  — a-b.  When  the  bodies  A and  B 
move  in  oppofite  diredions,  the  fign  of  b is  negative; 
in  other  refpeds  the  demonftration  is  the  fame. 

208 . Cor.  4.  The  fum  of  the  produds  of  each  body 
multiplied  by  the  fquare  of  it’s  velocity,  is  the  fame 
before  and  after  impad. 

The  notation  in  the  laft  article  being  retained  ; Aa 
+ Bb-Ap  + Bq  (Art.  34);  by  tranfpofition,  Aa-^Ap 
z=.Bq—Bby  or  Ax  a—p  = B X 7 — b.  Alfo  a — b~ 
q—p  (Art  207);  or  a+p-q+b  ; therefore  Axa—p 
Xa+p  — Bx  q--bX  q + b i or  A a*  - Ap%  = Bqz  - Bbx; 
therefore  Ac?  + BP  = Apz  + Bqz.  If  any  of  the  quan- 
tities b,  p,  qy  be  negative,  it’s  fquare  will  be  pofitive. 


and  therefore  the  conclufion  will  not  be  altered. 

209.  Cor.  5.  If  there  be  a row  of  equal  elaftic 
bodies,  A,  By  C,  Dy  &c.  at  reft,  and  a motion  be 
communicated  to  Ay  and  thence  to  By  Cy  D , &c. 
they  will  all  remain  at  reft  after  the  impad,  except 
the  laft,  which  will  move  off  with  a velocity  equal  ' 
to  that  with  which  the  firft  moved. 

For  A and  B will  interchange  velocities  (Art.  205); 
that  is,  A will  remain  at  reft,  and  B move  on  with  A' s 

velocity. 


f 
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velocity.  In  the  fame  manner  it  may  be  fhewn  that 
all  the  others  will  remain  at  reft  after  impadt,  except 
the  laft,  which  will  move  off  wnth  the  velocity  com- 
municated to  A. 

210.  Cor.  6.  If  the  bodies  decreafe  in  magnitude- 
they  will  all  move  in  the  direction  of  the  firft  motion, 
and  the  velocity  communicated  to  each  fucceeding 
body  will  be  greater  than  that  which  was  communi- 
cated to  the  preceding. 

For,  A + B : 2 B ::  A's  velocity  before  impadt  : the 
velocity  loft  by  A ; and  fince  2B  is  lefs  than  A+B,  A 
does  not  lofe  it’s  whole  velocity;  therefore  it  will  move 
on  after  impadt  in  the  diredtion  of  the  firft  motion. 
Alfo,  A-\-B  : 2 A ::  Ay s velocity  before  impact  : the 
velocity  gained  by  B ; and  fince  2 A is  greater  than 
A+B , the  velocity  gained  by  B i$  greater  than  A* 5 
velocity  before  impadt.  In  the  fame  manner  it  may 
be  fhewn  that  B,  C , D,  he.  will  move  on  in  the 
diredtion  of  the  firft  motion ; and  that  the  velocity 
communicated  to  each  will 'be  greater  than  that  which 
was  communicated  to  the  preceding  body. 

21 1.  Cor.  7.  If  the  bodies  increafe  in  magnitude 
they  will  all  be  refledted  back,  except  the  laft,  and  the 
velocity  communicated  to  each  fucceeding  body  will 
be  lefs  than  that  which  was  communicated  to  the 
preceding. 

For,  in  this  cafe,  2 B is  greater  than  A + B ; there- 
fore, A lofes  more  than  it’s  whole  velocity,  or  it  will 
move  in  the  contrary  diredtion.  Alfo,  2 A is  lefs  than 
A+B ; therefore,  the  velocity  gained  by  B is  lefs  than 
A’ s velocity  before  impadt.  In  the  fame  manner  it 
may  be  fhewn  that  B,  C,  D , he.  will  be  refledted  ;• 

and 
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and  that  the  velocity  communicated  to  each  will  be 
lefs  than  that  which  was  communicated  to  the  pre- 
ceding body. 

212.  Cor.  8.  The  velocity  thus  communicated 
from  A through  B to  C , when  B is  greater  than  one 
of  the  two  A,  C,  and  lefs  than  the  other,  exceeds  the 
velocity  which  would  be  communicated  immediately 
from  A to  C. 

Let  a reprefent  A' s velocity  ; then 


a 


: -j~b>  the  velocity  of  B 
A+  B 


A+B  : 2 A :: 

and  B + C : 2 B ::  ^ B + Q\ 

city  communicated  from  B to  C. 


2 A a 


zAa  2 B 
X 


the  velo- 


\ ^ 

Again,  A+C  : 2 A ::  a : the  velocity  com- 

municated immediately  from  A to  C.  Hence  it  fol- 
lows that  the  velocity  communicated  to  C,  by  means 
of  B , is  greater  than  that  which  would  be  communi- 

. . . ..  . .r  zAa  2 B . 

cated  to  it  immediately,  it  g X be  greater 

that  is,  if  A + C be  greater  than 


than 


A + C3 


A+BxB+C 
2 B 


, or  2A+2C  greater  than  A+C+B  + 


A C AC 

; or  A + C greater  than  B -j — — . Suppofe  A = 

JJ  JJ 

B + x , C = B+y-}  then  A+C—iB+x+y3  and  B + 


AC 


= B + 


B'+Bx+By  + xy 


— zB+x+y+^~  ; there- 


in ' B 

fore,  the  velocity  communicated  to  C by  means  of  B , 

is 
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is  greater  than  the  velocity  communicated  to  it  with- 
out B , if  2 B+x+y  be  greater  than  2 B+x+y  + 


which  will  always  be  the  cafe  when  xy  is  negative, 
B 


or  when  .t  and  y have  different  figns  ; that  is,  when  B 
is  lefs  than  one  of  the  bodies  A,  C , and  greater  than 
the  other  *. 

213.  Cor.  9.  If  the  bodies  be  in  geometrical  pro- 
greffion,  the  velocities  communicated  to  them  will 
be  in  geometrical  progreffion ; and  when  there  are  n 
fuch  bodies,  whofe  common  ratio  is  r,  the  velocity  of 
the  firft  : the  velocity  of  the  laft  ::  1 -f-rV-'  ; 2 

'LttA,  Ar , Arz,  Ar 3,  &c.  be  the  bodies;  a,  b , 
r,  d , &c.  the  velocities  fucceffively  communicated  to 
them ; then 


A+Ar  : 2 A ::  a : b , or 

1 -f  r : 2 ::  a : b ; and  in  the  fame  manner, 

1 + r : 2 : : b : c 

1 + r : 2 ::  c : d &c. 

therefore  a : b ::  b : c ::  c : d See.  Alfo,  by  compofi- 

tion,-  f+>-‘  : 2 ” — ' ::  a : the  velocity  of  the  laft. 

214.  Cor.  10.  If  the  number  of  mean  propor- 
tionals, interpofed  between  two  given  bodies  A and 
X , be  increafed  without  limit,  the  ratio  of  A’s  velocity 
to  the  velocity  thus  communicated  to  X will  approx- 
imate to  the  ratio  of  \/ X : \/ A as  it’s  limit. 

Let  A,  B,  C,  D,  ....  X be  the  bodies ; a,  b,  c 
d,  . . . . x the  velocities  communicated  to  them. 

Then 


* The  velocity  communicated  from  A through  B to  C,  is 
a maximum  when  A,  B,  and  C are  in  geometrical  progreffion 
(Flux,  Art.  a 1.  Ex.  9). 


1 


I 
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Then  fince  the  number  of  bodies  interpofed  between 
A and  X is  increafed  without  limit,  their  differences 
will  be  diminifhed  without  limit;  let  A-\-z  = B-i  then 

iA  + z : 2 A ::  a : b 

* 2, 

or  A+-  : A ::  a : b 

2 

* and  ~ : A : : v/ A+z  : s/ A : : : >J~A ; 

therefore  B : A ::  a : b 

in  the  fame  manner,  s/ C : B ::  b : c 

%/  D : \/  C : : c : d 

he. 

comp.  s/X  : \/A  ::  a i x. 

Prop.  XLVII. 

215.  In  the  dir  eft  impaft  of  two  imperfeftly  elafic 
bodies  A and  B,  if  the  compr effing  force  be  to  the  force  of 
elajiicity  ::  1 : w,  A B \ • : their  relative 

velocity  before  impaft  : the  velocity  gained  by  B in  the 
direftion  of  A' s motion.  And  A+B  : i+mxB  ::  their 
relative  velocity  before  impaft  : the  velocity  lojl  by  A , in 
that  direftion. 


By  reafoning  as  in  Art.  202,  it  appears  that  the 

velocity 


* ft  nee  A+i  : A'  ::  A'+Az+~ , A ' ::  A+z  + ~:A 
2 4 4 A * 


::  B A,  the  ratio  of  A -f  --  : A *,  when  z is  continually 

diminiihed,  approximates  to  the  ratio  of  B : A,  and  confequently, 

the  ratio  of  A+  ~ : A approximates  to  the  ratio  of  •/ B : \C~Azs 
it’s  Unit. 
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velocity  gained  by  B , and  the  velocity  loll  by  A> 
during  the  compreflion,  are  the  fame  as  if  the  bodies 
were  perfectly  hard  ; and  the  velocity  communicated 
by  the  elafticity  is  to  the  velocity  communicated  by 
the  compreflion  ::  m : 1.  Call  r the  relative  velocity 
before  impact,  x the  velocity  gained  by  B , and  y the 
^velocity  loft  by  Ay  during  the  compreflion  ; then 
1 +m  X is  the  velocity  gained  by  B,  and  1 +mXy 
the  velocity  loft  by  A,  upon  the  whole.  Now 

A + B : A ::  r : x (Art.  198), 

and  A+B  : B ::  r : y ; 

therefore,  A+B  : i+mXA  ::  r : 1 + m X #,  the 

velocity  gained  by  B ; 

and  A+B  : 1 + m X B : : r : 1 4-  m X y,  the 
velocity  loft  by  A. 


216.  Cor.  1.  The  relative  velocity  before  im- 
pact : the  relative  velocity  after  impact  ::  1 : m. 

Let  a and  b be  the  velocities  of  the  two  bodies 
before  impad,  p and  q their  velocities  after ; then 


j]  . T)  . -y  a 7 t *4" w X A X ci  — b < < 

A+B  : 1 +mX  A ::  a — b : ^ ,the  velo- 


A+B 


city  gained  by  B ; 


, f 7 , 1+mxAXa-b 

therefore,  q = b+- j~r~5 > 


A+B 


in  the  fame  manner,  p — a- 


i+mXBxa— b 
A+B 


, , i+mXA  + Bxa-b 

hence,  q-p  = b-a+  , or 


b - a + a - b+mx  a — b,  i.e.mXa-b,  is  the  relative 
velocity  after  impad  ; and  a - b : mXa-  b ::  1 : m. 

When 
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When  the  bodies  move  in  oppofite  directions  the 
fign  of  b is  negative. 

217.  Cor.  2 Hence  it  appears  that  if  the  velocities 
of  the  bodies  before  and  after  imp  adit  be  known,  the 
elaftic  force  is  known. 

218.  Cor.  3.  If impinge  upon  B at  reft,  A will 
remain  at  reft  after  impact  when  A : B m : 1. 

In  this  cafe  A lofes  it’s  whole  velocity,  and  A+B 
: ! j~bi x 5 : : a : the  velocity  loft  by  A ; therefore  A 
-\-B  = i +mxB,  and  A — mB  j confequently,  A : B : : 
m : 1.  ' 

219.  Cor.  4.  The  momentum  communicated  is 
the  fame  whether  A impinges  upon  B,  or  B upon  Ay 
if  the  relative  velocity  be  the  fame.  This  is  the  cafe 
when  the  bodies  are  perfectly  hard  (Art.  201)  ; and 
the  effect  produced  in  elaftic  bodies  is  in  a given  ratio 
to  that  which  is  produced  when  the  bodies  are  per- 
fectly hard. 

Prop.  XLVIII. 

220.  When  a perfectly  hard  body  impinges  obliquely 
on  a perfectly  hard  and  immoveable  plane  AB,  in  the  di- 
rection CD,  after  impati  it  will  move  along  the  plane , 
and  the  velocity  before  impaSl  : the  velocity  after  : : radius 
: the  cofne  of  the  angle  C D A. 

Take  CD  to  reprefent  the  motion  of  the  body  before 


impact  ;draw  CE  parallel, and  DE  perpendicular  10  AB. 

Then 


Then  CD  may  be  refolved  into  the  two  CE,  ED 
(Art.  43),  of  which  ED  is  wholly  employed  in  carry- 
ing the  body  in  a direction  perpendicular  to  the  plane* 
and  iince  the  plane  is  immoveable,  this  motion  will  be 
wholly  deftroyed,  (Vid.  Art.  116).  The  other  motion 
CE>  which  is  employed  in  carrying  the  body  parallel 
to  the  plane,  will  not  be  affeded  by  the  impad  ; and 
consequently,  there  being  no  force  to  feparate  the  body 
and^the  plane,  the  body  will  move  along  the  plane  • ' 
and  it  will  defcribe  DB  = CE  in  the  fam°e  time  that  it 
defcribed  CD  before  impad  ; alfo,  thefe  (paces  are  uni- 
formly defcribed  (Art.  27);  confequently,  the  velocity 
before  impad  : the  velocity  after  ::  CD  : CE  ::  radius 
: fin.  Z.  CDE  ::  radius  : cof.  z.  CD  A. 

221.  Cor.  The  velocity  before  impad  : the  dif- 
ference between  the  velocity  before  and  the  velocity 
after,  that  is,  the  velocity  loft  ::  radius  : rad.  — cof. 

Z.  CD  A ::  rad.  : the  verfed  fine  of  the  angle  CD  A. 

Prop.  XLIX. 

222.  If  a perfectly  elajhc  body  impinge  upon  a perfectly 
hard,  or  perfectly  elajlic , immoveable  plane  AB , in  the 
dire  Eh  on  CD,  it  will  be  refleEled  from  it  in  the  direElion 
DF,  which  makes , with  DB,  the  angle  BDF  equal  to 
the  angle  AD  C. 

Let  CD  reprerent  the  motion  of  the  impinging 


body;  draw  CF  parallel,  and  DE  perpendicular  to 
Vox,.  III.  I 
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AB-,  make  EF  = CE , and  join  DF.  Then  the  whole 
motion  may  be  refolved  into  the  two  CE,  ED , of 
which  CE  is  employed  in  carrying  the  body  parallel 
to  the  plane,  and  muft  therefore  remain  after  the  im- 
pact* ; and  ED  carries  the  body  in  the  direction  ED, 
perpendicular  to  the  plane;  and  fince  the  plane  is  im- 
moveable, this  motion  will  be  deftroyed  during  the 
compreffion,  and  an  equal  motion  will  be  generated 
in  the  oppofite  diredbion  by  the  force  of  elafticity. 
Hence  it  appears  that  the  body  at  the  point  D,  has 
two  motions,  one  of  which  would  carry  it  uniformly 
from  D to  E,  and  the  other  from  E to  F , in  the 
fame  time,  viz.  in  the  time  in  which  it  defcribed  CD 
before  the  impadt ; it  will,  therefore,  defcribe  DF 
in  that  time  (Art.  38).  Alfo,  in  the  triangles  CDE , 
EDF,  CE  is  equal  to  EF,  the  fide  ED  is  com- 
mon, and  the  L CED  is  equal  to  the  L.  DEF; 
therefore,  the  L.CDE  = the  L.EDF-,  hence,  the 
jlCDA  = the  jLFDB. 

223.  Cor.  1.  Since  CD  = DF , and  thefe  are  fpaces 
uniformly  defcribed  in  equal  times,  before  and  after 
the  impadt,  the  velocity  of  the  body  after  refledtion  is 
equal  to  it’s  velocity  before  incidence. 

224.  Cor.  2.  If  the  body  and  plane  be  imperfedtly 
elaftic,  take  DE  : Dx  ::  the  force  of  compreffion  : the 
force  of  elafticity;  draw  fx  parallel  and  equal  to  Adjoin 
Ff,  Df-,  then  the  two  motions  which  the  body  has  at 
D are  reprefented  by  jD.v,  xf,  and  the  body  will  defcribe 
Df,  after  refledtion,  in  the  fame  time  that  it  defcribed 

CD 

* Here  we  fuppofe  the  common  furface  of  the  body  and  plane, 
during  the  impatt,  to  remain  parallel  to  AB,  in  which  cafe  there 
1s  no  caule  to  accelerate  or  retard  the  motion  CE  (Vid.  Art.  116). 
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CD  before  incidence ; 


therefore,  the  velocity  before 


incidence  : the  velocity  after  reflection  ::  CD  : Df :: 
DF  : Df  ::  fin.  DfF,  or  fin.  of  it’s  fupplement 
the  L.  EDf  : fin.  DFf  or  fin.  FDE  ::  fin.  EDf  : 
fin.  EDC. 


Prop.  L. 

225.  Having  given  the  radii  of  two  fplierical  bodies , 
their  velocities , and  the  dire  51  ions  in  which  they  move , to  find 
the  plane  which  touches  them  both  at  the  point  of  impadl. 

Let  AE , BE  be  the  directions  in  which  the  bodies 
move ; and  let  AE  and  BD  be  Ipaces  uniformly  de- 
ferred by  them  in  the  fame  time;  complete  the  paral- 
lelogram ABKE ; join  KD , and  with  the  center  E 
and  radius  equal  to  the  fum  of  the  radii  of  the  two 
bodies,  deferibe  a circular  arc  cutting  KD  in  H-,  join 


* . *■  ' 1 _ 

EH,  and  complete  the  parallelogram  EH  MR  : Then 
R and  M will  be  the  places  of  the  centers  of  the  two 

1 2 fpheres 


1$Z  ON  THE  COLLISION 

fpheres  when  they  meet ; and  if  R C be  taken  equal  to 
the  radius  of  the  fphere  A , the  plane  CL,  which  is 
drawn  through  C perpendicular  to  MR,  will  be  the 
plane  required. 

Since  MH  is  parallel  to  AE  or  BK , the  triangles 
DMH , DBK  are  fimilar,  and  BK  : BD  ::  MH : 
MD ; or  AE  : BD  ::  RE  : MD ; therefore  AE  : 
BD  ::  AR  : BM  (Euc.  19.  5)  ; and  fince  AE  and 
BD  are  fpaces  defcribed  in  the  fame  time  by  the  uni- 
form motions  of' A and  B,  AR  and  BM,  which  are 
proportional  to  them,  will  be  defcribed  in  the  fame 
time;  when,  therefore,  the  center  of  the  body  A is  in 
R,  the  center  of  the  body  B is  in  M,  and  the  diftance 
MR  — HE  = the  fum  of  the  radii  of  the  bodies ; hence 
they  will  be  in  contadt  when  they  arrive  at  thofe 
points.  Alfo,  MR  which  joins  their  centers  will  pals 
through  the  point  of  contact ; and  LC  will  be  a tan- 
gent to  them  both. 

Prop.  LI. 

226.  Having  given  the  motions,  the  quantities  of  matter , 
and  the  radii  of  two  fpherical  bodies  which  impinge  obliquely 
upon  each  other,  to  find  their  motions  after  impact. 

t ' ' 1 

Let  LN  be  the  plane  which  touches  the  bodies  at 
the  point  of  impadt;  produce  AB,  which  joins  the 
centers  of  the  bodies,  indefinitely  both  ways ; through 
the  centers  A and  B , draw  EAF,  G B //"parallel  to  L N-, 
let  CA , DB  reprefent  the  velocities  of  the  bodies  before 
impadt ; refolve  CA  into  the  two  Cl,  I A *,  of  which  Cl  is 
parallel,  and  I A perpendicular  to  L N-,  alfo  refolve  DB 

into 


* Vid.  Art.  43. 
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into  two,  DK  parallel  to  LN , and  KB  perpendicular 
to  it.  Then  CA  and  the  angle  CAI , which  the  di- 
rection of  A’s  motion  makes  with  A I perpendicular 
to  LN,  being  known,  Cl  and  I A are  known  ; in  the 
fame  manner  DK  and  KB  are  known.  Now  Cl, 
DK,  which  are  parallel  to  the  plane  LN,  will  not 


be  affected  by  the  impaft  ; and  I A,  KB,  which  are 
perpendicular  to  it,  are  the  velocities  with  which  the 
bodies  impinge  diredtly  upon  each  other,  and  their 
effefts  may  be  calculated  by  Prop.  44,  when  the  bodies 
are  perfectly  hard,  and  by  Prop.  47,  when  they  are 
elaftic.  Let  AR  and  BS  be  the  velocities  of  the  bo- 
dies after  impact,  thus  determined;  take  AF =CI,  and 
BH  = DK-,  complete  the  parallelograms  RF,  S H and 
draw  the  diagonals  AP,  B then  the  bodies  will 
defcribe  the  lines  AP,  BQ  after  impact,  and  in  the 
fame  time  that  they  defcribed  CA,  DB  before  impact. 


1 3 
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SECTION  VII. 


ON  THE  RECTILINEAR  MOTIONS  OF 
BODIES  ACCELERATED  OR  RETARDED 
BY  UNIFORM  FORCES. 


Prop.  LII. 

227.  TF  a body  be  impelled  in  a right  line  by  an  uni- 
form force , the  velocity  communicated  to  it  is 
proportional  to  the  time  of  it's  motion  *. 

The  accelerating  force  is  meafured  by  the  velocity 
uniformly  generated  in  a given  time  (Art.  21),  and 
in  this  cafe,  the  force  is  invariable,  by  the  fuppofition ; 
therefore,  equal  increments  of  velocity  are  always 

generated 

» * 

* By  force,  in  this  and  the  following  proportions,  we  under- 
ftand  the  accelerating  force,  no  regard  being  paid  to  the  quantity  of 
matter  moved,  unlefs  it  be  exprefsly  mentioned.  Alfo,  the  direc- 
tion in  which  the  force  afts,  to  generate  or  deftroy  volocity,  is 
fuppofed  to  coincide  with  the  direction  of  the  motion. 
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generated  in  equal  times  (Art.  20) ; if  then  in  the 
time  t the  velocity  a be  generated,  in  the  time  mt  the 
velocity  ma  is  generated  ; that  is,  the  velocity  gene- 
rated is  proportional  to  the  time  (Alg.  Art.  193). 

i Prop.  LIII 

' 228.  If  bodies  be  impelled  in  right  lines  by  different 
; uniform  forces , the  velocities  generated  in  any  times  are 
proportional  to  the  forces  and  times  jointly. 

Let  F and  / be  the  forces,  T and  t the  times  of 
their  action,  V and  v the  velocities  generated ; alfo, 
let  x be  the  velocity  generated  by  the  force  f in  the 
time  T ; then, 

V : X ::  F : / (Art.  21)  ; 

x : v ::  T : t (Art.  227) ; 

comp.  V : v ::  FT  : ft-,  that  is,  the  velocities 

generated  are  proportional  to  the  forces  and  times 

jointly  (Alg.  Art.  195). 

Ex.  If  a force  reprefented  by  unity,  generate  a velo- 
city reprefented  by  2 m,  in  one  lecond  of  time,  what 
velocity  will  the  force  F generate  in  T feconds  ? 

Since  V oc  FT,  we  have  1 X 1 : FT  ::  2 m : 2 mFT, 
the  velocity  required. 

V 

229.  Cor.  Since  Eoc FT,  Toe  — (Alg.  Art.  203). 

Prop.  LIV. 

230.  If  a body's  motion  be  retarded  by  an  uniform 
force , the  velocity  defroyed  in  any  time  is  equal  to  that 
which  would  be  generated  in  the  fame  time , were  the 
motion  accelerated  by  the  fame  force. 


The 
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The  force  imprefled  is  the  fame,  by  the  fuppofition, 
whether  the  body  move  in  the  direction  of  the  force, 
or  in  the  oppofite  direction  ; therefore,  the  velocity 
generated  in  the  former  cafe,  is  equal  to  the  velocity 
deftroyed,  in  the  fame  time,  in  the  latter  (Art.  29). 

231.  Cor.  1.  Hence,  the  velocity  deftroyed  by  an 
uniform  force  is  proportional  to  the  time  of  it’s  ac- 
tion. 

For,  the  velocity  generated  by  the  adtion  of  the 
force  is  in  that  ratio  (Art.  227). 

232.  Cor.  2.  The  velocities  deftroyed  by  different 
uniform  forces,  are  proportional  to  the  forces  and 
times  jointly  (Art.  228). 

233.  Cor.  3.  If  one  body  be  projedted  in  a direc- 
tion oppofite  to  that  in  which  an  uniform  force  adts, 
and  another  be  moved  at  the  fame  inftant  from  a ftate 
of  reft  by  the  fame  force,  the  fum  of  their  velocities 
is  always  equal  to  the  velocity  with  which  the  firft  was 
projedted. 

For,  the  velocity  loft  by  the  former  body,  is  equal 
to  the  velocity  gained,  in  the  fame  time,  by  the  latter. 

234.  Cor.  4.  If  a body  be  projedted  in  a diredtion 
oppofite  to  that  in  which  an  uniform  force  adts,  and 
at  the  fame  inftant  another  be  moved  from  a ftate  of 
reft  by  the  adtion  of  the  fame  force,  the  fum  of  the 
fpaces  defcribed  by  the  two  bodies  is  equal  to  the 
fpace  which  the  former  body  would  defcribe  in  the 
fame  time,  were  it’s  firft  velocity  continued  uniform. 

For,  the  fum  of  the  velocities  of  the  two  bodies,  at 
any  inftant,  is  equal  to  the  firft  velocity  of  the  projedted 
body ; therefore,  fuppofing  them  to  move  from  the 
fame  point,  the  velocity  with  which  they  recede  from 

each 
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each  other,  is  equal  to  the  velocity  of  the  projeCled  body; 
and  confequently,  the  fumof  the  fpaces  defcribed  in  any 
time  by  the  two  bodies,  is  equal  to  the  fpace  which 
the  firft  body  would  have  defcribed  in  the  fame  time, 
had  it  moved  uniformly  forward  with  the  velocity  of 
projection. 

235.  Cor.  5.  The  fpace  defcribed  in  any  time 
by  the  projected  body,  is  equal  to  the  fpace  through 
which  it  would  have  moved  with  the  firft  velocity  con- 
tinued uniform,  diminifhed  by  the  fpace  through 
which  it  would  have  been  moved  from  a ftate  of  reft, 
in  the  fame  time,  by  the  aCtion  of  the  force. 

Prop.  LV. 

• . U I ' I jf  •»  M * ‘ 

236.  If  a body  be  moved  through  any  fpace , from  a 
ftate  of  reft,  by  the  action  of  an  uniform  force,  and  then 
be  projected  in  the  oppofite  direction  with  the  velocity  ac- 
quired, and  move  till  that  velocity  is  defrayed,  the  whole 
fpaces  defcribed  in  the  two  cafes  are  equal. 

The  velocity  generated  in  any  time,  is  equal  to 
the  velocity  deftroyed  in  the  fame  time  by  the  aCtion 
of  the  fame  force  (Art.  230) , hence,  the  whole  times 
of  motion,  in  the  two  cafes,  are  equal;  alfo,  if  equal 
times  be  taken,  from  the  beginning  of  the  motion  in 
the  former  cafe,  and  from  the  end  of  the  motion  in 
the  latter,  the  velocities  at  thofe  inftants  are  equal. 
Since  then  the  whole  times  of  motion  are  equal,  and 
alfo  the  velocities  at  all  correfponding  points  of  time, 
fhe  whole  fpaces  defcribed  are  equal. 


Prop. 
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Prop.  LVI. 

r l 

237.  If  a body  be  moved  from  a fate  of  ref  by  the 
allion  of  an  uniform  force , the  fpace  defcribed  in  any  time 
is  half  that  which  would  be  defcribed  in  the  fame  time 
with  the  laf  velocity  continued  uniform . 

Let  a bod}'',  afted  upon  by  an  uniform  force,  move 
from  a {late  of  reft  at  A and  defcribe  AB  in  T"-,  alfo, 
let  Bx  be  the  fpace  which  it  would  defcribe  in  the 


A 


fame  time  with  the  laft  velocity  continued  uniform. 
At  the  fame  inftant  that  this  body  begins  to  move 
from  At  let  another  body  be  projected  in  the  oppofite 
direction  with  the  laft  acquired  velocity ; then  the 
fum  of  the  fpaces  defcribed  by  the  two  bodies  in  T" 
is  equal  to  Bx  (Art.  234);  alfo,  the  fum  of  the 
{paces  defcribed  is  AB-\-BA,  or  2 AB  (Art.  236) ; 

7?  x 

therefore  2 AB  = Bx,  or  AB  = — *. 


Prop.  LVII. 

238.  When  bodies  are  put  in  motion  by  uniform  forces , 
the  fpaces  defcribed  in  any  limes,  reckoning  from  the  begin- 
ning  of  the  motion  in  each  cafe,  are  proportional  to  the 
times  and  laf  acquired  velocities  jointly. 

Let 

# The  demonftration  of  the  proportion  on  thefe  principles  was 
firft  given  by  Mr.  Robertson,  of  Chrift  Church,  Oxford.  Vid, 
Hutton’s  Mathematical  Dictionary,  article  Act  deration. 
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Let  S and  s be  the  fpaces  defcribed  in  the  times  T 
and  t V and  v the  velocities  acquired;  then  zS  and 
25  are  the  fpaces  which  would  be  defcribed  in  the 
times  T and  t,  with  the  uniform  velocities  V and  v 
(Art.  237)  ; and  the  fpaces  defcribed  with  uniform 
velocities  are  proportional  to  the  times  and  velocities 
jointly  (Art.  14)  ; hence, 

zS  : zs  ::  TV  : tv, 
or  S : s ::  TV  : tv  (Alg.  Art.  184)  ; 
that  is,  SocTF  (Alg.  Art.  195). 

239.  Cor.  Hence,  the  times  vary  as  the  fpaces 
direflly  and  the  laft  acquired  velocities  inverfely. 

Prop.  LVIIL 

240.  The  fpaces  defcribed  vary  alfo  as  the  forces  and 
fquares  of  the  times ; or  as  the  fquares  of  the  velocities 
dire  Elly  and  the  forces  inverfely. 

t 

In  general,  SocTF  (Art.  238)  : and  Foe  FT  (Art. 
228);  hence,  TFocFT1  (Alg.  Art.  203);  Soc 
F Fz 

FT1.  Alfo,  Toe—;  therefore,  TFoc  — , and  confe- 
-T  t 

V * 

quently,  S oc  — . 

r 

241.  Cor.  1.  When  F is  given,  SocTzocF *.  That 
is,  when  bodies  are  put  in  motion  by  the  fame,  or  equal 
uniform  forces,  the  whole  fpaces  defcribed  vary  as  the 
fquares  of  the  times,  or  as  the  fquares  of  the  laft  ac- 
quired velocities. 

Ex.  If  a body  be  accelerated  from  a flate  of  reft  by 
an  uniform  force,  and  deferibe  m feet  in  the  firfl 
fecond  of  time,  it  will  deferibe  4 m,  9 m,  1 6m,  \ . . . 
mT1  feet,  in  the  2,  3,  4 , T firfl  feconds. 

242.  Cor. 
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242.  Cor.  2.  If  7"  be  given,  SocF ; that  is,  the 
fpaces  defcribed  in  equal  times,  by  bodies  which  are 
put  in  motion  by  uniform  forces,  are  proportional  to 
thofe  forces. 

V1 

243.  Cor.  3.  Since  S oe  — , we  have  Fzoc  FS 

(Alg.  Art.  203)  ; that  is,  the  fquares  of  the  velocities 
communicated  are  proportional  to  the  forces  and  fpaces 
defcribed  jointly. 

244.  Cor.  4.  If  V be  given,  Soa 

r 

245.  Cor.  5.  When  bodies  in  motion  are  retarded 
by  uniform  forces,  and  move  till  their  whole  velocities 
are  deftroyed,  the  fpaces  defcribed  vary  as  the  forces 
and  fquares  of  the  times ; or,  as  the  fquares  of  the 
firft  velocities,  diredtly  and  the  forces  inverfely. 

For,  the  time  in  which  any  velocity  is  deftroyed, 
is  equal  to  the  time  in  which  it  would  be  generated 
by  the  fame  force ; alfo,  the  fpaces  defcribed,  on 
fuppafition  that  the  body  in  the  latter  cafe  is  moved 
from  a ftate  of  reft,  are  equal  (Art.  236)  ; therefore, 
the  fame  expreflions  which  reprefent  the  relations  of 
the  forces,  fpaces,  times,  and  velocities,  in  accele- 
rated motions,  reprefent  them  alfo  when  the  motions 
are  retarded,  and  the  bodies  move  till  their  whole 
velocities  are  deftroyed. 

Thus,  when  bodies  are  made  to  impinge  upon 
banks  of  earth,  fand,  &c.  where  the  retarding  forces 
are  invariable,  the  depths  to  which  they  fink,  or  the 
whole  fpaces  defcribed,  are  as  the  fquares  of  the  firft 
velocities  diredlly  and  the  forces  inverfely  ; and  the 
refilling  forces  are  as  the  fquares  of  the  firft  velocities 
diredly  and  the  fpaces  inverfely. 


Prop. 
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Prop.  LIX. 

246.  If  a body  be  moved  from  a fate  of  ref  by  the 
aftion  of  an  uniform  force , the  fpaces  defcribed  in  equal 
fucceJJive  portions  of  time , reckoned  from , the  beginning  of 
the  motion , are  as  the  odd  numbers  i,  3,  5,  7,  9, 

If  be  the  fpace  defcribed  in  the  firft  portion  of 
time,  4 m will  be  the  fpace  defcribed  in  the  two  firft 
portions  (Art.  241) ; therefore  4 m — 7nt  or  3W,  will  be 
the  fpace  defcribed  in  the  fecond  portion  alone.  Alfo 
9 m will  be  the  fpace  defcribed  in  the  three  firft  por- 
tions of  time,  and  confequently  9 m — 4 m,  or  $m,  will 
be  the  fpace  defcribed  in  the  third  portion,  See.  Thus 
the  fpaces  defcribed  in  the  equal  fucceflive  portions  of 
time  are  m,  3 m,  c,m,  7 m,  9 m.  Sec.  which  are  as  the 
odd  numbers  1,  3,  5,  7,  9,  Sec. 

247.  Cor.  When  a body  is  retarded  by  an  inva- 
riable force,  the  fpaces  defcribed  in  equal  portions  of 
time,  reckoning  from  the  end  of  the  motion,  are  as 
the  odd  numbers  1,  3,  5,  7,  9,  &c. 

For,  when  a body  moves  till  it’s  whole  motion  is 
deftroyed  by  an  uniform  force,  the  fpace  defcribed  in 
any  time  is  equal  to  that  which  would  be  defcribed  in 
the  correfponding  time,  were  the  body  moved  from  a 
ftate  of  reft  by  the  adion  of  the  fame  force  (Vid. 
Art.  236). 

Prop.  LX. 

248.  The  force  of  gravity , at  any  given  place,  is  an 
uniform  force , which  always  aids  in  a direction  perpendi- 
cular to  the  horizon , and  accelerates  all  bodies  equally. 

The 
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The  fame  body  will  by  it’s  gravity  always  produce 
the  fame  effect  under  the  fame  circumftances  ; thus, 
it  will,  at  the  fame  place,  bend  the  fame  fpring;  it 
will  alfo  fall  through  the  fame  fpace  in  the  fame  time, 
if  the  refinance  of  the  air  be  removed ; therefore,  the 
force  of  gravity  is  uniform.  Alfo,  all  bodies  which  fall 
freely  by  this  force,  defcend  in  lines  perpendicular  to 
the  horizon,  and,  in  an  exhaufted  receiver,  they  all 
fall  through  the  fame  fpace  in  the  fame  time ; con- 
fequently,  gravity  a6ts  in  a direction  perpendicular  to 
the  horizon  (Art.  29),  and  accelerates  all  bodies 
equally  (Art.  242). 

It  is  found  by  experiments  made  on  the  defcent  of 
heavy  bodies,  and  on  the  ofcillations  of  bodies  in  fmall 
circular  arcs  (Secft.  VIII),  that  every  body  which 
falls  freely  in  vacuo  by  the  force  of  gravity,  defcends 
through  1 6 tV  feet  in  one  fecond. 

This  fa<ft  being  eftablifhed,  every  thing  relating  to 
the  defcent  of  bodies  when  they  are  accelerated  by  the 
force  of  gravity,  and  to  their  afcent  when  they  are 
retarded  by  that  force,  fuppofing  the  motions  to  be 
in  vacuo,  may  be  deduced  from  the  foregoing  pro* 
pofitions. 

1 ft.  When  a body  falls  by  the  force  of  gravity,  the 
velocity  acquired  in  any  time,  as  T ",  is  fuch  as  would 
carry  it  uniformly  over  2 mT  in  1";  where  m = 16  7?. 

Since  a body  falls  1 6 A feet  in  1",  it  acquires  a velo- 
city which  would  carry  it  uniformly  through  32  z feet 
in  1"  (Art.  237)  • and  when  a body  is  accelerated  by 
a given  invariable  force,  the  velocity  generated  is  pro- 
portional to  the  time  (Art.  227)  ; therefore  1"  : T" 
::  32-5  : 32 |!T,  the  velocity  acquired  in  T"-3  that  is, 

the 
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the  velocity  acquired  is  fuch  as  would  carry  the  body 
uniformly  over  32  ^ feet  in  1 . Let  V be  the  velo- 

city acquired,  and  m=  16  n,  then  V = imT. 

2d.  The  (pace  fallen  through  in  ST",  reckoned  from 
the  beginning  of  the  motion,  is  mT*  feet. 

For  SocTz  (Art.  241)  ; therefore,  i2  : T*  ::  m : 
mT2,  the  fpace  deferibed  in  T".  That  is,  S = mT*. 

Ex.  1.  In  3"  a body  falls  9 m,  or  9X16  tt=  144! 
feet. 

Ex.  2.  In  a body  falls  — , or  16  n X - = 
2 4 4 

4 Vs  feet. 

3d.  The  fpace  fallen  through  to  acquire  the  velo- 
city Fy  is  feet. 

J 4 m 

For,  SocF2  (Art.  241);  therefore,  zm*  : V * :: 
Vz 

m : Sy  and  S = — feet. 

4 m 

Ex.  If  a body  fall  from  reft  till  it  acquires  a velocity 

20  X 20 

of  20  feet  per  fecond,  the  fpace  fallen  through  is  — - — 7 — , 

64  T 

or  6.21  feet,  nearly. 

From  the  three  preceding  expreffions,  F =z 
Vz 

5 = mT*  and  any  one  °f  the  quantities  S, 

Ty  Fy  being  given,  the  other  two  may  be  found. 

Ex.  To  find  the  time  in  which  a body  will  fall  90 
feet ; and  the  velocity  acquired. 


Since 
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. - O • • fTj . ^ . 

Since  S = m<T%i  Tz  = -,  and  T — \/  - ; in  this 

m m 

cafe,  T = y 9 0 = 2.36  feconds,  nearly. 

I O T % 



Alfo,  5 = — ; therefore,  ^ = 2 s/m S : in  this  cafe, 
4 w 

V=2\/  16  tVX  90  = 76  feet  per  fecond,  nearly. 

4th.  If  a body  fall  from  reft  by  the  force  of  gravity, 
the  fpaces  defcribed  in  any  equal  fucceffive  portions  of 
time,  reckoning  from  the  beginning  of  the  motion, 
areas  the  numbers  1,  3,  5,  7,  &c.  Thus,  the  fpaces 
fallen  through  in  the  1“,  2nd,  3rd,  4th  feconds  are  16  t'i, 
3 X 16  A,  5 X i 6 A,  7 X i 6 A feet,  refpedtively. 
Alfo,  if  a body,  projected  upwards,  move  till  it’s  whole 
velocity  is  deftroyed,  the  fpaces  defcribed  in  equal 
fucceffive  portions  of  time  are  as  the  numbers  1,  3, 
5,  7,  &c.  taken  in  an  inverted  order.  Thus,  if  the 
velocity  be  wholly  deftroyed  in  4",  the  fpaces  de- 
fcribed in  the  1“,  2nd,  3rd,  4th  feconds  are  7Xi6tV, 
5 X 16  h,  3X1611,  16  feet,  refpedtively. 

5th.  If  a body  begin  to  move  in  the  direction  of 
gravity  with  any  velocity,  the  whole  fpace  defcribed 
in  any  time  is  equal  to  the  fpace  through  which  the 
firft  velocity  would  carry  the  body,  together  with  the 
fpace  through  which  it  would  fall  by  the  force  of 
gravity  in  that  time. 

For,  the  effedt  of  gravity  is  the  fame  with  whatever 
velocity  the  body  moves  (Art.  29)  ; that  is,  it’s  effedt 
is  the  feme  whether  the  body  falls  from  reft  or  is 
projedted  with  any  velocity ; and  to  this  muft  be  added 
the  effedt  produced  by  the  firft  velocity. 
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Ex.  If  a body  be  projected  perpendicularly  down- 
wards with  a velocity  of  20  feet  per  fecond,  to  find 
the  fpace  defcribed  in  4". 

The  Ipace  defcribed  in  4"  by  the  firft  velocity  is 
4X20,  or  80  feet ; and  the  fpace  fallen  through  in 
4"  by  the  adtion  of  gravity  is  1 6 V*  X 1 6,  or  25  7 \ feet ; 
therefore,  the  whole  fpace  defcribed  is  80  + 257  7,  or 

337  t feet. 

6th.  If  a body  be  projedted  perpendicularly  up- 
wards, the  height  to  which  it  will  afcend  in  any 
time  is  equal  to  the  fpace  through  wliich  it  would 
move  with  the  firft  velocity  continued  uniform,  di- 
minifhed  by  the  fpace  through  which  it  would  fall 
by  the  adtion  of  gravity  in  that  time  (Art.  235). 

Ex.  1.  To  what  height  will  a body  rife  in  3",  which 
is  projedted  perpendicularly  upwards  with  a velocity 
of  100  feet  per  fecond  ? 

The  fpace  which  the  body  would  defcribe  in  3", 
with  the  firft  velocity,  is  300  feet ; and  the  fpace 
through  which  the  body  would  fall  by  the  force  of 
gravity  in  3",  is  16AX9,  or  144  § feet;  therefore 
the  height  required  is  300—  144+  or  .155?  feet. 

Ex.  2.  If  a body  be  projedted  perpendicularly  up- 
wards with  a velocity  of  80  feet  per  fecond,  to  find 
5 it’s  place  at  the  end  of  6". 

The  fpace  which  would  be  defcribed  in  6",  with  the 
ifirft  velocity,  is  480  feet,  and  the  fpace  fallen  through 
iin  the  fame  time  is  16  -1^X36,  or  579  feet ; there- 
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fore  the  diftance  of  the  body  from  the  point  of  pro- 
jection, at  the  end  of  6",  is  480—  579,  or  —99  feet. 
The  negative  fign  (hews  that  the  body  will  be  below 
the  point  of  projection  (Vid.  Alg.  Art.  474). 

Prop.  LXI. 

249.  The  force  which  accelerates  or  retards  a body's 
motion  upon  an  inclined  plane , is  to  the  force  of  gravity , as 
the  height  of  the  plane  to  it's  length. 

Let  AC  be  the  plane,  BC  it’s  bafe  parallel  to  the 


A 


horizon,  AB  it’s  perpendicular  height,  D the  place 
of  a body  upon  it.  From  the  point  D draw  DR 
parallel  to  AB , and  take  D E to  reprefent  the  force 
of  gravity ; from  E draw  EF  perpendicular  to  AC. 
Then  the  whole  force  DE  is  equivalent  to  the  two 
DF,  F E,  of  which  FE  is  perpendicular  to  the  plane, 
and  confequendy,  is  fupported  by  the  plane’s  reaction 
(Art.  1 1 6);  the  other  force  DF , not  being  affeCted 
by  the  plane,  is  wholly  employed  in  accelerating  or 
retarding  the  motion  of  the  body  in  the  direction  of 
the  plane  ; therefore,  the  accelerating  force  : the  force 
of  gravity  ::  DF  : DE  ::  (from  the  fimilar  As  DEFt 
ABC)  AB  : AC. 


250.  Cor. 
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250.  Cor.  1.  Since  the  accelerating  force,  on  the 
fame  plane,  is  in  a given  ratio  to  the  force  of  gravity, 
it  is  an  uniform  force. 

251.  Cor.  2.  If  H be  the  height  of  an  inclined 
plane,  L it’s  length,  and  the  force  of  gravity  be  repre- 
lented  by  unity,  the  accelerating  force  on  the  inclined 

plane  is  reprefented  by  -j~. 

For,  the  accelerating  force  : the  force  of  gravity  (1) 

::  H : L ; therefore  the  accelerating  force  = y . 

JLj 

252.  Cor.  3.  Since  H : L ::  the  fine  of  the  plane's 

H 

inclination  : the  radius,  or  the  accelerating  force, 

varies  as  the  fine  of  the  plane’s  inclination  to  the 
horizon. 

253.  Cor.  4.  If  a body  fall  down  an  inclined  plane, 
the  velocity  F,  generated  in  T",  is  fuch  as  would 

carry  it  uniformly  over  X 2 mT  feet  in  1";  where 

m — 1 6 tt  . 

In  general,  V oc FT  (Art.  228) ; therefore,  the  velo- 
city acquired  when  a body  falls  by  the  force  of  gravity 
: the  velocity  acquired  on  the  inclined  plane  ::  the 
product  of  the  numbers  which  reprefent  the  force  and 
time  in  the  former  cafe  : the  product  of  the  numbers 
which  reprefent  them  in  the  latter  * ; alfo,  the  force 
of  gravity  being  reprefented  by  unity,  the  accelerating 

H 

force  upon  the  plane  is  — , and  the  velocity  generated 

by 

• Vid.  note,  page  i a. 

K 2 


V 
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by  the  force  of  gravity  in  i"is2  m therefore,  2 m : 
H H 

V ::  1 X 1 : — X T and  V=  — X 2 mT  *. 

L i jL 

Ex.  Thus,  if  the  length  of  an  inclined  plane  be 
twice  as  great  as  it’s  height,  a body  which  falls  down 

this  plane  will,  in  3",  acquire  a velocity  of  - X 32^X3, 

2r 

or  48  i feet  per  fecond. 


254.  Cor.  5.  The  fpace  fallen  through  in  T", 

from  a ftate  of  reft,  is  —XniT9,  feet. 

In  genera],  SocFT'2  (Art.  2,40) ; therefore,  the  {pace 
through  which  a body  falls  by  the  a£tion  of  gravity  in 
1"  : the  fpace  through  which  it  falls  down  the  inclined 
plane  in  T"  ::  the  product  of  the  numbers  w'hich 
reprefent  the  force  and  fquare  of  the  time  in  the 
former  cafe  : the  product  of  the  numbers  which  repre- 
fent them  in  the  latter ; or,  if  S be  the  fpace  de- 

fcribed  upon  the  plane,  m : S ::  1X11:  yX^1,  and 

JLs 

p H _ v 

S=—XmT . 

Li 

Ex.  1 . If  L — 2 H,  the  fpace  through  which  a body 
falls  in  3"  is  - X 16  A X 9,  or  72!  feet. 

2r 


Ex.  2.  To  find  the  time  in  which  a body  will  de- 
fcend  1 2 feet  down  this  plane. 


Since 


* In  this,  and  the  following  articles,  the  planes  are  fuppofed 
to  be  perfe&ly  fmooth,  and  the  reftftance  of  the  air  inconfulerable. 
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Since  S=~y.mT\  (in  this  cafe)  - 

L Hxm  ' ' 1 

X 1 2 X ^y-r  — 1 • 49  ; and  T=  1.2,  nearly. 

I 0 1 1 

255.  Cor.  6.  The  fpace  through  which  a body 
mud  fall,  from  a date  of  red,  to  acquire  the  velocity 
I Fz 

V,  is  jj  X — feet. 

H 4#/ 

V * 

In  general,  Soc  — (Art.  240) ; therefore,  the  fpace 

through  which  the  body  falls  by  the  force  of  gravity  : 

the  fpace  through  which  it  falls  down  the  plane  ::  -=r 
1 r 

p * 

in  the  former  cafe  : in  the  latter;  and  if  m (1611) 

be  the  fpace  fallen  through  by  the  a&ion  of  gravity, 

2 m is  the  velocity  acquired ; hence,  m : S : : : 

L . c L V1 

t>X V -,  and  5=7?  X — • 

H H 4 m 

Ex.  1 . If  L = iH)  and  a body  fall  from  a date  of 
red  till  it  has  acquired  a velocity  of  30  feet  per  fecond, 

the  fpace  defcribed  is  - X = 27.97  feet,  nearly. 

1 04? 

Ex.  2.  If  a body  fall  1 2 feet  from  a date  of  red  down 
this  plane,  to  find  the  velocity  acquired. 

Since  S=^x  — , we  have  V'  = ^mSx  (in 
H 4 m L v 

this  Cafe)  64  Jx  12  X - =386;  hence,  ^=19.6  feet  per 
fecond,  nearly, 

k 3 Prop. 
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Prop.  LXIT. 

256.  The  velocity  acquired  in  falling  down  the  whole 
length  of  an  inclined  plane  varies  as  the  fauare  root  of  it's 
height  *. 

in  general,  when  the  force  is  uniform,  Ft<xFS 

jj 

(Art.  243) 3 in  this  cafe,  Toe—,  an<^  $ = by  the 

H 

fuppofition  3 therefore  V *oc~x  Loc  H and  Foe 
y/H  (Alg.  Art.  202). 

257.  Cor.  1.  When  the  heights  of  two  inclined 
planes  are  equal,  the  velocities  acquired  in  falling 
down  their  whole  lengths  are  equal. 

258.  Cor.  2.  The  velocity  which  a body  acquires 
in  falling  down  the  length  of  an  inclined  plane  is 
equal  to  the  velocity  which  it  would  acquire  in  fall- 
ing down  it’s  perpendicular  height. 

Prop.  LXIII. 

259.  flie  time  of  defeent  down  the  whole  length  of 
an  inclined  plane  varies  as  the  length  direttly , and  as  the 
fquare  root  of  the  height  inverfely. 


In  general,  S oc  T V (Art.  238) 3 therefore,  Toe 

* 

S — 

p;  and  in  this  cafe,  Voe  y/H  (Art.  256)3  confe- 

quently,  T oc  — £=  oc  ^ 


y/H  y/H 


260.  Cor* 


* Bodies,  in  this,  and  the  fubfequent  proportions,  are  fuppofed 
to  fall  from  a ftate  of  reft. 
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260.  Cor.  i.  If  the  height,  or  the  1 aft  acquired 
velocity  be  given,  TocL. 

261.  Cor.  2.  If  the  inclination  be  given,  or  Hoc 

]p  

L , then  Txoc  — oc  L,  and  Toe  L.  That  is,  the 

times  of  defeent,  down  planes  equally  inclined  to  the 
horizon,  vary  as  the  fquare  roots  of  their  lengths. 

262.  Cor.  3.  The  time  of  defeent  down  an  in- 
clined plane,  is  to  the  time  of  falling  down  it’s  per- 
pendicular height,  as  the  length  of  the  plane  to  it’s 
height. 


Prop.  LXIV. 

263.  If  chords  be  drawn  in  a circle  from  the  extre- 
mity of  that  diameter  which  is  perpendicular  to  the  horizon , 
the  velocities  which  bodies  acquire  by  falling  down  them 
are  proportional  to  their  lengths ; and  the  times  of  defeent 
are  equal. 

Let  ACB  be  the  circle,  AB  it’s  diameter  perpen- 


A 


» * 

dicular  to  the  horizon  > BC  a chord  drawn  from  the 

K 4 extremity 
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extremity  B of  the  diameter  ; join  AC , and  draw  CD 
perpendicular  to  AB,  or  parallel  to  the  horizon.  Then 
CB  may  be  confidered  as  an  inclined  plane  whofe 
height  is  DB,  and  the  velocity  acquired  in  falling 
down  it  varies  as  \/DB  (Art.  256).  Now,  from 
the  fimilar  As  DBC , ABC,  DB  : CB  ::  CB  : AB ; 

/->  n2  Q 

therefore  DB  — -j-n,  and  y/D  B=  - - > confe- 

* AB  y/AB 


CB 
y/  AB 


, and  AB  is  invariable ; therefore 


quently,  V 
Voc-CB. 

S 

Again,  Toe  — (Art.  239),  and  in  this  cafe,  CB  is  the 


fpace  deferibed,  and  it  has  been  proved  proportional  to 

C B 

the  velocity  acquired ; therefore  or  t^e  time 


of  defeent  is  invariable. 

264.  Cor.  1.  The  time  of  defeent  down  any  chord 
CB,  is  equal  to  the  time  of  defeent  down  the  diameter 


AB. 


265.  Cor.  2.  In  the  fame  manner,  the  time  of 
defeent  down  AC  is  equal  to  the  time  of  defeent  down 
AB ; therefore  the  time  of  defeent  down  AC  is  equal 
to  the  time  of  defeent  down  CB. 

266.  Cor.  3.  The  times  of  defeent  down  the  chords 
thus  drawm,  in  different  circles,  are  proportional  to 
the  fquare  roots  of  the  diameters. 

For,  the  times  of  defeent  down  the  chords  are  equal 
to  the  times  of  defeent  down  the  diameters  wdiich  are 
perpendicular  to  the  horizon;  and  thefe  times  vary  as 
the  fquare  roots  of  the  diameters  (Vid.  Art.  241). 

267.  When  a body  falls  freely  by  the  force  of  gra- 

vity. 
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vity,  every  particle  in  it  is  equally  accelerated;  that  is, 
every  particle  defcends  towards  the  horizon  with  the 
fame  velocity  ; in  this  defcent  therefore,  no  rotation 
will  be  given  to  the  body.  The  fame  may  be  laid 
when  a body  defcends  along  a perfedly  fmooth  in- 
clined plane,  if  that  part  of  the  force  which  ads  in  a 
diredion  perpendicular  to  the  plane  (Art.  249)  be 
fupported  ; that  is,  if  a perpendicular  to  the  plane, 
drawn  from  the  center  of  gravity  of  the  body,  cut 
the  plane  in  a point  which  is  in  contad  with  the  body. 
If  this  part  of  the  force  be  not  luftained  by  the  plane, 
the  body  will  partly  roll  and  partly  hide,  till  this  force 
is  fuftained;  and  afterwards  the  body  will  wholly  flide. 
When  the  lateral  motion  is  entirely  prevented  by  the 
adhefion  of  the  body  to  the  plane,  we  have  before 
feen  on  what  fuppofition  the  body  will  roll  (Art.  1 86); 
if  the  adhefion  be  not  fufficient  to  prevent  all  lateral 
motion,  this  body  will  partly  flide  and  partly  roll  ; 
and  to  efrimate  the  fpace  defcribed,  the  time  of  it’s 
motion,  or  the  velocity  acquired,  we  muft  have  re- 
courfe  to  other  principles  than  thofe  above  laid  down. 
On  this  fubjed  the  Reader  may  confult  Mr.  Vince’s 
Plan  of  a Courfe  of  LeEiures,  p.  39. 

268.  When  a body  falls  freely  by  the  force  of 
gravity,  or  defcends  along  a perfedly  fmooth  inclined 
plane,  the  accelerating  force  is  the  fame  whatever  be 
the  weight  of  the  body  (Arts.  248.  249) ; confe- 
quently,  the  moving  force,  on  either  fuppofition,  is 
proportional  to  the  quantity  of  matter  moved.  In 
all  cafes,  the  accelerating  force  varies  as  the  moving 
force  diredly  and  the  quantity  of  matter  inverfely 
(Art.  24) ; and  when  the  moving  force  and  quantity  of 

matter 
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matter  moved  are  invariable,  the  accelerating  force  is 
uniform,  and  it’s  efTe&s  may  be  eftimated  by  the  rules 
laid  down  in  the  firft  part  of  this  Section. 

Ex.  If  two  bodies,  whofe  weights  are  P and  be 
connected  by  a firing,  and  hung  over  a fixed  pulley, 
to  find  how  far  the  heavier  P will  defcend  in  T". 

The  moving  force  of  gravity  is  proportional  to  the 
weight  ; if  therefore  P be  taken  to  reprefent  the  mov- 
ing force  of  the  former  body  when  it  defcends  freely, 
will  reprefent  the  moving  force  of  the  latter,  and 
P ~ reprefent  the  moving  force  when  the  bodies 

are  connected  and  oppofe  each  others  motion  ; hence, 
neglecting  the  inertia  of  the  firing  and  pulley,  the 
accelerating  force  of  gravity  : the  accelerating  force 

P-§) 


p P-9 

in  this  cafe  ::  — : -r, — 

P P + ^ 

00  £ IXI*: 

T*,  the  fpace  required. 


' P + $J 

* i-  i * * 

I 6 Ta 


and,  fince  FT* 


I 6 TT  X C— l^X 


p+^ 
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SECTION  VIII.- 


ON  THE  OSCILLATIONS  OF  BODIES  IN 
CYCLOIDS  AND  IN  SMALL 
CIRCULAR  ARCS. 


Prop.  LXV. 

269.  TF  a body  defcend  down  a fyjlern  of  inclined 
planes , the  velocity  acquired , on  the  fnppofition 
that  no  motion  is  lojl  in  puffing  from  one  plane  to  another , 
is  equal  to  that  which  would  be  acquired  in  falling  through 
the  perpendicular  height  of  the  fyftem. 

Let  A BCD  be  the  fyftem  of  planes;  draw  AE , 


DF  parallel  to  the  horizon;  produce  CBy  DC  till 

they 
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they  meet  AE  m G and  E and  draw  EF  perpen- 
dicular to  DF.  Then  the  velocity  acquired  by  a 
body  in  falling  from  A to  B , is  equal  to  that  which 
it  would  acquire  in  falling  from  G to  B , becaufe  the 
planes  AB,  G B have  the  fame  perpendicular  height 
(Art.  257)  ; and  fince,  by  the  fuppofition,  no  velocity 
is  loft  in  paffingfrom  one  plane  to  another,  the  body 
will  begin  to  defeend  down  BC  with  the  fame  velocitjr, 
whether  it  fall  down  AB  or  GB ; confequently,  the 
velocity  acquired  at  C will  be  the  fame  on  either  fup- 
pofition. Alfo,  the  velocity  acquired  at  C is  equal 
to  that  which  would  be  acquired  in  falling  down 
EC  (Art.  257) ; and  no  velocity  being  loft  at  C,  the 
body  will  begin  to  defeend  down  CD  with  the  fame 
velocity,  whether  it  fall  from  A through  B and  C to 
D,  or  from  E to  D ; and  the  velocity  acquired  in 
falling  down  ED  is  equal  to  the  velocity  acquired  in 
falling  through  the  perpendicular  height  EF  (Art-. 
258)  i therefore,  the  velocity  acquired  in  falling 
down  the  whole  fyftem,  is  equal  to  the  velocity 
acquired  in  falling  through  the  perpendicular  height 

of  the  fyftem. 

' \ 

Prop.  LXVI. 

270.  If  a body  fall  from  a fate  of  ref  down  a curve 
furface  which  is  perfeElly  fmooth , the  velocity  acquired  is 
equal  to  that  which  would  be  acquired  in  falling  through 
the  fame  perpendicular  height. 

When  a body  paffes  from  one  plane  AB  to  another 
JSC,  the  whole  velocity  : the  quantity  by  which  the 
velocity  is  diminifhed  : : radius  : the  verfed  fine  of  the 
L ABG  (Art.  221) ; when,  therefore,  the  angle  ABG 

is 
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is  diminifhed  without  limit,  the  velocity  loft  is  dimi- 
niflied  without  limit ; and  if  the  lengths  of  the  planes 
as  well  as  their  angles  of  inclination  JBG,  BCE  be 
continually  diminifhed,  the  fyftem  approximates  to  a 
curve  as  it’s  limit,  in  which  no  velocity  is  lofl ; con- 
fequently,  the  whole  velocity  acquired  is  equal  to  that 
which  a body  would  acquire  in  falling  through  the 
fame  perpendicular  altitude  (Art.  269)  *. 

271.  Cor.  1.  If  a body  be  proje&ed  up  a curve, 
the  perpendicular  height  to  which  it  will  rife  is  equal 
to  that  through  which  it  muft  fall  to  acquire  the 
velocity  of  projection. 

For 

• When  the  chord  of  an  arc  is  diminifhed  without  limit  with 
refpeft  to  the  diameter,  the  verfed  fine  is  diminifhed  without  limit 
with  refpedt  to  the  chord  ; becaufe,  the  diameter  : the  chord  ::  the 
chord  : the  verfed  fine ; hence,  the  ratio  of  the  diameter  to  the 
verfed  fine,  and  confequently,  the  ratio  of  the  radius  to  the  verfed 
fine,  is,  in  this  cafe,  indefinitely  greater  than  the  ratio  of  the 
diameter  to  the  chord.  Let  BC  be  one  of  the  evanefcent  planes, 
V the  velocity  of  the  defcending  body  at  B,  V+v  it’s  velocity 
at  C ; produce  CB  to  G,  and  let  GB  be  the  fpace  through  which 
the  body  muft  defcend  to  acquire  the  velocity  F ; then,  V : F-{- 
v ::  •/GB  : VGB  + BC ; and  when  GB  : BC  ::  the  radius  : an 

B C 

evanefcent  chord,  V : V+  v ::  GB  : GB  (Vid.  note,  page 

2> 

B C 

126.);  therefore,  F : <v  ::  GB  : ::  zGB  : BC.  Alfo,  F : 

the  velocity  loft  at  B ::  radius  : the  verfed  fine  of  the  angle  J BG. 
Hence  it  follows,  that  the  ratio  of  F to  the  velocity  loft  at  B,  is 
indefinitely  greater  than  the  ratio  of  F to  the  velocity  acquired  in 
the  defcent  from  B to  C ; and  confeqaently,  the  velocity  loft  at  B 
is  indefinitely  lefs  than  the  velocity  acquired  in  the  defcent  from  B 
to  C ; in  the  fame  manner,  the  velocity  loft  at  any  other  plane,  is 
indefinitely  lefs  than  the  velocity  acquired  in  the  defcent  down  that 
plane ; therefore,  the  velocity  loft  in  the  whole  defcent  is  indefi- 
nitely lefs  than  the  whole  velocity  acquired. 
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For  the  body  in  it’s  afcent  will  be  retarded  by  the 
fame  degrees  that  it  was  accelerated  in  it’s  defcent. 

272.  Cor.  2.  If  BAb  be  a curve  in  which  the 
loweft  point  is  A , and  the  parts  AB,  Ab  are  fimilar 
and  equal,  a body  in  falling  down  BA  will  acquire  a 


A 


velocity  which  will  carry  it  to  b ; and  lince  the  velo- 
cities at  all  equal  altitudes  in  the  afcent  and  defcent 
are  equal,  the  whole  time  of  the  afcent  will  be  equal 
to  the  time  of  defcent. 

273.  Cor.  3.  The  fame  propofition  is  true,  if  the 
body  be  retained  in  the  curve  by  a firing  which  is  in 
every  point  perpendicular  to  it.  For  the  firing  will 
now  fuflain  that  part  of  the  weight  which  was  before 
fuflained  by  the  curve  (Art.  117). 

* Prop.  LXVII. 

274.  The  times  of  defcent  dozvn  fimilar  fy ferns  of 
inclined  planes , fmilarly  ftuated , are  as  the  fquare  roots 
of  their  lengths , on  the  fuppoftion  that  no  velocity  is  lofi 
in  paJJing  from  one  plane  to  another. 

Let  ABCD,  abed , be  two  fimilar  fyflems  of  in- 
clined planes,  fimilarly  fituated;  that  is,  let  AB  : ab  :: 
BC  : be  ::  C D : cd ; the  Zs  ABC , BCD , refpec- 
tively  equal  to  the  Z s abc,  bed ; and  the  planes  AB, 
ab , equally  inclined  to  the  horizon.  Complete  ^he 
figures  as  in  the  lafl  propofition;  then,  fince  AB  : ab  :: 

BC  : 
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BC  : be  ::  CD  : cd,  we  have,  AB  : ab  ::  AB  + BC 
-\-CD  : ab-\-bc  + c.l  (Alg.  Art.  183);  and,  s/  A B : 
y/ ab  ::  y/ A B-\~  BC  -f-  C D : y/ a b be  + c d.  Alfo, 
fi nee  the  Ls  ABC,  abc  are  equal,  their  fupplements, 
the  L.%  ABG,  abg  are  equal;  and  the  angles  of  in- 
clination to  the  horizon  BAG,  bag  are  equal;  there- 
fore, the  As  ABG,  abg  are  fimilar,  and  AB  : BG 
::  ab  : bg;  alt.  AB  : ab  BG  ; bg  ::  BC  : 


be;  confequently,  BG  : bg  ::  BG-\-BC  (GC)  : bg-\- 
be  fge)  ::  AB  : ab.  In  the  fame  manner,  ED  : ed 
::  AB  : ab.  Then,  becaufe  the  planes  AB,  ab,  are 
equally  inclined  to  the  horizon,  the  time  of  defeent 
down  AB  : the  time  down  ab  ::  y/ AB  : y/  ab  (Art. 
261);  and  if  bodies  fall  down  GC,  gc,  the  time 
down  GC  : the  time  downer  ::  Y~GC  : Ygc  ::  Y AB 
: Yab:>  alfo,  the  time  down  GB  : the  time  down  gb 
::  s/GB  : y/ gb  ::  y/  AB  : y/ab;  hence,  the  whole 
time  down  GC  : the  whole  time  down  gc  ::  the 
time  down  GB  : the  time  down^£;  therefore, j the 
remainder,  the  time  down  BC  : the  remainder,  the 
time  down  be,  in  the  fame  ratio,  or  as  y/  AB  : y/ ab 
(Euc.  19.  5)  ; and  fince,  by  the  fuppofition,  no  mo- 
tion 


I 6o  ON  THE  OSCILLATIONS 

tion  is  loft  in  palling  from  one  plane  to  another,  the 
times  ofdefcent  down  BC  and  be  are  the  fame,  whether 
the  bodies  defeend  from  A and  a , or  from  G and  g ; 
confequently,  when  the  bodies  defeend  down  the 
fy Items,  the  time  down  BC  : the  time  down  be  :: 
\/  AB  : v/ ab.  In  the  fame  manner  it  may  be  fhewn 
that  the  time  down  CD  : the  time  down  c d ::  A B 
w ab.  Hence,  the  time  down  AB  : the  time  down 
ab  ::  the  time  down  BC  : the  time  down  be  ::  the 
time  down  CD  : the  time  down  cd ; therefore,  the 
time  down  AB-\-BC-\-CD  : the  time  down  ab-\-bc- f- 
cd  ::  the  time  down  AB  : the  time  down  ab  ::  Y AB 
: \/ ab  (Algebra,  Art.  183)  ::  */ AB+BC+CD  : 
✓ a b -f*  be  c d. 

275.  Cor.  1.  If  the  lengths  of  the  planes  and 
their  angles  of  inclination  ABG , BCEy  & c.  be  conti- 
nually diminifhed,  the  limits, 1 to  which  thefe  fyftems 
approximate,  are  fimilar  curves,  fimilarly  fituated,  in 
which  no  velocity  is  loft  (Art.  270) ; hence,  the  whole 
times  of  defeent  down  theie  curves  will  be  as  the 
fquare  roots  of  their  lengths. 

276.  Cor.  2.  The  times  of  defeent  down  fimilar 
circular  arcs,  fimilarly  fituated,  are  as  the  fquare  roots 
of  the  arcs,  or  as  the  fquare  roots  of  their  radii. 

277.  Def.  If  a circle  be  made  to  roily  in  a given 
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plane,  upon  a ftraight  line  AB,  the  point  C in  the 
circumference,  which  was  in  contaft  with  AB  at  the 
beginning  of  the  motion,  will,  in  a revolution  of  the 
circle,  deferibea  curve  ACEB  called  a cycloid. 

The  line  AB  is  called  the  bafe  of  the  cycloid. 

The  circle  HCD  is  called  the  generating  circle. 

The  line  FE,  which  is  drawn  b\fe£t\ngAB  at  right 
angles,  and  produced  till  it  meets  the  curve  in  E,  is 
called  the  axis,  and  the  point  E,  the  vertex , of  the 
cycloid. 

278.  Cor.  1.  The  bafe  AB  is  equal  to  the  circum- 
ference of  the  generating  circle  ; and  AF  to  half  the 
circumference. 

279.  Cor.  2.  The  axis  FE  is  equal  to  the  diameter 
of  the  generating  circle. 

When  the  generating  circle  comes  to  F,  draw  the 
diameter  Fx , which  will  be  perpendicular  to  AB 
(Euc.  18.3)  ; and  becaufe  the  circle  has  completed 
half  a revolution,  x is  the  generating  point ; that  is,  x 
is  a point  in  the  cycloid,  or  x coincides  with  E. 

Prop.  LXVIII. 

' T . 

280.  If  a line  CGK , drawn  from  any  point  C in  the 
cycloid,  parallel  to  the  bafe  A B,  meet  the  generating  circle , 
deferibed  upon  the  axis , in  G,  the  circidar  arc  EG  is  ecyual 
to  the  right  line  C G. 

< A ry-.  > «.,/ 

Let  the  generating  circle  HCD  touch  the  bafe  in  D 
when  the  generating  point  is  at  C ; draw  DH  perpen- 
dicular to  AB,  and  it  will  be  the  diameter  of  the  circle 
HCD  (Euc.  19.  3),  and  therefore  equal  to  FE  ; join 
CH,  GE i and  fince  DH=  FE,  and  DI=FK  (Euc. 
r VOL.  III.  L 34. 


l6z  ON  THE  OSCILLATIONS 

34.  1),  the  remainders  IH  and  KE  are  equal;  con- 
fequently.  Cl,  which  is  a mean  proportional  between 


HI  and  ID  (Euc.  Cor.  8.  6),  is  equal  to  GK, 
which  is  a mean  proportional  between  E K and  KF ; to 
each  of  thefe  equals  add  IG,  and  CG  = IK.  Alfo, 
CH,  which  is  a mean  proportional  between  IH  and 
HD,  is  equal  to  GE,  which  is  a mean  proportional 
between  EK  and  EF ; therefore,  the  arc  CH  = the  arc 
GE  (Euc.  28.  3)  ; and  fince  every  point  in  CD  has 
been  fuccefiively  in  contad  with  AD,  CD  = AD,  and 
HCD  = AF  (Art.  278)  ; hence,  the  arc  CH=DF ; 
therefore,  the  arc  EG  = DF— IK—CG. 


Prop.  LXIX. 

281.  If  a line  LM,  drazvn  from  L parallel  to  the 
lafe  AB,  meet  the  generating  circle  defer ibed  upon  the 
axis  in  M,  and  EM  be  joined,  the  tangent  to  the  cycloid 
at  the  point  L is  parallel  to  the  chord  EM. 

Draw  5 R parallel  and  indefinitely  near  to  LM;  join 
EM,  RM,  SL  ; produce  EM  till  it  meets  SR  in  P ; 
draw  EN,  MN  touching  the  circle  in  E and  M,  and 
meeting  each  other  in  N. 


Then 
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Then  fince  RM  is  ultimately  in  the  dire&ion  of  the 


tangent  MN  (Newt.  Lem.  6),  the  angles  RMP , 
EMN  are  equal ; and  becaufe  EN  is  parallel  to  RS 
(Euc.  18.  3),  the  angles  MPR , MEN  are  equal; 
therefore,  the  As  EMN , RMP  are  equi-angular, 
and  EN  : MN  ::  RP  : RA1-,  and  fince  EN =NM, 
RP  = RM= the  arc  RM  (Newt.  Lem.  7).  Again, 
fince  the  arc  EMR  = RS  (Art.  280),  and  RM— 
RP,  the  remainders,  the  arc  EM  and  PS  are  equal ; 
alfo,  ML=  the  arc  EM,  therefore,  PS  — ML  ; con- 
fequently,  SL  is  equal,  and  parallel  to  PM  (Euc. 
33.  1);  and  fince  SL  is  ultimately  in  the  direction 
of  the  tangent  at  L (Newt.  Lem.  6),  MP,  or  EAT, 
is  parallel  to  the  tangent  at  L. 

282.  Cor.  The  tangent  to  the  cycloid  at  B or  A, 
is  perpendicular  to  AB . 


Prop.  LXX. 

283.  Phe  fame  conjlruttion  being  made , the  cycloidal 
arc  EL  is  double  of  E M the  correfponding  chord  of  the 
generating  circle  defer ibed  upon  the  axis. 


t 


L 2 


Join 
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- Join  ER,  and  in  EP  take  Eo  = ER-,  join  Ro. 
Then,  when  the  arc  MR , and  confequently  the  angle 
MER,  is  diminished  without  limit,  the  fum  of  the 
angles  ERot  EoR  approximates  to  two  right  angles 
as  it’s  limit ; and  thefe  angles  are  equal  to  each  other; 
therefore,  each  of  them  is  a right  angle  ; and  fince  the 
angles  RMo , RoM  are  refpedively  equal  to  RPo, 
RoP , and  Ro  is  common  to  the  As  RoM,  RPo, 
Mo  = oP , and  MP  = 2 Mo  ; alfo,  Mo  (ER  — EM) 
is  the  quantity  by  which  the  chord  EM  increafes, 
whilft  the  cycloidal  arc  EL  increafes  by  LS ; and  it 
appears  from  the  demonstration  of  the  laft  proposition 
that  MP  = LS  = arc  LS  (Newt.  Lem.  7);  therefore, 
the  arc  LS  = zMo  ; or,  the  cycloidal  arc  EL  increafes 
twice  as  fall  as  the  corresponding  chord  EM-,  and 
they  begin  together  at  E-,  confequently,  the  cycloidal 
arc  EL  is  double  of  EM,  the  correfponding  chord 
qf  the  generating  circle. 

- 284..  Cor.  The  whole  femi-cycloidal  arc  EB  i$: 
equal  to  twice  the  axis  EF. 

•[  1 rj  - i tk  u ' ,i  < ' i,,  ; 1 

Prop.  LXXI. 

..285.  To  make  a body  ojcillate  in  a given  cycloid. 

’■  v-'  ■ 

Let  AVB  be  the  given  cycloid,  placed  with  it’s 
vertex  downwards,  and  it’s  axis  DV  perpendicular  to 
the  horizon.  Produce  VD  to  C,  making  DC  — VD-, 
complete  the  redangles  DE,  DF;  upon  AE  defcribe 
a femicircle  AGE,  and  with  A as  the  generating  point, 
and  bafe  EC,  defcribe  a femi-cycloidz/TC;  this  will  pals 
through  the  point  C,  becaufe  the  femi-circumference 
AGE  = DHV  = AD  = EC ; in  the  fame  manner, 

defcribe 
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defcribe  an  equal  femi-cycioid  between  C and  B. 


Then,  if  a body  P be  fufpended  at  C by  a firing 
whofe  length  is  CP  or  CPA  (Art.  284),  and  made  to 
vibrate  between  the  cycloidal  cheeks  CA,  CB , it  will 
always  be  found  in  the  cycloid  A VB. 

Let  the  firing  be  brought  into  the  fituation  CPP,  and 
..lince  it  is  conllantly  flretched  by  the  gravity,  and  the 
centrifugal  force  of  P,  it  will  be  a tangent  to  the  cycloid 
at  the  point  T where  it  leaves  the  curve.  From  P and 
P draw  P GW , P HR  parallel  to  AD  ; join  AG,  GE , 
DH , HV and  through  K draw  xKy  perpendicular 
to  fG  or  PH.  Then,  fince  the  chord  AG  is  parallel 
to  PP  (Art.  281),  and  PG  is  parallel  to  AK,  the 
figure  GK  is  a parallelogram,  and  AG  — PK,  GP = 
AK  ; and  becaufe  the  length  of  the  firing  is  equal  to 
CPA , and  the  part  CP  is  common  to  the  firing  and 
the  cycloidal  arc,  PP  = AP=z  AG  (Art.  283)  = 
'iPK',  ov  PK=KP  hence,  the  As  PKx,  PKy  are 
fimilar  and  equal,  and  Kx  = Ky,  alfo,  Kx  = AW 
-and  Kyz^ER  ; therefore,  AW  = DR , and  AE  = DV\ 
hence,  the  arc  ^G  = the  arc  DH and  the  t-GEA 

1 3 =;  the 
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= the  Z.  UVD ; or,  the  lGAK=  the  L.KDH 
(Euc.  32.  3)  ; confequently,  AG  is  parallel  to  DH\ 
and  therefore,  TP  is  parallel  to  DH,  and  the  figure 
KPHD  is  a parallelogram  ; hence,  KD  — PH.  Again, 
fince  the  arc  AG  = GT  (Art.  280)  = AK,  the  arc  j DH 
= AK  ; and  the  femi-circumference  DHV  = AD  ; 
therefore,  the  arc  VH=KD  = HP ; that  is,  P is  in 
the  cycloid,  whofe  axis  is  DV , and  vertex  V (Art. 
280). 

286.  Cor.  1.  Since  DH  is  parallel  to  TP,  and  VH 
to  the  tangent  at  P,  the  angle  contained  between  TP 
and  the  tangent,  or  between  T P and  the  curve,  is 
equal  to  the  angle  DHV  j that  is,  TP  is  always  per- 
pendicular to  the  curve. 

287.  Cor.  2.  If  Pp  be  an  evanefcent  arc,  the  per- 
pendiculars to  the  curve  at  P and  p , ultimately  meet 
in  T ; and  Pp  may  be  confidered  as  a circular  arc 
whofe  radius  is  TP. 

288.  Cor.  3.  An  evanefcent  arc  at  the  vertex  of 
the  cycloid  may  be  confidered  as  a circular  arc  whofe 
radius  is  CV. 

289.  Def.  If  a body  begin  to  defcend  in  a curve* 
from  any  point,  and  again  afcend  till  it’s  velocity  is 
deftroyed  (Art.  272),  the  time  in  which  the  motion 
js  performed  is  called  the  time  of  an  of  dilation. 

Prop.  LXXII. 

290.  If  a body,  vibrating  in  the  cydoid  AVB , begin 
to  defcend  from  Z,  the  velocity  acquired  at  any  point  M 
varies  as  ^ V L1  — V M~ ; or , as  the  right  fine  of  a cir- 
cular arc  whofe  radius  is  equal  to  VL,  and  verfed  fine 
to.  LM. 

From 


/ 
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From  the  points  L and  M,  draw  LOR,  MQS,  at 
right  angles  to  DV , meedng  the  circle  DOV  in  O 


and  join  OF,  §>V ; with  the  radius  VI—  VL, 
defcribe  the  femicircle  IZp,  and  take  Im  = LM\ 
draw  mx , VZ  at  right  angles  to  VI ; and  join  Vx. 

The  velocity  acquired  in  the  defcent  from  L to  M, 
is  equal  to  the  velocity  acquired  in  falling  from  R to 
S (Art.  270) ; and  therefore  it  varies  as  y/llS  (Art. 
241);  that  is,  o c\/ RV-  SV oc  Y DVxRV—  DVxSV 
(becaufe  D V is  invariable),  oc  y/FO1-  V §>J  oc 
v/4FO*-4^  oc  y /VL'-VMZ  (Art.  283),  oc 
y/VV  — Vm'oc  s/Vx* - Vm'oc^/ mx*ocmx. 

291.  Cor.  The  velocity  at  M : the  velocity  at  V 
::  mx  : VZ  ::  mx  : V x. 

l 4 ' Prop. 
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Prop.  LXXIII. 

292.  The  time  of  an  of  dilation  in  the  arc  LVP  is 
equal  to  the  time  in  which  a body  woidd  defcribe  the  femi - 
circumference  IZp  with  the  velocity  acquired  at  V conti- 
nued uniform. 


Let  MN  be  a very  fmall  arc,  and  take  mn  = MN  ; 
draw  nt , xr,  refpectively  parallel  to  mx  and  VI ; 
and  fuppofe  a body  to  defcribe  the  circumference  IZp 
with  the  velocity  acquired  at  V continued  uniform. 
Then,  when  MN  is  diminifhed  without  limit,  the 
velocity  with  which  it  is  defcribed  : the  velocity 
with  which  xt  is  defcribed  ::  mx  : VZ  (Art.  291)  ; 
therefore  the  time  of  defcribing  MN  : the  time  of 

defcribing  xt 


MN 


xt  xr  xt  . . 

i5dArt-  is)- 


mx  VZ  ” mx  ' Vx 
Now,  the  As  Vxm,  xrt  are  ultimately  fimilar,  and 


Vx  : mx  ::  xt  : xr 


x r x t 

therefore  — = confequently, 

ti  l A/  r 

the  time  of  defcent  down  MN,  is  equal  to  the  time 
of  defcribing  the  correfponding  circular  arc  xt  with 
the  velocity  VZ  ; and  the  fame  may  be  proved  of  all 
other  correfponding  arcs  in  the  cycloid  and  the  circle; 
therefore,  the  whole  time  of  an  ofcillation  is  equal  to 
the  time  of  defcribing  the  femi-circumference  IZp , 
with  the  velocity  acquired  at  V continued  uniform. 


Prop.  LXXIV. 

r 

293.  The  time  of  an  ofcillation  in  a cycloid  is  to  the 
time  of  defcent  down  it's  axis , as  the  circumference  of  a 
cir(le  to  it's  diameter . 

• If 
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If  a body  fall  down  the  chord  OV , the  velocity 
acquired  at  V is  equal  to  the  velocity  in  the  cycloid  at 
V (Art.  270)  ; and  with  this  velocity  continued  uni- 
form, the  body  would  defcribe  2 OF,  or  VL,  or  VI, 
in  the  time  of  defcent  down  OV  (Art.  237) ; that  is, 
in  the  time  of  defcent  down  DV  (Art.  264).  It 


-appears  then,  that  the  time  of  an  ofcillation  is  equal 
to  the  time  of  defcribing  IZp  with  the  velocity  ac- 
quired in  the  cycloid  at  V (Art.  292);  and  that 
the  time  of  defcent  down  the  axis  DV  is  equal  to 
the  time  of  defcribing  VI  with  the  fame  velocity; 
therefore,  the  time  of  an  ofcillation  : the  time  of 
defcent  down  the  axis  ::  the  time  of  defcribing  the 
circumference  IZp,  with  the  velocity  VZ  : the  time 
of  defcribing  VI  with  the  fame  velocity  ::  IZp  : VI 
(Art.  13!  ::  2 IZp  : 2 VI  the  circumference  of  a 
circle  : it’s  diameter, 

294.  Cor, 
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294.  Cor.  1.  The  time  of  an  ofcillation  in  a given 
cycloid,  at  a given  place,  is  the  fame,  whether  the 
body  ofcillate  in  a greater  or  a fmaller  arc. 

For,  the  time  of  an  ofcillation  bears  an  invariable 
ratio  to  the  time  of  defeent  down  the  axis,  which,  in 
a given  cycloid,  is  given.  * 

295.  Cor.  2.  The  time  of  an  ofcillation  inafmall 
circular  arc  whofe  radius  is  CV,  is  to  the  time  of  de- 
feent down  j-  CV,  as  the  circumference  of  a circle  to 

1 a 

it’s  diameter. 

For,  the  time  of  an  ofcillation  in  this  circular  arc 
is  equal  to  the  time  of  an  ofcillation  in  an  equal  arc 
of  the  cycloid  AVB  (Art.  288). 

296.  Cor.  3.  The  time  of  an  ofcillation  in  a 
cycloid,  or  fmall  circular  arc,  when  the  force  of  gra- 
vity is  given,  varies  as  the  fquare  root  of  the  length 
of  the  firing. 

For,  the  time  of  an  ofcillation  varies  as  the  time 
of  defeent  down  half  the  length  of  the  firing ; that 
is,  as  the  fquare  root  of  half  the  length  of  the  firing, 
or  as  the  fquare  root  of  it’s  whole  length. 

Ex.  1.  To  compare  the  times  in  which  two  pen- 
dulums vibrate,  whofe  lengths  are  4 and  9 inches. 

Since  2"  oc  </ L,  we  have  T : t ::  ^4  : ^9  ;;  % 

• 3- 

Ex.  2.  If  a pendulum,  whofe  length  is  39.2  inches, 
vibrate  in  one  fecond,  in  what  time  will  a pendulum 
vibrate  whofe  length  is  L inches  ? 

s/  39 . 2.  : </  L ::  1 : T = \f——  , the  time 

39,2 

required,  in  feconds. 

Ex. 
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Ex.  3.  To  compare  the  lengths  of  two  pendulums, 
whole  times  of  ofcillation  are  as  1 to  3 . 

Since  Toc^/Z,  T'ocL-,  therefore,  1:9  ::  L : l, 

297.  Cor.  4.  The  number  of  ofcillations,  which 
a pendulum  makes  in  a given  time,  at  a given  place, 
varies  inverfely  as  the  fquare  root  of  it’s  length. 

Let  n be  the  number  of  ofcillations,  t the  time  of 
one  ofcillation ; then,  nt  is  the  whole  time,  which, 

by  the  fuppofition,  is  given ; therefore,  «oc  i (Alg. 
Art.  206),  and/ccy/L;  confequently,  «oc— 


Ex.  1.  If  a pendulum,  whofe  length  is  3 9-.  2 inches, 
vibrate  feconds,  or  60  times  in  a minute,  how  often 
will  a pendulum  whofe  length  is  10  inches  vibrate  in 
the  fame  time  ? 


Since  noc—- we  have  v/10  : v^39-2  ::  60  : 60 
v ^ 

Xt/3-9 2 = 1 1 8.S,  nearly,  the  number  of  ofcillations 
required. 


Ex.  2.  If  a pendulum,  whofe  length  is  39.2  inches, 
vibrate  feconds,  to  find  the  length  of  a pendulum 
which  will  vibrate  double  feconds,  or  30  times  in  a 
minute. 


Since  noc  , we  have,  Loc~  -9  and  in  this  cafe, 
y/L  n 

Jo'1  : 6o\*  ::  39.2  : L = 4X 39.2  = 156.8  inches, the 
length  required. 


Ex. 
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Ex.  3.  To  find  how  much  the  pendulum- of  a 
clock  which  lofe?  one  fecond  in  a minute,  ought  to 
be  fhortened. 

Since  the  pendulum  vibrates  59  times,  whilil  a pen- 
dulum of  39.2  inches  vibrates  60  times,  it’s  length 
niay  be  found  as  in  the  laft  example  ; "59V  :~6o^2  :: 
39.2  : 40.5,  it’s  length  ; and  it  ought  to  be  39.2 
inches;  therefore,  40.5  — 39.2,  or  1.3  inches,  is  the 
quantity  by  which  it  ought  to  be  fhortened,  in  order 
that  it  may  vibrate  feconds. 

♦ , . t 

298.  Cor.  5.  If  the  force  of  gravity  be  not  given, 
the  time  of  an  ofcillation  varies  as  the  fquare  root  of  the 
length  of  the  pendulum  diredlly,  and  as  the  fquare 
root  of  the  force  of  gravity  inverfely. 

For,  the  time  of  an  ofcillation  varies  as  the  time  of 
defcent  down  half  the  length  of  the  ftring  ; and  in 
general,  the  time  of  defcent  through  any  fpace 


oc 


/s 


(Art.  240);  in  this  cafe,  S =1 L ; therefore 
F 

ri 

Soc  L,  and  the  time  of  defcent  oc  v / _ ; hence  T, 

P 


>/? 


the  time  of  an  ofcillation,  oc 

299.  Cor  6.  If  the  length  of  the  pendulum  be 

given,  T'oc  and  Foc.~. 

* s/F  . F 

The  time  in  which  a given  pendulum  vibrates,  in-' 
creafes  as  it  is  carried  from  a greater  latitude  on  the 
Earth’s  furface  to  a lefs;  therefore,  the  force  of  gra- 
vity decreafes  as  the  latitude  decreafes. 

300.  Cor.  7.  The  force  of  gravity  at  the  Equator 
: the  force  of  gravity  at  any  propofed  latitude  ::  the 

length 
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length  of  a pendulum  which  vibrates  feconds  at  the* 
Equator  : the  length  of  a pendulum  which  vibrates- 

feconds  at  the  propofed  latitude. 

•*  1 • . 

For,  Toe  y/  — ; if  therefore-  ST  be  given,  y/FoiV 


i':a 


v/  L,  or  FocL. 

301.  Cor.  8.  If  the  chord  BV  * be  drawn,  the* 
time  of  defeent  down  the  cycloidal  arc  BV  : the  time 
of  defeent  down  the  chord  ::  DB  : BV. 

For,  the  time  of  defeent  down  the  arc  BV  is  equal 
to  half  the  time  of  an  ofcillation  (Art.  272)  ; there- 
fore, the  time  of  defeent  down  the  arc  BV  : the  time 
of  defeent  down  DV  ::  half  the  circumference  of  a 
circle  : it’s  diameter  ::  D B : D V ; alfo,  the  time  of 
defeent  down  DV  : the  time  of  defeent  down  the 


chord  BV  ::  DV  : BV j therefore,  ex  tequo,  the  time 
of  defeent  down  the  arc  BV  : the  time  of  defeent 
down  the  chord  ::  DB  : BV. 


rU/u. 


Prop.  LXXV. 


302.  Flie  fpace  through  which  a body  falls  by  fh& 
force  of  gravity  in  the  time  of  an  ofcillation  in  a cycloid , 
or  fmall  circular  arc,  is  to  half  the  length  of  the  pendulum, 
as  the  fquare  of  the  circumference  of  a circle  to  the  fquarr 
of  it's  diameter.  . vV, 

The  fpaces  through  which  bodies  fall  by.  the  a&ion 
of  the  fame  uniform  force  are  as  the  fquares  of  the 
times  (Art.  241) ; and  fince  the  time  of  an  ofcillatiori 
* time  of  defeent  down  half  the  length  of  the  pen- 
dulum ::  the  circumference  of  a circle  : it’s  diameter, 
the  fpace  fallen  through  in  the  time  of  an  ofcillation  : 

half 

* The  line  BV  is  wanting  in  the  figure. 
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half  the  length  of  the  pendulum  ::  the  fquare  of  the 
circumference  of  a circle  : the  fquare  of  it’s  diameter. 

Ex.  To  find  how  far  a body  will  fall  by  the  force 
of  gravity  in  one  fecond,  where  the  length  of  the 
pendulum,  which  vibrates  feconds,  is  39.2  inches. 

The  circumference  of  a circle  : it’s  diameter  :: 


3,I4I59 

in  one  fecond 


1 -j  confequently,  the  fpace  fallen  through 


39*2 


3.14159'*  : 1;  hence,  the  fpace 


fallen  through  is  19.6X  3.14159^*  = 193  inches,  or 
1 6 tV  feet,  nearly. 

If  the  arc,  in  which  a body  ofcillates,  be  diminifhed, 
the  effedt  of  the  air’s  refiftance  is  diminifhed ; and 
when  the  arc  is  very  fmall,  this  refiftance  does  not 
fenfibly  diminifh  the  time  of  an  ofcillation.  By  ob- 
ferving,  therefore,  the  length  of  a pendulum  which 
vibrates  feconds  in  very  fmall  arcs,  we  determine  the 
fpace  through  which  a body  would  fall  in  vacuo  in 
one  fecond,  with  fufficient  accuracy  for  all  practical 
purpofes. 

Prop.  LXXVI. 

303.  The  time  of  dejcent  to  the  lowejl  point  in  a fmall 
circular  arc  is  to  the  time  of  defcent  down  it's  chord , as 
the  circumference  of  a circle  to  four  times  the  diameter . 

Let  AB  be  the  arc,  C it’s  center,  BD  the  diameter 
perpendicular  to  the  horizon,  T the  time  of  defcent 
down  the  arc  AEB , t the  time  of  defcent  down  the 
chord,  C the  circumference  of  a circle,  D it’s  diameter. 
Then,  iTis  the  time  of  an  ofcillation  of  the  pendulum 

CB 

CB  j therefore,  2 T : the  time  down  - — ::  C : D (Art. 

2r 

295); 


2 
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' CB 

29 5)  j and  the  time  down  — : the  time  down  DB , 


or  AB , ::  1 : 2 (Art.  241) ; therefore,  zT : the  time 

down  AB  (t)  ::  C : 2 D,  and  T : t ::  C : 4 D. 

■ 

Prop.  LXXVII. 

304.  The  force  which  accelerates  or  retards  a body's 
motion  in  a cycloid  varies  as  the  arc  intercepted  between 
the  body  and  the  lowejl  point. 

\ \ ? ^ 

Let  D V reprefent  the  whole  force  of  gravity,  from 


P draw  PH  parallel  to  AD  meeting  the  circle  DHV 
jn  Hi  join  DH}  HP.  Then, 
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Then,  the  whole  force  DV , which  a6ts  upon  the 
body  at  P,  maybe  refolved  into  the  two,  DII,  HV ; of 
which,  DH  is  in  the  direction  of  the  firing,  and  there- 
fore neither  accelerates  nor  retards  the  motion  of  P; 
and  HV  is  in  the  direction  of  the  tangent  at  P (Art. 
281),  and  therefore  wholly  employed  in  accelerating 
or  retarding  the  motion  in  the  curve ; confequently, 
the  force  of  gravity  : the  accelerating  force  ::  DV  : 
HV and  fince  the  force  of  gravity,  and  DV  are 
invariable,  the  accelerating  force  ocHVoczHVocPV 
(Art.  283). 

305.  Cor.  1.  If  a body  move  in  any  line,  and  be 
aCted  upon  by  a force  which  varies  as  the  didance  from 
the  lowed  point,  the  motion  of  this  body  will  be  fimilar 
to  the  motion  of  a body  ofcillatjng  in  a cycloid. 

For,  if  an  arc,  meafured  from  the  Vertex  of  a 
cycloid,  be  taken  equal  to  the  line,  arid  the  acce- 
lerating forces,  in  the  line  and  the  cycloid,  at  thefe 
equal  didances  from  the  lovved  points,  be  equal,  they 
will  always  be  equal,  becaufe  they  vary  according  to 
the  fame  law ; and  the  bodies,  being  impelled  by 
equal  forces,  will  be  equally  accelerated,  and  defcribe 
equal  fpaces  in  any  given  time. 

306.  Cor.  2.  The  time  of  defcent  to  the  lowed 
point  in  the  line  will  always  be  the  fame,  from  what- 
ever place  the  body  begins  to  fall. 

307.  Cor.  3.  If  the  didance  of  the  body  from  the 
lowed  point  at  the  beginning  of  the  defcent,  be 
made  the  radius,  the  velocity  acquired  will  be  repre- 
fented  by  the  right  fine,  and  the  time  by  the  arc, 
whofe  verfed  fine  is  the  fpace  fallen  through. 


Prop; 
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Prop.  LXXVIII. 

308.  If  a,  body  vibrate  in  a circular  arc , the  force 
zvhic/i  accelerates  or  retards  it's  motion  varies  as  the  fine 
of  it's  difance  from  the  loweft  point. 

■ Let  a body  ofcillate  in  a circular  arc  whofe  radius 
is  AC  ; from  the  center  C,  and  A the  place  of  the 
body,  draw  CB , AE  perpendicular  to  the  horizon. 


and  take  AE  to  reprefent  the  force  of  gravity; 
draw  AD  perpendicular  to  CB,  and  EF  perpendi- 
cular to  A F which  is  a tangent  to  the  circle  at  A . 
Then,  the  force  AE  is  equivalent  to  the  two  AFy 
FE\  of  which  FE  is  perpendicular  to  the  tangent 
AF,  or  in  the  dire<5tion  of  the  radius  CA , and  can 
neither  accelerate  nor  retard  the  motion  of  the  body  ; 
the  other,  AF,  is  in  the  direction  of  the  tangent,  and 
is  wholly  employed  in  accelerating  or  retarding  the 
body’s  motion;  therefore,  the  force  of  gravity  : the 
accelerating  force ::  AE  : AF , that  is,  from  the  fimilar 
As  AEF,  CAD , ::  CA  : AD ; and  confequently, 
Vol.  III.  M the 
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the  accelerating  force  = 


gravity  X AD 
AC  J 


in  which  ex- 


preffion,  gravity  and  the  radius  AC  are  invariable ; 
therefore,  the  accelerating  force  varies  as  A D. 

309.  Cor.  1.  If  the  accelerating  force  were  pro- 
portional to  the  arc,  the  ofcillations,  whether  in 
greater  or  fmaller  arcs,  would  be  performed  in  equal 
times  (Art.  306) but,  fince  the  line  does  not  increafe 
as  fall  as  the  arc,  the  force  in  the  greater  arc  is  lefs 
than  that  which  would  be  fufficient  to  make  the  time 
of  ofcillation  equal  to  the  time  in  the  fmaller  arc  ; 
therefore,  the  time  of  ofcillation  in  the  greater  cir- 
cular arc  is  greater  than  in  the  lefs. 

310.  Cor.  2.  Call  F the  force  in  the  dire&ion 
AE,  then  fince  AC  is  invariable,  the  accelerating  force 
in  the  curve  oc  F X AD  ; and  if  Fx  ADoeAB,  or 

AB 

Foe— — } the  accelerating  force  varies  as  AB,  and 
AD 


the  times  of  ofcillation  in  different  arcs  are  equal  (Art. 
306). 


SCHOLIUM. 


SCHOLIUM. 


3 1 1 . In  this  Seftion  we  have  confidered  the  vibra- 
tions of  a fimple  pendulum  only,  or  of  a fingle  particle 
of  matter,  fufpended  by  a firing  the  gravity  of  which 
is  neglected:  The  proportions  are  indeed  applicable 
in  practice,  when  the’diameter  of  the  body  is  fmall 
with  refpedt  to  the  length  of  the  firing  by  which  it 
is  fufpended,  and  the  weight  of  the  firing  inconfider- 
able  when  compared  with  the  weight  of  the  body. 
That  the  conclufions  are  not  flridtly  true  in  this  cafe, 
is  evident  from  the  confederation  that  two  particles  of 
matter,  at  different  diflances  from  the  axis  of  fufpen- 
fion,  do  not  vibrate  in  the  fame  time  (Art.  296) ; and 
confequently,  that  when  they  are  connected  together, 
they  affect  each  other’s  motion  ; thus,  the  time  o£ 
vibration  of  the  two  particles  when  united,  is  different 
from  the  time  in  which  either  would  vibrate  alone. 

The  method  of  determining  the  time  of  vibration 
of  a compound  pendulum,  the  Reader  will  find  in 
the  Principles  of  Fluxions , Art.  63  ; to  which  place  he 
is  alfo,  referred  for  the  invefligation  of  the  rules  for 
determining  the  centers  of  Gyration , and  PercuJJion  $ 
queflions  properly  belonging  to  Mechanics,  but 
inferted  in  that  part  of  the  Work,  becaufe  the  rules 
cannot  eafily  be  applied  to  the  determination  of  thole 
points,  even  in  the  mofl  fimple  cafes,  without  the 
affiftance  of  the  fluxional  calculus. 
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312.  To  avoid  the  introduction  of  analytical 
demonftrations  in  fubjeCts  profefTedly  geometrical, 
Sir  I.  Newton  and  other  Writers,  have  had  recourfe 
to  indefinitely  fmall  or  evanefcent  increments,  which 
continually  approximate  to  the  true  increments  of 
the  quantities  whofe  finite  values  are  required.  This 
method  may  be  applied  with  fuccefs  in  all  cafes  where 
the  difference  between  the  affumed  and  the  true  incre- 
ments continually  decreaies,  and  at  length  vanifhes, 
with  refpeCt  to  the  increments  themfelves ; or,  which 
amounts  to  the  fame  thing,  when  the  ratio  which  the 
fum  of  the  differences  bears  to  one  of  the  increments, 
does  not  exceed  a finite  ratio  : for,  by  obferving  the 
limit  to  which  the  fum  of  the  affumed  increments 
approaches,  when  their  number  is  increafed  and  their 
magnitudes  are  diminifhed  in  infinitum,  it  is  evident 
that  the  fum  of  the  real  increments  is  obtained.  In 
the  fame  manner,  when  there  are  two  ranks  of  quan- 
. titles,  in  which  the  affumed  increments  continually 
approximate  to  the  real  increments,  as  in  the  former 
inftance,  and  the  limiting  ratio  of  the  fums  of  the 
affumed  increments  in  thele  cafes,  when  their  numbers 
are  increafed  and  their  magnitudes  diminifhed  without 
limit,  is  obtained,  the  exaft  ratio  of  the  quantities 
themfelves  is  obtained.  Thefe  propofitions  are  laid 
down  by  Sir  I.  Newton  in  the  firft  Seftion  of  the 
Principia,  Lem.  3d.  and  4th.  and  the  fame  mode  of 
j-eafoning  has  been  applied  in  Art.  292  to  compare 
the  time  of  an  ofcillation  in  the  cycloid  B V A,  with 
the  time  of  defcribing  the  arc  IZp  with  the  velocity 
acquired  at  V continued  uniform.  In  this  Art.  it 
is  fuppofed  that  the  time  of  defcribing  MN,  with 

the 


the  uniform  velocity  w*,  is  the  increment  of  the 
former  rime,  and  that  the  time  of  defcribing  xt>  the 
fide  of  a triangle  fimilar  to  Vxm , with  the  velocity 
VZ , is  the  increment  of  the  latter ; thefe  ajjumed  in- 
crements, it  is  manifeft,  differ  from  the  true  incre- 
ments of  the  times  under  confideration  ; but  when 
they  are  diminifhed  without  limit,  they  differ  from 
them  by  quantities  which  are  evanefcent  with  refpedt 
to  the  whole  increments,  and  therefore  by  determining 
the  limiting  ratio  of  the  fums  of  the  affumed  incre- 
ments, we  obtain  the  ratio  of  the  adual  times  of 
defcribing  the  correfponding  ^rcs. 


I 
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ON  THE  MOTION  OF  PROJECTILES. 


Prop.  LXXIX. 

; 

313.  yj  Body  projected  in  any  direction,  not  perpendi - 
cular  to  the  horizon , will  defcribe  a parabola^ 
on  fnppojition  that  the  force  of  gravity  is  uniform , and  ails 
in  parallel  lines , and  that  the  motion  is  not  affetted  by  the 
reffance  of  the  air . 

Let  a body  be  projected  from  A in  the  direction 
AEy  from  which  point  draw  ABF  perpendicular  to 
the  horizon ; alfo,  let  A E be  the  fpace  over  which 
the  velocity  ofprojeftion  would  carry  the  body  in  any 
time  Ty  and  AB  the  fpace  through  which  the  force  of 
gravity  would  caufe  it  to  defcend  in  the  fame  time; 
complete  the  parallelogram  AC ; then,  in  confequence 
of  the  two  motions,  the  body  will  be  found  in  C at  the 
end  9f  that  time.  For,  the  motion  in  the  direction 

AE 
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AE  can  neither  accelerate  nor  retard  the  approach  of 
the  body  to  the  line  BC  (Art.  29) ; therefore,  at  the 
end  of  the  time  T>  the  body  will  be  in  the  line  BC  i 


E 


and,  by  the  fame  mode  of  reafoning,  it  appears  that 
it  will  be  in  the  line  EC  at  the  fame  time ; confe- 
quently,  it  will  be  at  C,  the  point  of  their  interfedlion, 
at  the  end  of  the  time  T.  Now,  fince  AE  is  the 
fpace  which  would  be  defcribed  in  the  time  T,  with 
the  velocity  of  proje&ion  continued  uniform,  AE oc 
T (Art.  13);  and  BC  = AE-y  therefore,  BCocT , and 
BCzocTt.  Alfo,  fince  AB  is  the  fpace  through 
which  the  body  would  fall  by  the  force  of  gravity  in 
the  time  T,  ABo^T*  (Art.  241);  hence,  A B oc 
BC *;  and  this  is  the  property  of  a parabola,  in  which  . 
AF  is  a diameter,  and  BC  an  ordinate  to  the  abfciffa 


AB. 


314.  Cor.  1.  The  axis,  and  all  the  diameters  of 
the  parabola  defcribed,  being  parallel  to  AF , are 
perpendicular  to  the  horizon. 
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315.  Cor.  2.  The  direction  of  projection  AE  is 
parallel  to  the  ordinate  BC , and  therefore  it  is  a tan- 
gent to  the  curve  at  A. 

316.  Cor.  3.  The  time  in  which  a body  defcribes 
the  arc  AC  is  equal  to  the  time  in  which  it  would 
fall  from  A to  B by  the  force  of  gravity,  or  defcribe 
AE  with  the  fil'd  velocity  continued  uniform. 

317.  Cor.  4.  If  the  Z-  E Af  be  made  equal  to  the 
L.EAb , the  line  Af  will  pafs  through  the  focus  of 
the  parabola  defcribed. 

318.  Cor.  5.  The  body  will  always  be  found  in 
the  plane  ACB  which  pafles  through  the  direction  of 
projection  and  the  perpendicular  to  the  horizon. 

319.  Cor.  6.  If  the  motion  in  the  direction  AE 
be  produced  by  the  action  of  an  uniform  force,  AE 
ocT^ocAB  or  ABoaBC-,  therefore,  the  locus  of  the 
point  C is  a right  line. 

Prop.  LXXX. 

320.  'The  velocity  of  the  projeElile , at  any  point  in  the 
parabola , is  fuch  as  would  be  acquired  in  falling  through 
one  fourth  part  of  the  parameter  belonging  to  that  point. 


Let  AB  be  the  fpace  through  which  a body  mu  ft 
fall  by  the  force  of  gravity  to  acquire  the  velocity  of 
the  projectile  at  A ; and  AE  the  fpace  defcribed  with 
that  velocity  continued  uniform,  in  the  time  of  falling 
through  AB-,  then  zAB=AE  (Art.  237) ; and,  com- 
pleting the  parallelogram  AC,  2AB  = BC ; hence, 
4 ABz  — BCl.  Alfo,  fince  C is  a point  in  the 

parabola. 
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parabola,  and  BC  an  ordinate  to  the  abfcifla  AB  (Art. 


313),  if  P be  the  parameter  belonging  to  the  point  A , 
PxAB  = BC  * = 4.AB* ; therefore  AB  = \P. 

321.  Cor.  1.  If  the  velocity  at  A be  given,  the 
parameter  at  that  point  is  the  fame,  whatever  be  the 
direction  of  the  body’s  motion. 

322.  Cor.  2.  If  AB  be  the  fpace  through  which 
a body  muft  fall  to  acquire  the  velocity  at  A , and  a 
circle  be  defcribed  from  the  center  A with  the  radius 
AB,  the  focus  of  the  parabola  defcribed  will  lie  in  the 
circumference  of  this  circle,  whatever  be  the  dire&ion 
of  projection ; fince  the  diftance  of  any  point  in  the 
parabola  from  the  focus,  is  one  fourth  part  of  the 
parameter  belonging  to  that  point. 

323.  Cor.  3.  The  velocity  at  any  point  in  the 
parabola  varies  as  the  fquare  root  of  the  parameter  be- 
longing to  that  point. 

Since  the  velocity  is  fuch  as  would  be  acquired  in 
falling  through  i P,  it  varies  as  P (Art.  241 ),  or 
as  </  P. 

324.  Cor.  . 
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324.  Cor.  4.  The  velocity  is  the  leaft  in  the 
vertex  of  a parabola  ; and  at  equal  diftances  from  the 
vertex  the  velocities  are  equal. 

For,  the  parameter  belonging  to  the  vertex  is  the 
leaft ; and  the  parameters  at  equal  diftances  from  the 
vertex  are  equal. 


Prop.  LXXXI. 

325.  To  find  the  dire  Elion  in  which  a body  mufi  he 
projected  from  a given  pointy  with  a given  velocity , to  hit 
a given  mark. 


Let  A be  the  point  from  which  the  body  is  to  be 


projected,  C the  given  mark ; join  AC , and  from  A 

draw 
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draw  AB  parallel,  and  AP  perpendicular  to  the  hori- 
zon ; take  AP  equal  to  four  times  the  fpace  through 
which  a body  muff  fall  to  acquire  the  given  velocity  of 
projedion,  (determined  by  Art.  248,  Cafe  3)  ; then 
will  AP  be  the  parameter  belonging  to  the  point  A of 
the  parabola  defcribed  (Art.  320).  Draw  AK  per- 
pendicular to  AC ; bifed  PA  in  G,  and  draw  KGH 
perpendicular  to  AP , meeting  AK  in  K ; join  KP  ; 
then,  the  As  KGP,  KG  A being  fimilar  and  equal, 
KP  = KA.  From  K as  a center  with  the  radius  KA, 
or  KP , defcribe  a circle  AHP,  cutting  KGH  in  H-t 
through  C draw  CEI  parallel  to  AP,  and  cutting  the 
circle  in  E and  1 ; join  AE,  A I ; and  if  a body  be 
projeded,  with  the  given  velocity,  in  the  direction 
AE  or  A I,  it  will  hit  the  mark  C. 

Let  the  body  be  projected  in  the  diredion  AE ; 
join  PE,  and  complete  the  parallelogram  AECX ; 
then  AX  is  a diameter  of  the  parabola  defcribed  ; and 
XC,  which  is  parallel  to  the  tangent  AE,  is  in  the 
diredion  of  an  ordinate  to  the  abfciffa  AX ; if  then 
XC  be  the  length  of  the  ordinate  to  this  abfciffa,  C 
is  a point  in  the  parabola.  Now,  fince  the  As  A EC, 
EAP  are  alternate  angles,  and  the  A E AC  = the 
A EPA,  becaufe  AC  is  a tangent  to  the  circle  at  A 
(Euc.  16.  3),  the  As  EPA,  EAC  are  fimilar; 
and  AP  : AE  ::  AE  : EC ; or,  by  fubftituting  for 
AE  and  EC  their  equals  XC  and  AX,  AP  : XC  :: 
XC  : AX-,  that  is,  XC  is  a mean  proportional  be- 
tween the  parameter  and  the  abfcifla ; and  therefore 
it  is  the  ordinate  belonging  to  that  abfciffa ; hence  C 

is  a point  in  the  parabola  which  the  body  defcribes. 

* 

In  the  fame  manner  it  may  be  fihewn  that,  if  the 

body 
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body  be  projedted  with  the  fame  velocity  in  the  direc- 
tion A I,  it  will  hit  the  mark  C. 

326.  Cor.  1.  Join  AH,  HP  ; then  the  L.HAP 
= the  L HP  A = the  z_  H AC. 

• *'  >k 

327.  Cor.  2.  Became  KH  is  drawn  through  the 
center  of  the  circle  perpendicular  to  the  chord  E I,  it 
bifedts  it,  and  confequently  it  bifedts  the  arc  I HE 
(Euc.  30.  3),;  therefore,  the  Z.  IAH=  the  L.  HAE. 
That  is,  the  two  directions  AE,  A I make  equal 
angles  with  AH,  which  bifedts  the  angle  PAC. 

328.  Cor.  3.  Draw  HLM  touching  the  circle  in 
H ; then,  when  the  point  C coincides  with  L,  the 
two  directions  AE,  A I,  coincide  with  AH. 

329.  Cor.  4.  If  the  point  C be  taken  in  the  plane 
AL , beyond  L,  the  line  CE  I will  not  meet  the  circle. 

In  this  cafe,  the  velocity  of  projection  is  not  fufficient 
to  carry  the  body  to  the  diitance  AC. 

330.  Cor.  5.  Bifedt  AC  in  r,  and  draw  tvr  parallel 
to  A P-,  then  tvr  is  in  the  direction  of  a diameter,  to 
which  AC  is  a double  ordinate.  Alfo,  ri  is  the  fub- 
tangent ; and  if  rt  be  bifedted  in  v,  this  point  is  in 
the  parabola. 

331.  Cor.  6^  A tangent  to  the  parabola  at  v is 
parallel  to  the  ordinate  AC ; therefore,  v is  the  point 
in  the  parabola  which  is  at  the  greateft  diftance  from 
AC .* 

332.  Cor.  7.  The  greateft  height  of  the  projectile 
above  the  plane,  meafured  in  the  diredtion  of  gravity, 
is  i EC.  For,  rv  = *-  rt,  and  rt  = \ EC i therefore, 
rv  = ? EC. 

Prop. 

* The  properties  of  the  parabola  here  referred  to,  may  be  found 
in  any  Treatife  of  Conic  Se&ions. 
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Prop.  LXXXII. 

333.  Having  given  the  velocity  and  direction  of  pro- 
jection, to  find  where  the  body  will  firike  the  horizontal 
plane  which  ptljfes  through  the  point  of  projection. 

Let  AC  (Art.  325)  coincide  with  the  horizontal 
line  AB ; then  AK  coincides  with  AG;  and  PH A 
is  a femicircle  ; alfo,  HAC  is  an  angle  of  45%  and 
AE . A I,  are  equally  inclined  to  AH. 

From  the  laft  proportion  it  appears,  that  if  the 
velocity  of  projection  be  fuch  as  would  be  acquired  in 


falling  through  i PA,  and  AE,  or  A I,  be  the  direc- 
tion of  projection,  the  range  is  AC.  From  E draw  ED 
parallel  to  AC,  or  perpendicular  to  AP;  join  EK ; then 
ED,  or  it’s  equal  AC,  is  the  fine  of  the  LEKAto  the 
radius  KA ; and  the  L EKA—z  L EPA=z  z.  EAC ; 

therefore* 


i 
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therefore,  AC  is  the  fine  of  2 LEAC  to  the  radius 
KA ; and  the  fine  of  a given  angle  is  proportional  to 
the  radius  5 confequently,  rad.  : KA  ::  fin.  2 A EAC 

: AC hence,  AC=  ~nl-2£-^Cx  k A,  If  V be 

rad. 

taken  to  reprefent  the  velocity  of  projedion,  P the 
parameter  A P , and  m — 16-^,  then  A C = 
fin.2  /-EACxP  fin.  2 A EACx  V 2 /A 

IS3I = 2~rad.  X m ~ (Art’  24S)' 

In  the  fame  manner,  if  be  the  diredion  of  pro- 
fin.  2/-IACXP  fin.2Z.WCxf1 


jedion,  AC  = 
334 


2 rad.  2 rad.  X w. 

Cor.  1.  Hence  AC°^ fin.  2 lEACxPz. 

35.  Cor.  2.  If  the  velocity  of  projedion  be  in- 
variable, the  horizontal  range  varies  as  fin.  2 L.EAC. 

336.  Cor.  3.  The  range  is  the  greateft  when  fin. 
2 /-EAC  is  the  greateft  i that  is,  when  the  t-EAC 


n ■ 


is  45' 


In  this  cafe,  ^C=-d-.x,  P.  = lP. 


2 rad. 

337.  Cor.  4.  If  the  lEAC  be  15°,  or  750,  fin. 
2 A EAC=l  rad.  and  AC =tP- 

338.  Cor.  5.  If  the  range  and  the  parameter 
be  given,  the  angle  of  elevation  may  be  found. 

T?  A n fm.2Z-EACxP  c ' 
Jhor,  A C = > therefore,  fin. 


2 L EAC  = 


2 rad. 
2 A C X rad. 

-p 


339.  Cor.  6.  If  AC  and  the  A EAC  be  known. 


P = 


2 A C X rad . 


fin.  2 A EA  C 5 


and  Vz- 


2 rad.  X m AC 
fin.  2 A EAC' 


Prop. 
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Prop.  LXXXIII. 

340.  Ehe  fame  things  being  given,  to  find  the  time  of  flight. 

The  time  in  which  the  velocity  of  projection,  V, 
would  be  acquired,  or  the  time  of  defcent  down  i PA, 
y 

is  — " (Art.  248) ; hence  the  double  of  this  time,  or 

. V 

the  time  of  defcent  down  PA,  is  — " (Art.  241).  Let 

tn 

T be  the  time  of  defcent  down  PA,  t the  time  of  defcent 
down  EC,  or  the  time  of  flight  (Art.  316)5  then  : 
/*  ::  PA  : EC ; and  from  the  fim.  As  PAE,  AEC , 
PA  : AE  ::  AE  : EC hence  PAZ  : AEX  ::  PA  : 


EC  ::  E*  : /*,  and  PA  : AE  ::  E : t.  Alfo,  PA  : 
AE  ::  rad.  : fin.  L.  EPA  ::  rad.  : fin.  jLEAC ; there- 
fore E : t ::  rad.  : fin.  L EAC,  and  t = x ^ 

rad. 

_ fin.  L.  EACX  V 
' rad.  X m 

341.  Cor.  1.  If  the  velocity  of  projection  be 
invariable,  the  time  of  flight  oc  fin.  A EAC. 

342.  Cor. 
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342.  Cor.  2.  Hence,  the  time  of  flight  is  the 
greateft,  when  fin.  L.  EAC  is  the  greateft.  In  this 


r3.d  x j?~* 

cafe,  the  time  becomes  — , or  T ; that  is,  the 


rad. 


greateft  time  of  flight  is  equal  to  the  time  of  defcent 
down  the  parameter. 


Prop.  LXXXIV. 


343.  The  fame  things  being  given,  to  find  the  great efi 
height  to  which  the  projectile  rifes  above  the  horizontal 
plane. 


The  greateft  height  is  \ EC,  or  * AD  ; and  AD  is 

the  verfed  fine  of  the  z.  AKE , or  2 t.  EAC,  to  the 

radius  AK-,  confequently,  fince  the  verfed  fine  of  a 

given  angle  varies  as  the  radius,  rad.  : A K P)  :: 

the  verfed  line  of  2 Z.  E A C : A D.  Hence,  AD  — 

verSm.2t.EACx  P , , , n . . . 

— — y End  $ A y the  greateft  height, 


2 rad. 
ver.  fin.  2 Z.  EACx  P 


ver.  fin.  2 t-  EACx  V* 


8 rad.  8 rad.  X m 

344.  Cor.  1.  The  greateft  height  oc  ver.  fin. 
2 Z.  EACx  Vz ; and  when  V is  given,  the  greateft 
height  oc  ver.  fin.  2 L EAC. 

345.  Cor.  2.  The  verfed  fine  of  an  arc  varies  as 
the  fquare  of  the  fine  of  half  the  arc ; therefore  the 


greateft  height  oc  fin.  L.  EACf  X V \ 

346.  Cor.  3.  A body,  projected  with  a given 
velocity,  will  rife  to  the  greateft  height  above  the 
horizontal  plane,  when  the  angle  of  elevation  EAC 
is  a right  angle.  In  this  cafe,  ver.  fin.  2 L.  E A C 

= 2 rad.  and  the  greateft  altitude  is  2 rat^’  X ^ 


8 rad. 


4 

Prop. 
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Prop.  LXXXV. 

347.  I’he  velocity  and  direction  of  projection  being 
given , to  find  where  the  body  will  firike  a given  inclined 
plane  which  pajfes  through  the  pint  of  projection. 

It  appears  from  Art.  325  that  if  a body  be  pro- 
jected from  in  the  direction  AE , with  the  velocity 
acquired  in  falling  down  i PA,  it  will  ftrike  the 


plane  AC  in  the  point  C.  Let  I be  the  angle  of 
inclination  CAB  ; E the  angle  of  elevation  EAC-, 
Z the  angle  EAP.  Then,  in  the  triangle  EAPt 
AE  : AP  ::  fin.  L.EPA  : fin.  LAEP ; and  the 
L.  EPA  = the  L EAC  = E ; alfo  the  L.  AEP  — the 
L.ECA = the  fupplement  of  the  L.ACB  ; hence,  AE 

: AP  ::  fin.  E : cof.  I-,  therefore,  AE  = 

s Vol.  III.  N Again, 
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Again,  in  the  A E AC,  AC  : AE  ::  fin.  L A EC 
(fin.  Z)  : fin.  L.  ACE  (cof.  I)  ; therefore,  AC  = 

fiji^Zx^A  . and  by  fubftituting  for  AE  it’s  valve 
cof.  I 

fin.  E X A P j r _ fin.  E X fin.  Z X A P 
cof.  I ' cof.  IV 


fin.  E X fin.  Z X V * 
cbTTV  X m 


34^-  Cor.  Hence,  ACoc. 


iinJxfin.Zx  Vz 

cof.  i\ 


Prop.  LXXXVI. 

349.  The  fame  things  being  given , to  find  the  time 
of  flight. 


Let  T be  the  time  of  defcent  down  PA,  t the  time 
of  defcent  down  EC  or  the  time  of  flight;  then,  as 
in  Art.  340,  Tl  : /*  ::  PA  : EC  -3  and  fince,  in  the 
fimilar  As  PAE,  A EC,  PA  : AE  ::  AE  : EC,  we 
have  PAX  : AE%  ::  PA  : EC  ::  Tz  : t% ; and  PA  : 
AE  ::  T : t ; but  PA  : AE  ::  fin.  L PEA  : fin. 
L.EP  A ::  fin.  Z_  EC  A : fin.  Z_  E AC  ::  cof.  I : fin. 

therefore,  T : t ::  cof.  I ; fin.  E , and  t = — 

cof.  I 

_ fin.  AX  V 
cof.  / X m' 


330.  Cor.  Hence  t 


invariable,  t oc 


fin.  A 
cof.  / ‘ 


oc 


cof.  f J 


and  if  V be 


P-RO#r 
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Prop.  LXXXVII. 


3 D ■ The  fame  things  being  given , to  find  the  greate/l 
height  of  the  projectile  above  the  plane  A C,  meafured  in 
the  direction  of  gravity. 


The  greateft  height  is  ±EC  (Art.  332)  ; and  in 
the  triangle  A EC,  EC  : AE  ::  fin.  E : cof.  I ; there- 
fore, EC  = ~ i and,  by  fubftituting  for  AE 

it’s  value  (Art.  347),  we  have  EC  — 


{hU^'xAP  , , ^ {hTEXxAP  faThj'xV' 

— ==— i — , and  *EC=  ===77—=  ==^- > 

cof.  4 cof.  1 1 cof.  j»a X 4 m 

the  greateft  height  required. 


352.  Cor.  The  greateft  height  varies  as 


fin.  EXx  V* 


V- 


> z 
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55-5-.  The  theory  of  the  motion  of  projediles, 
given  in  this  fedion,  depends  upon  three  fuppofitions, 
which  are  all  inaccurate;  ift.  that  the  force  of 
gravity,  in  every  point  of  the  curve  defcribed,  is 
the  fame  ; 2d.  that  it  ads  in  parallel  lines ; 3d.  that 
the  motion  is  performed  in  a non-refifting  medium. 
The  two  former  of  thefe,  indeed,  differ  infenfibly 
from  the  truth.  The  force  of  gravity  without  the 
Earth’s  furface  varies  inverfely  as  the  fquare  of 
the  diflance  from  the  center ; and  the  altitude  to 
which  we  can  project  a body  from  the  furface  is  fo 
fmall,  that  the  variation  of  the  force,  arifing  from  the 
alteration  of  the  diftance  from  the  center  of  the  Earth, 
may  fafely  be  neglected.  The  diredion  of  the  force 
is  every  where  perpendicular  to  the  horizon ; and  if 
perpendiculars  be  thus  drawn,  from  any  two  points  in. 
the  curve  which  we  can  caufe  a body  to  defcribe,  they 
may  be  confidered  as  parallel,  fince  they  only  meet  at, 
or  nearly  at,  the  center  of  the  Earth.  Even  the  refifl- 
ance  of  the  air  does  not  materially  affed  the  motions 
of  heavy  bodies,  when  they  are  projeded  with  fmall 
velocities.  In  other  cafes,  however,  this  refinance  is 
fo  great  as  to  render  the  conclufions  drawn  from  the 
theory  almoft  entirely  inapplicable  in  pradice.  From 
experiments  made  to  determine  the  motions  of  cannon 

balls. 
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balls,  it  appears  that  when  the  initial  velocity  is  con- 
liderable,  the  air’s  refiftance  is  20  or  30  times  as 
great  as  the  weight  of  the  ball ; and  that  the  hori- 
zontal range  is  often  not  ^ part  of  that  which  the 
preceding  theory  gives.  It  appears  alfo,  that  when 
the  angle  of  elevation  is  given,  the  horizontal  range 
varies  nearly  as  the  fquare  root  of  the  velocity  of  pro- 
jeftion ; and  the  time  of  flight  as  the  range  ; whereas, 
according  to  the  theory,  the  time  varies  as  the  velocity, 
and  the  range  as  the  fquare  of  the  velocity  of  projec- 
tion (Arts.  340.  334).  Thefe  experiments,  made 
with  great  care,  and  by  men  of  eminent  abilities, 
(hew  how  little  the  parabolic  theory  is  to  be  depended 
upon  in  determining  the  motions  of  military  projectiles. 
See  Robins’s  New  ’Theory  of  Gunnery , and  Hut- 
ton’s Mathematical  Dictionary,  article  Gunnery. 

Befides  diminifhing  the  velocity  of  the  projectile,  the 
air’s  refiftance  will  alfo  change  it’s  direction,  whenever 
the  body  has  a rotatory  motion  about  an  axis  which 
does  not  coincide  with  the  direction  in  which  it  is 
moving.  For  the  velocity  of  that  fide  of  the  body, 
on  which  the  rotatory  and  progreffive  motions  con- 
fpire,  is  greater  than  the  velocity  of  the  other  fide, 
where  they  are  contrary  to  each  other ; and  therefore 
the  refiftance  of  the  air,  which  increafes  with  the 
velocity,  will  be  greater  in  the  former  cafe  than  in 
the  latter,  and  caufe  the  body  to  deviate  from  the 
line  of  it’s  motion  ; this  deviation  will  alfo  be  from 
the  plane  of  the  firft  motion,  unlefs  the  axis  of  rota- 
tion be  perpendicular  to  that  plane. 

Upon  this  principle  Sir  I.  Newton  explains  the 
irregular  motion  of  a tennis  ball  *,  and  the  fame 

caufe 

* Phil.  Tranf.  Vol  VI.  p.  3078.  Maclaurin’sNewton,  p.  120. 
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caufe  has  been  affigned  by  Mr.  Robins  for  the  devia- 
tion of  a bullet  from  the  vertical  plane  *.  Mr.  Euler, 
indeed,  in  his  remarks  on  the  New  Theory  of  Gunnery , 
contends  that  the  refiftance  of  the  air  can  neither  be 
increafed  nor  diminifhed  by  the  rotation  of  the 
ball ; becaufe  fuch  a motion  can  produce  no  effedt 
but  in  the  direction  of  a tangent  to  the  furface  of  the 
revolving  body  $ and  the  tangential  force,  he  affirms, 
is  almoft  entirely  loft.  In  this  inftance,  the  learned 
Writer  feems  to  have  been  milled  by  the  common 
theory  of  refiftances,  according  to  which  the  tangen- 
tial force  produces  no  effect ; whereas,  from  experi- 
ments lately  made,  with  a view  to  afcertain  the 
quantity  and  laws  of  the  air’s  refiftance,  it  appears 
that  every  theory  which  neglects  the  tangential  force 
muft  be  erroneous. 

* Tra&s,  Vol.  I.  p,  151,  198,  214; 
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ERRATA. 


Page  49,  1.  18,  andp.  93,  1.  23,  26,  for  fri&ion  read  adhejion. 
104,  after  1 76.  add  Cor.  4. ; and  1.  8,  for  Cor.  read  Cor.  5. 
134,  note,  for  volocity  read  velocity. 


ERRATA  IN  THE  FLUXIONS. 


Page  1 1, 1.  1 6,  for  zxy  read  zxy. 

47, 1.  1 j,  after  the  firft  Term,  the  Index  of  x mull  be  annexed 
to  a,  and  that  of  a to  x. 


83,  1.  4 and  7,  for  xy  read  vz. 

143 , 1.  1 7,  for  6x 3 read  6x*. 

169,  1.  6,  for  127  read  130. 

180. 1.  10,  fore  read  c . 

191.1.  18,  for  it  — 1 read  n — 2. 

192. 1.  1 , for  n — 1 read  «—  2. 

209,  in  the  fecond  figure  an  O is  wanting  in  the  center; 
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PRINCIPLES  of  HYDROSTATICS. 

1 • i * • . » ‘.U'l  O v *V  ^ . ' . , ’ 


DEFINITIONS. 


Art.  i . Op  H E fcience  which  treats  of  the  nature 
A and  properties  of  Fluids  has  been  ufually 
divided  into  the  following  branches ; Hydrojlatics , 
which  comprifes  the  dodtrine  of  the  equilibrium  of 
non-elajlic  fluids,  as  water,  mercury,  &c. ; Hydraulics , 
which  relates  to  the  motion  of  thofe  fluids  ; and 
Pneumatics , which  treats  on  the  properties  of  the  dif- 
ferent kinds  of  airs.  But  thefe  are  now  all  included 
under  the  general  term  Hydrojlatics. 

2.  A Fluid  is  a body  whofe  parts  are  put  in  motion 
one  amongft  another  by  any  force  imprefled ; and 
which,  when  the  imprefled  force  is  removed,  reftores 
itfelf  to  it’s  former  ftate  *. 

- ‘ i m # M i ' f • 

Fluids  may  be  divided  into  elajlic  and  non-elajlic. 

An 

* By  it’s  former  fate,  we  do  not  mean  that  every  particle  is 
re-inftated  in  it’s  former  fituation,  but  that  the  whole  body  recovers 
1 it’s  former  dimenfions  and  figure. 
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DEFINITIONS. 


An  elqjlic  fluid  is  one,  whofe  dimenflons  are  diminiflied 
by  increafing  the  preflure,  and  increafed  by  diminifh- 
ing  the  preflure  upon  it s of  which  defcription  are  the 
different  kinds  of  airs.  A non-elajlic  fluid  is  one,  whofe 
dimenflons  are  not,  at  leaft  as  to  fenfe,  affected  by 
any  increafe  of  preflure,  as  water,  mercury,  &c.  As 
many  bodies,  by  cold,  from  a frate  of  fluidity  become 
folids,  fuch  bodies  are  fluids  fo  long  as  their  fur- 
faces,  when  difturbed,  will  reftore  themfelves  to  their 
former  pofition.  The  definition  fuppofes  a partial 
preflure ; for  if  the  fluid  be  incompreffible,  under  an 
equal  and  general  preflure  none  of  the  parts  will  be 
moved.  Different  fluids  have  different  degrees  of 
fluidity,  according  to  the  facility  with  which  the 
particles  are  moved  one  amongft  another.  Water  and 
mercury  are  the  molt  perfect  non-elaftic  fluids. 
Many  fluids  have  a very  fenfible  degree  of  tenacity, 
and  are  therefore  called  imperfed  fluids.  Befides  the 
fluids  which  come  under  this  definition,  there  are 
others,  as  the  eledric  and  magnetic  fluid,  light,  and 
fire,  according  to  the  opinion  of  fome,  &c.  but  thefe 
are  not  the  objeds  of  Hydroftatics. 

3.  The  fpecific  gravity  of  a body  is  it’s  weight, 
compared  with  the  weight  of  another  body  whofe 
magnitude  is  the  fame. 

4.  The  denjity  of  a body  is  as  the  quantity  of 
matter  contained  in  a given  Ipace,  and  therefore 
(Mech.  Art.  26)  in  proportion  to  it’s  weight,  when 
the  magnitude  is  the  fame. 

5.  Cor.  Hence  the  fpecific  gravity  of  a body  is  in 
proportion  to  it’s  denjity. 

A cubic  inch  of  pure  mercury  is  about  fourteen 
times  heavier  than  a cubic  inch  of  waters  the  fpecific 
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gravity  and  denfity  of  the  former  are  therefore  about 
fourteen  times  that  of  the  latter.  As  the  weight  of  a 
body  is  in  proportion  to  it’s  quantity  of  matter  (Me- 
chanics, Art.  26),  the  fpecific  gravity  and  denfity  of  a 
body  are  alfo  in  proportion  to  it’s  quantity  of  matter, 
when  the  magnitude  is  the  fame. 

6.  If  the  magnitude  of  a body  be  increafed,  the 
denfity  remaining  the  fame,  the  quantity  of  matter, 
and  confequently  the  weight,  will  be  increafed  in  the 
fame  proportion.  Hence  if  the  magnitude  M , and 
denfity  D both  vary,  the  quantity  of  matter,  and 
confequently  the  weight  of  the  body,  will  vary  as  M 
XD,  by  the  compofition  of  ratios. 

7.  We  know  fo  little  of  the  nature  and  conftitution 
of  fluids,  that  the  application  of  the  general  principles 
of  motion  to  the  inveftigation  of  the  effeds  produced 
by  their  action,  is  fubjed  to  great  uncertainty.  That 
the  different  kinds  of  airs  are  conflituted  of  particles 
endued  with  repulfive  powers,  is  manifefl  from  their 
expanfion,  when  the  force  with  which  they  are  com- 
preffed  is  removed.  The  particles  being  kept  at  a dif- 
tance  by  their  mutual  repulfion,  it  is  eafiy  to  conceive 
that  they  may  move  very  freely  amongfl  each  other, 
and  that  this,  motion  may  take  place  in  all  diredions, 
each  particle  exerting  it’s  repulfive  power  equally  on 
all  fides.  Thus  far  we  are  acquainted  with  the  con- 
ftitution of  thefe  fluids ; but  with  what  degree  of 
facility  the  particles  move,  and  how  this  may  be 
affeded  under  different  degrees  of  compreflion,  are 
circumftances  of  which  we  are  totally  ignorant.  With 
refped  to  the  nature  of  thofe  fluids  which  are  deno- 
minated liquids,  we  are  ftill  lefs  acquainted.  If  we 
fuppofe  their  particles  to  be  in  contad,  it  is  very  diffi- 
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cult  to  conceive  how  they  can  move  amongft  each 
other  with  fuch  extreme  facility,  and  produce  effeCts  in 

directions  oppofite  to  the  impreffed  force,  without  any 
fenfible  lofs  of  motion.  To  account  for  this,  the 
particles  have,  by  fome,  been  fuppofed  to  be  perfectly 
lmooth  and  fpherical.  If  we  were  to  admit  this  fup- 
pofition,  it  would  yet  remain  to  be  fhown  how  it 
would  folve  all  the  phenomena,  for  it  is  by  no  means 
felf-evident  that  it  would.  If  the  particles  be  not  in 
contaCt,  they  muft  be  kept  at  a diflance  by  fome 
repulfive  power.  But  it  is  manifeft  that  thefe  particles 
attraCt  each  other,  from  the  drops  of  all  perfeCt  fluids 
endeavouring  to  form  themfelves  into  fpheres.  We 
muft  therefore  admit  in  this  cafe  both  powers,  and  that 
where  one  power  ends  the  other  begins,  agreeable  to 
Sir  I.  Newton’s  * idea  of  what  takes  place,  not  only 
in  refpeCt  to  the  conftituent  particles  of  bodies,  but  to 
the  bodies  themfelves.  The  incompreffibility  of  liquids 
(for  I know  no  decifive  experiments  which  have  proved 
them  to  be  compreffible)  feems  moft  to  favour  the 
former  fuppofition,  unlefs  we  admit,  in  the  latter  hy- 
pothesis, that  the  repulfive  force  is  greater  than  any 
human  power  which  can  be  applied.  The  expanfion 
of  water  by  heat,  and  the  poffibility  of  actually  con- 
verting it  into  two  permanent  elaftic  fluids,  according 
to  fome  late  experiments,  feem  to  prove  that  a repul- 
five  power  exifts  between  the  particles , for  it  is  hard 
to  conceive  that  heat  can  actually  create  any  fuch  new 
powers,  or  that  it  can  of  itfelf  produce  any  fuch 
effeCts. 

A fluid  being  compofed  of  an  indefinite  number  of 
corpufcles,  we  muft  confider  it’s  aCtion,  either  as  the 

joint 
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joint  action  of  all  the  corpufcles,  eflimated  as  fo  many 
didind  bodies,  or  we  mud  confider  the  adion  of  the 
whole  as  a mafs,  or  as  one  body.  In  the  former  cafe, 
the  motion  of  the  particles  being  fubjed  to  no  regu- 
larity, or  at  lead  to  none  that  can  be  difcovered  by  any 
experiments,  it  is  impodible,  from  this  consideration 
to  compute - the  effed ; for  no  calculation  of  effeds 
can  be  applied,  when  produced  by  caufes  which  are 
fubjed  to  no  law.  And  in  the  latter  cafe,  the  effeds 
of  the  adion  of  one  duid  upon  another  differ  fo  much, 
in  many  refpeds,  from  what  would  be  it’s  adion  as  a 
folid  body,  that  a computation  of  it’s  effeds  can  by 
no  means  be  deduced  from  the  fame  principles.  In 
mechanics,  no  equilibrium  can  take  place  between  two 
bodies  of  different  weights,  unlefs  the  lighter  ads  at 
fome  mechanical  advantage  j but  in  hydrodatics,  a 
very  fmall  weight  of  duid  may,  without  it’s  ading  at 
any  mechanical  advantage  whatever,  be  made  to 
balance  a weight  of  any  magnitude.  In  mechanics, 
bodies  ad  only  in  the  diredion  of  gravity ; but  the 
property  which  duids  have  of  ading  equally  in  all 
diredions,  produces  effeds  of  fuch  an  extraordinary 
nature,  as  to  furpafs  the  power  of  invedigation.  The 
indednitely  fmall  corpufcles  of  which  a duid  is  com- 
pofed,  probably  poffefs  the  fame  powers,  and  would 
be  fubjed  to  the  fame  laws  of  motion,  as  bodies  of 
dnite  magnitudes,  could  any  two  of  them  ad  upon 
each  other  by  contad ; but  this  is  a circumdance 
which  certainly  never  takes  place  in  any  of  the  aerial 
duids,  and  probably  not  in  any  liquids.  Under  the 
circumdances,  therefore,  of  an  indefinite  number  of 
bodies  ading  upon  each  other  by  repuldve  powers,  or 
by  abfolute  contad,  under  the  uncertainty  of  the  fric- 

a 3 tion 


6 DEFINITIONS. 

tion  which  may  take  place,  and  of  what  variation  of 
effects  may  be  produced  by  different  degrees  of 
compreffion,  the  conclufions  deduced  from  any  theory 
muft  be  fubjeit  to  confiderable  errors,  except  from 
that  which  is  founded  upon  fuch  experiments,  as  in- 
clude in  them  the  confequences  of  thofe  principles 
which  are  liable  to  any  degree  of  uncertainty. 

Sir  I.  Newton  feems  to  have  been  well  aware  of 
all  thefe  difficulties,  and  therefore,  in  his  Principia , he 
has  deduced  his  laws  of  refiftance,  and  the  principles 
upon  which  the  times  of  emptying  veffels  are  founded, 
entirely  from  experiment.  He  was  too  cautious  to 
truft  to  theory  alone,  under  all  the  uncertainties  to 
which,  he  appears  to  have  been  fenfible,  it  muft  be 
fubjeft.  He  had,  in  a preceding  part  of  that  great 
work,  deduced  the  general  principles  of  motion,  and 
applied  them  to  the  folution  of  problems  which  had 
never  before  been  attempted ; but  when  he  came  to 
treat  of  fluids,  he  faw  it  was  neceffary  to  eftablifh  his 
principles  upon  experiments ; principles,  not  indeed 
mathematically  true,  like  his  general  principles  of 

motion  before  delivered,  but,  under  certain  limita- 

\ 

tions,  fufficiently  accurate  for  practical  purpofes.  The 
principles  therefore  upon  which  we  reafon  in  this 
branch  of  philofophy,  muft  be  confidered  as  depending 
upon  direft  experiments  adapted  to  the  particular 
cafes,  rather  than  upon  the  general  principles  of  equi- 
librium and  motion,  as  applied  in  Mechanics. 


SECTION 


ON  THE  PRESSURE  OF  NON-ELASTIC 

FLUIDS. 


Prop.  I. 

Fluids  pre/s  equally  in  all  dire  SI  ions. 

8.  For  if  any  liquid  be  put  into  a veflel,  and  glafs 
tubes,  flraight,  or  bent  at  any  angle,  be  put  into 
the  fluid,  the  fluid  will  rife  in  all  the  tubes  to  the 
height  of  the  furface  of  the  liquid  in  the  veflel.  Alfo, 
;a  veflel  is  found  to  empty  itfelf  in  the  fame  time  through 
;an  hole  at  the  fame  depth,  whether  the  fluid  fpouts 
downwards,  horizontally,  upwards,  or  in  any  other 
dire&ion. 

9.  That  the  preflu  re  upwards  is  equal  to  the  pref- 
fure  downwards,  is  one  of  the  moft  extraordinary  pro- 
perties of  fluids,  and  can  be  conceived  to  arife  only 
from  the  perfect  freedom  with  which  the  particles 
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move  amongft  each  other,  which  freedom  of  motion 
is,  probably,  owing  to  the  particles  being  kept  at  a 
diftance  by  a repulfive  power  refiding  in  them.  This 
is  one  remarkable  difference  between  fluids  and  folids, 
folids  prefling  only  downwards  in  the  direction  of 
gravity. 

Prop.  II. 

I'he  preflure  upon  any  particle  of  a fluid. , whofe  denfity 
is  uniform , is  in  proportion  to  it's  perpendicular  difance 
from  the  furface  of  the  fluid . 

io.  Cafe  i.  Let  A BCD  be  a,  veflel  filled  withfuch 
a fluid,  and  draw  xz  perpendicular  to  the  horizon. 
Now  the  preflure  is  in  proportion  to  the  weight,  or 
number  of  incumbent  particles  j and  as  the  denfity  of 


b c 

. , ' ■ \ ■ f 

the  fluid  is  uniform,  and  confequently  all  the  particles 
are  at  the  fame  diftance  from  each  other,  we  have  xy  : 
xz  ::  the  number  of  particles  incumbent  upon_y  : the 
number  incumbent  upon  2 ::  the  preflure  on_y  : the 
preflure  on  z. 

Cafe  2.  Hence  if  the  fides  of  the  veflel  A BCD  be 
not  perpendicular  to  the  bottom,  the  preflure  upon 

any 
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any  point  of  BC  will  ftill  be  in  proportion  to  it’s  per- 
pendicular depth.  For  produce  DA  to  a , and  draw 
Ba , Cc  pependicular  to  Da  ; and  conceive  DaBC  to 
be  a veflel  filled  with  the  fame  fluid ; then  the  preflure 


B s-  c 


on  z is  as  zx,  there  being  actually  that  perpendicular 
depth  of  the  fluid  incumbent  upon  it.  Now  inftead  of 
fuppofing  the  fluid  ABCD  to  be  kept  in  it’s  pofition 
by  the  other  part  of  the  fluid  AaB , conceive  it  to  be 
kept  in  that  pofition  by  the  fide  AB  of  the  veflel,  and 
the  effedt  muft  remain  the  fame  i for  it  can  manifeftly 
make  no  difference,  by  what  body  the  fluid  ABCD  is 
kept  in  it’s  place.  Hence,  whatever  be  the  form  of 
the  fides,  the  preflure  on  BC  will  be  the  fame  as  if  the 
fides  were  perpendicular  to  the  furface  of  the  fluid, 
and  the  perpendicular  height  the  fame. 

That  the  preflure  at  any  point  x is  equivalent 
to  the  weight  of  a column  xz,  appears  from  this  expe- 
riment, that  if  any  where  in  AB , an  hole  be  made 
perpendicular  to  Aa,  a perfect  fluid  will  fpout  upwards 
very  nearly  as  far  as  Aa,  the  defedt  being  no  more 
than  what  may  be  fuppofed  to  arife  from  the  refiftance 

of 
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of  the  air,  and  the  falling  back  of  the  upper  parts  of 


the  fluid.  The  want  therefore  of  an  actually  incumbent 
column  xz  of  fluid  at  any  point  x of  AB  is  fupplied 
by  the  reaction  of  the  fide  AB  downwards  againft  the 
fluid,  i Alfo,  let  any  two  tubes  be  connected,  and 
however  they  may  differ  in  magnitude  or  inclination, 
if  a fluid  be  put  into  one,  it  will  always  rife  to  the 
fame  perpendicular  altitude  in  the  other.  Thefe  ex- 
periments therefore  alfo  prove,  that  fluids  prefs  in 
proportion  to  their  perpendicular  depths. 

12.  Upon  thefe  two  principles,  that  fluids  prefs 
equally  in  all  directions,  and  in  proportion  to  their 
perpendicular  depths,  depends  the  explanation  of 
the  following  experiment,  called  the  hydrojiatical 
Paradox.  AB , CD  are  two  round  parallel  boards, 
connected  by  leather  like  a pair  of  bellows  ; zxv  is  a 
brafs  pipe  entering  into  the  cavity,  and  into  which 
the  glafs  tube  zr  is  fixed.  Through  an  orifice  at  o 
a quantity  of  water  is  poured  in,  to  keep  the  top  and 
bottom  at  fome  diftance  from  each  other,  and  then  it 
is  flopped  by  a ferew.  Now  let  a very  large  weight  W 
be  laid  upon  the  top  AB , and  the  water  in  the  tube 
will  rife  to  fome  height  xy  and  there  it  will  reft,  the 

fmall 
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frnall  weight  of  water  in  xy  balancing  the  weight  fV9 


which  may  be  1000  or  ioooo  times  greater  than  the 
weight  of  that  water,  according  to  the  fize  of  the  tube; 
and  this  weight  W will  always  be  found  equal  to  the 
weight  of  a cylinder  ABFE  of  fluid,  whofe  furface  E F 
is  upon  a level  with  y.  The  principles  before  men- 
tioned will  thus  explain  this  extraordinary  circum- 
ftance.  The  fluid  at  x , the  bottom  of  the  tube,  is 
prefled  with  a force  proportional  to  the  perpendicular 
altitude  xy ; this  preflure  is  communicated  horizontally 
in  the  diredtion  xDC  to  all  the  particles,  and  the 
preflure  fo  communicated  adts  equally  in  all  direc- 
tions ; the  preflure  therefore  downwards  upon  the 
bottom  DC  is  juft  the  fame  as  it  would  be,  if  DEFC 
were  a cylinder  of  water ; and  it  is  manifeft  that  if  we 
take  away  the  part  ABFE , and  place  an  equal  weight 
IV  to  adt  upon  the1  other  part  ABCD , the  effedt  will 
remain  the  fame,  or  there  will  be  an  equilibrium. 
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Prop.  III. 

'The  furface  of  every  fluid  at  refl  is  horizontal. 

13.  For  conceive  the  furface  AD  not  to  be  hori- 
zontal, and  draw  Ans  parallel  to  the  horizon,  and  mny 
rs  perpendicular  to  it.  Then  (Art.  10)  ihepretfures 
at  s and  n are  as  rs  and  mn ; and  (Art.  8)  fluids 


prefling  equally  in  all  directions,  the  particle  at  n 
would  be  driven  towards  A ; the  fluid  therefore  would 
not  remain  at  reft.  But  when  AB  becomes  hori- 
zontal, thefe  preffures  become  equal,  and  the  fluid 
remains  at  reft. 

14.  Cor.  In  like  manner  it  appears,  that  if  there 
be  two  fluids  in  the  fame  veflel  which  do  not  mix, 
their  common  furface  will  be  parallel  to  the  horizon* 

Prop.  IV. 

If  the  fldes  of  a veffel  A BCD,  filled  with  a fluid , he 
perpendicular  to  it's  bottom  vjhich  is  parallel  to  the  horizon , 
the  preflure  upon  the  bottom  will  be  equal  to  the  weight  of 
the  fluid. 
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15.  For  the  reaction  of  the  Tides  of  the  veflel  againft 
the  fluid,  being  perpendicular  to  the  Tides,  or  parallel 
to  the  bottom,  it  can  neither  increafe  nor  diminifh  the 
preflure  of  the  fluid  againft  the-  bottom  ; alfo  the 
force  of  gravity  adting  parallel  to  the  Tides,  they  can 
take  off  no  part  of  the  weight  of  the  fluid,  nor  increafe 


it’s  preflure  upon  BC ; the  preflure  therefore  upon  the 
bottom  muft  be  limply  the  weight  of  the  fluid. 

16.  Cor.  Hence,  (Art.  36)  in  different  veflels  of 


this  defeription,  containing  different  fluids,  the  pref- 
furesare  as  the  areas  of  the  bottoms  X depths  x fpe- 
cific  gravities,  becaufe  the  magnitude  = the  area  of 
the  bottom  X depth. 

V • 

Prop.  V. 

Let  the  bottom  BC  be  oblique  to  the  Jides,  and  alfo  fo 
J mall , that  the  whole  may  be  conceived  to  be  of  the  fame  depth, 
then  the  preffure  perpendicular  to  BC  will  be  as  BC.X  depth . 

9 

17.  For  the  number  of  particles  in  contaft  with 
BC  is  as  BC.  Alfo,  fluids  prefs  equally  in  all  diredtions, 
and  in  proportion  to  their  depths  (Art.  8.  10),  and  the 

whole 
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whole  preflure  on  BC  muft  be  as  the  number  of  par- 


ticles X the  preflure  of  each  ; hence  the  preflure  per- 
pendicular to  B C is  as  BCx  depth. 

Prop.  VJ. 

i 

1 ‘he  preflure  exerted  upon  B C downwards,  or  in  the 
direction  of  gravity,  is  equal  to  the  weight  of  the  fluid. 

18.  Draw  CE  perpendicular  to  BC,  BE  to  BA , 
and  CF  to  BE.  Now  let  CE  reprefent  the  preflure 
(P)  perpendicular  to  BC,  which  refolve  intoCF,  FE, 
then  CF  is  that  part  which  ads  downwards  ; alfo  let 
p reprefent  the  preflure  downwards,  and  n the  preflure 
which  would  ad  upon  BF  as  the  bottom,  or  the 
weight  of  the  fluid  by  Art.  15.  Hence, 
p : P ::  CF  : CE  ::  (by  fun.  trian.)  BF:  BC, 

P : 7T  ::  BCx  depth  : BFx  depth  ::  BC  : BF. 

,\p:  7T  ::  BFx  BC  : BCxBF j 

hence  p = 7r. 

The  fame  may  be  inferred  diredly,  from  the  rea* 
foning  in  Art.  1 


Prop. 
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Prop.  VII.  j 

<fhe  prejfure  of  a fluid  ngainjl  any  far  face,  in  a direction 
perpendicular  to  it , varies  as  the  area  of  the  furface  multi- 
plied into  the  depth  of  it's  center  of  gravity  below  the  fur- 
face  of  the  fiuid. 

19.  Let  ABC  be  a velfel,  AB  the  furface  of  the 
fluid  divide  ACB  into  an  indefinite  number  of  parts 
07,  «,  0 , &c.  let  G be  the  center  of  gravity  of  the 
furface  ACB , and  draw  Gj^,  mx , ny , oz,  &c.  per- 
pendicular to  AB.  Now  every  part  of  the  indefinitely 
fmall  furface  m may  be  conceived  to  be  at  the  lame 
perpendicular  depth  mx ; alfo,  (Art.  10)  the  prelfure  at 
m is  in  proportion  to  it’s  depth,  and  that  prelfure  is 
exerted  equally  in  all  directions ; hence,  the  prelfure 


on  m perpendicular  to  that  furface  is  as  mXmx  ; con- 
fequently  the  whole  prelfure  exerted  on  ACB , in  a 
direction  perpendicular  to  the  furface  at  every  point, 
will  be  as  mxmx  + nXny-\-oX  2 + &c.  But  (by 
Mechanics,  Art.  172.)  if  we  conlider  07,  n,  0,  &c. 
as  reprefenting  weights  in  proportion  to  their  refpeCtive 
magnitudes,  and  the  whole  area  ACB  to  reprefent 
a proportional  weight,  then  mXwx+nXny  + oXo z 

+ &c. 
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■+-&c.  = ACBxG§^-i  hence  the  whole  preflure  per- 
pendicular to  the  furface  varies  as  ACBxG^. 

20.  Cor.  i.  The  fame  preflure  is  equal  to  the 
weight  of  a cylinder  of  that  fluid,  the  area  of  whofe 
bottom  is  equal  to  the  furface  ACB , and  altitude  G^. 
For  the  areas  prefled,  and  the  depths  of  the  centers  of 
gravity,  are  equal  in  the  two  cafes,  therefore  the  pref- 
fures  are  equal.  But  (Art.  15)  the  preflure  on  the 
bottom  of  a cylinder  is  equal  to  the  weight  of  the  fluid 
contained  in  it ; confequently  the  preflure  on  the  bot- 
tom ACB  is  equal  to  the  fame  weight. 

21.  Cor.  2.  The  preflures  of  different  fluids  againfl: 
different  furfaces,  will  be  as  the  areas  X depths  of  their 
centers  of  gravity  X fpecific  gravities  of  the  fluids. 
For  it  is  manifeft  that,  cseteris  paribus,  the  preflures 
muff:  be  as  the  weights,  or  as  the  fpecific  gravities 
(Art.  3) ; thus,  if  the  fame  veflel  be  filled  with  mercury 
and  water,  the  fpecific  gravity,  or  weight,  of  the  former 
will  be  14  times  that  of  the  latter,  and  confequently 
the  preflure  muft  be  14  times  greater.  Hence,  for 
different  veflels,  combining  this  ratio  with  that  in 
Art.  19.  we  have  the  whole  preflures  as  above. 

22.  Cor.  3.  The  preflure  againfl:  the  fide  of  a cubical 
veflel  filled  with  a fluid  = k the  preflure  againfl:  the 
bottom  ; for  the  area  prefled  is  the  fame,  and  the  depth 
of  the  center  of  gravity  in  the  former  cafe  =\  that  in 
the  latter.  Hence  the  preflure  againfl  the  fide  = i the 
weight  of  the  fluid. 

23.  Cor.  4.  If  a cylinder,  the  altitude  of  which 
is  a , and  diameter  of  it’s  bafe  d , be  filled  with  a fluid  ; 
then  if  ^=3,14159  &c.  the  area  of  the  bafe  = ?pd\' 
and  the  area  of  the  fides  = pda  ; hence  the  preflure 


on 
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' 

on  the  bottom  : the  preffure  on  the  fide  ::  \pdza  : 
\pdax  ::  d : 2 a.  If  two  equal  cylinders  be  filled,  one 
with  mercury  and  the  other  with  water,  then,  the 
preffure  on  the  bafe  of  the  former  : the  preffure  on  the 
fides  of  the  latter  ::  i\d  : 2 a ::  7 d : a. 

24.  Cor.  5.  Letx^be  the  furface  of  a fluid,  ABCD 


a □ perpendicular  to  it ; draw  E F parallel  to  AB , 
and  bifeft  AE  in  v,  ED  in  w ; then  Av , Aw 
will  be  the  depths  of  the  centers  of  gravities  of  ABFE 
and  EFCD.  Hence  the  preffures  on  thefe  CUs  are 
as  ABFExAv  : EFCDx  Aw  ::  AExAv  : EDx 

ADA-  AE 

Aw  ::  AExlAE  : AD-AEx  - ::  AE * : 

2 

AD'-AEx. 

Prop.  VIII. 

If  a ‘veffel  be  filled  with  a fluid , the  prefiure  on  any 
part  : the  whole  weight  of  the  fluid  : : the  area  of  that 
part  X the  depth  of  it's  center  of  gravity  : the  folid  con - 
tent  of  the  fluid. 

24.  By  Art.  15.  the  preffure  on  the  bafe  of  a cylin- 
der filled  with  fluid  = it’s  weight ; alfo,  the  weight  of 
Vol.  III.  B the 


1 
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the  fame  fluid  is  in  proportion  to  it’s  folid  content. 
Let  a veflel  of  any  form  be  filled  with  a fluid,  and  let 
A = any  part  of  it’s  furface,  D = the  depth  of.  it’s  center 
of  gravity,  P = the  preflure  upon  it,  and  W — the 
whole  weight  of  the  fluid,  5 = it’s  folid  content ; and 
let  a cylinder,  whofe  bafe  = a and  altitude  d,  be  filled 
with  the  fame  fluid,  and  let  p be  the  preflure  on  it’s 
bottom,  w the  weight  of  the  fluid,  s it’s  folid  content  i 
then  by  Art.  19. 

P : p ::  Ax  D : aX  but  by  Art.  15.  w—p\ 
Alfo,  w : IV  ::  s : 5 J alfo  s = aXd-}  hence 

P : W : : Ax  D : S. 

25.  Cor.  1.  If  a cone,  Handing  on  it’s  bale,  be 
filled  with  a fluid,  and  A = the  bafe,  we  have  5 = 4 A 
X D confequently  the  preflure  on  the  bafe  = three 
times  the  weight  of  the  fluid. 

26.  Cor.  2.  If  a hollow  fphere  be  filled  with  a fluid, 
the  preflure  P againft  the  whole  internal  furface  A = 
three  times  the  weight  of  the  fluid  ; for  the  center  of 
gravity  of  the  furface  is  in  the  center  of  the  fphere, 
whofe  depth  D below  the  upper  point  of  the'fluid 
muft  therefore  be  equal  to  the  radius  R of  the  fphere, 
and  5 = 4 Ax  R = ~AxD. 

27.  Hitherto  we  have  confidered  the  whole  preflure 
of  a fluid  againft  any  furface  in  a direction  perpendi- 
cular to  every  point  of  it ; but  in  this  cafe,  the  effeft  on 
one  part  may.  partly  deftroy  the  efFed  on  another,  by 
their  not  ading  in  the  fame  diredion.  Since  we  do  not 
therefore  thus  get  the  whole  joint  effed  in  any  direc- 
tion, let  as  next  confider,  what  is  the  whole  preflure 
againft  any  plane,  in  the  diredion  of  gravity. 

Prop. 
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. ?.  ..  'A  . • • - - A . f. 

Prop.  IX. 

The  prejfure  of  a fluid  downwards  againfl  the  fldes  and 
bottom  of  any  vejfel , is  equal  to  the  weight  of  the  whole 
fluid , provided  there  be , over  every  part  of  the  fldes  and 
bottom , a perpendicular  column  of  the  fluid  reaching  to  the 
furface 

28.  Let  AwzonB  be  fuch a veflel  filled  with  a fluid 


whofe  furface  is  AB,  perpendicular  to  which,  conceive 
vmno,  qxwz , & c.  to  be  indefinitely  fmall  prifniatiq 
columns  into  which  the  whole  is  divided ; then 
(Art.  17.)  the  prefliire  downwards  of  every  column  is 
equal  to  the  weight  of  the  column  of  fluid  ; hence  the 
whole  prefliire  downwards  upon  the  furface  ACB  is 
always  equal  to  the  whole  weight  of  the  fluid. 

29.  Cor.  1.  As  the  prefliire  of  every  column  down- 
wards is  equal  to  it’s  gravity,  the  joint  effeft  of  all  the 
columns,  or  of  the  whole  fluid,  is  the  fame  as  the  gra- 
vity of  the  whole  if  it  had  been  folid,  and  confequently 
(Mechanics,  Art.  160)  the  effect  is  the  fame  as  if  all 
the  power  was  concentrated  in  the  center  of  gravity. 

30.  Cor.  2.  Hence  if  ABCD  be  a veflel  of  fluid, 

e 2 and 
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and  acb  be  any  part  G of  the  fluid,  it’s  adtion  down- 
wards, muff  be  equal  to  the  reaction  of  the  fluid 
under  it  upwards ; but  the  effedt  of  G downwards,  is 


(Mech.  Art.  160)  juft  the  fame  as  if  the  whole  efledt 
took  place  at  it’s  center  of  gravity  j therefore  the 
effedt  of  the  reaction  of  the  fluid  under  G muft  be  the 
fame  as  if  it  took  place  at  the  fame  point. 

Prop.  X. 

If  two  fluids  communicate  in  a bent  tube , their  per- 
pendicular altitudes  above  the  plane , where  they  meet , are 
inverfely  as  their  fpecific  gravities . 

* 

3.1.  Let  ABC  be  the  tube,  ux  the  plane  where 


the  two  fluids  meet,  (landing  at  v and  w;  draw 


muxn 
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muxn  parallel  to  the  horizon,  and  vm,  wn  perpendi- 
cular to  it.  Let  S , s reprefent  the  flpecific  gravities 
of  the  two  fluids  in  vu,  uw ; then  the  area  of  the  flec- 
tion ux  being  common  to  both  fluids,  the  prefflure  of 
each  fluid  at  that  Aedtion  will  (Art.  21)  be  as  it’s  per- 
pendicular depth  X it’s  flpecific  gravity ; but  as  the 
fluids  are  at  reft,  their  preflures  muft  be  equal  ; hence 
Sxvm  = sxwn , therefore  S : s ::  wn  : vm. 

32.  Cor.  i.  Hence  the  flame  fluid  will  ftand  at  the 
lame  altitude  on  each  fide;  for  if  Sz=s,  then  wn  = vm. 
If  therefore  a pipe  convey  a fluid  from  a relervoir,  it 
can  never  carry  it  to  a place  higher  than  the  flurface  of 
the  fluid  in  the  reflervoir. 

33.  Cor.  2.  If  ABCD  be  a velflel  of  fluid,  mxwn 


r' 


x hollow  cylinder,  to  whole  bottom  a cylindrical  body 
wxyz}  of  greater  flpecific  gravity  than  the  fluid,  may 
be  flo  cloflely  fitted,  that  the  fluid  cannot  enter;  then 

b 3 if 
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if  this  body  be  kept  in  that  pofition  by  the  firing  s, 
and  the  whole  be  immerfed  perpendicularly  in  the 
veffel,  until  yr  be  to  yx  as  the  fpecific  gravity  of  the 
body  to  that  of  the  fluid,  the  body  will  remain  fuf- 
pended  without  the  affiftance  of  the  firing.  For,  we 
may  confider  the  body  wxyz  juft  the  fame  as  if  it 
were  a fluid  of  the  fame  fpecific  gravity,  and  confe- 
quently  it  will  reft  when  the  altitudes  of  the  body 
and  fluid  above  yz  are  inverfely  as  their  fpecific  gra- 
vities. 

• Prop.  XI. 

The  afcent  of  a body  in  a fluid  of  greater  fpecific  gravity 
than  itfelf  \ arifes  from  the  preface  of  the  fluid  upwards 
againfi  the  under  furface  of  the  body. 

34.  For  if  the  body  be  placed  upon  the  bottom  of 
the  veffel  in  which  the  fluid  is,  and  be  fo  clofely  fitted 
to  it,  that  no  part  of  the  fluid  can  get  under  it,  it  will 
remain  at  reft  ; but  if  it  be  lifted  up,  fo  that  the  fluid 
can  get  under  it,  it  will  immediately  rife. 

Def.  The  center  of  preffure  is  that  point  of  a furface, 
againft  which  any  fluid  preffes,  to  which  if  a force 
equal  to  the  whole  preffure  were  applied,  in  a con- 
trary direction,  it  would  keep  the  furface  at  reft. 


Prop.  XII. 


35*  Let 
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35.  Let  A BCD  be  the  furface  of  the  fluid,  VW 
the  plane,  which  being  produced,  let  cd  be  it’s 


interfedtion  with  the  furface,  P the  center  of  pref- 
fure,  and  G the  center  of  gravity  ; and  conceive  the 
whole  plane  to  be  divided  into  an  indefinite  number 
of  indefinitely  An  all  parts,  of  which  one  is  x j draw 
PQ,  Gg , xv  perpendicular  to  the  furface,  and  Pa9 
Gtiy  xtn  perpendicular  to  cd ; and  join  ^ a , gn,  vm  ; 
then  it  is  manifeft,  that  the  triangles  PQa,  Ggn , xvm 
are  fimilar.  Now  the  preflure  on  * perpendicular 
to  VW  is  (Art.  17.)  as  xx*v\  and  (Mechanics, 
Art.  92)  it’s  effedt  to  turn  the  plane  about  cd  is  as 
xxxvxxm ; but  (Am.  trian.)  Gn  : Gg  ::  xm  : xv  = 
G? 

xmXjf-,  hence  the  efledt  of  the  preflure  at  x to  turn 


the  plane  about  cd  is  as  xXxrtfx 


therefore  the 


G? 

whole  effedt  is  as  the  Jum  of  all  the  x X xm*  X But 

if  A = the  area  of  V Wy  the  preflure  on  VW  =s 
AxGgy  therefore  the  efledt  of  that  preflure  at  P,  to 

b 4 turn 
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turn  the  plane  about  cd,  is  as  AxGnxP  a.  Hence 

Gr 

A X Gg  X Pa  = fum  of  all  the  xxxmzX^-,  confe- 


, „ fum  of  all  the  xXxmx  TT 

quently,  Pa  = - ^ . Hence  it  ap- 

pears (Fluxions,  Art.  62)  that  P is  at  the  fame  dis- 
tance from  cd  as  the  center  of  percuffion  is,  cd  being 
the  axis  of  fufpenfion.  They  do  not  however,  in  ge- 
neral, lie  in  the  fame  line,  that  is,  in  the  line  tiG ; 
for  the  efficacy  of  the  preffure  at  x,  to  turn  the 
plane  about  nG,  is  as  xxxvxmn,  or  (fince  xv  varies 
as  xm ) as  xXxmXmn  ; but  the  fum  of  all  the  xXxm 
X mn  is  not  generally  = o,  therefore  the  whole  preffure 
will  not  balance  itfelf  upon  the  line  Gn.  The  fitua- 
tion  of  the  line  Pa  muft  be  determined,  by  making 
the  fum  of  all  the  x X xm  X mn  = o,  which,  in  any  par- 
ticular cafe,  may  be  determined  by  a fluxional  cal- 
culation. It  is  not  therefore  true,  in  general,  that  the 
centers  of  preffure  and  percuffion  are  the  fame  point, 
as  is  afferted  by  writers  on  this  fubjed;  indeed  there 
are  but  very  few  cafes  in  which  they  coincide. 
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SECTION  II. 


ON  THE  SPECIFIC  GRAVITIES  OF  BODIES. 


Prop.  XIII. 

rT'HE  zveight  of  a body  varies  as  it's  magnitude  and 
fpecific  gravity  conjointly. 

36.  For  it  is  manifeft,  that  if  you  vary  the  magni- 
tude of  any  body  in  the  ratio  of  M : w,  continuing  it’s 
fpecific  gravity  the  fame,  you  will  alter  the  quantity  of 
matter,  and  confequently  the  weight,  in  the  fame  ratio. 
If  you  alter  the  fpecific  gravity  of  the  body  in  the 
ratio  of  S : s}  continuing  it’s  magnitude  the  fame, 
you  will  alter  the  weight  in  the  fame  ratio,  (Art.  3)! 
Hence,  by  the  compofition  of  ratios,  if  you  alter 
both  the  magnitude  and  fpecific  gravity,  you  will  alter 
the  weight  in  the  ratio  of  MxS  : mxs. 

As  the  weight  of  a body  is  in  proportion  to  it’s 
quantity  of  matter,  the  quantity  of  matter  is  as  the 
magnitude  and  fpecific  gravity  conjointly,  or  as  the 

magnitude 


26  ON  THE  SPECIFIC 

magnitude  and  denfity  conjointly,  the  fpecific  gravity 
and  denfity  varying  in  the  fame  ratio,  (Art.  5). 

37.  A cubic  foot  of  rain  water  weighs  1000  ounces 
avoirdupoife,  the  fpecific  gravity  of  which  call  s ; let 
IV  be  the  weight  of  another  body  whofe  magnitude  in 
cubic  feet  is  M,  and  fpecific  gravity  S.  Hence,  W : 
1000  ::  MX  S : 1 foot  Xs;  if  therefore  we  affume  j = 
1000  as  a (landard  with  which  we  may  compare  the 
fpecific  gravities  of  other  bodies,  we  have  fV=M 
X S.  To  reduce  it  to  the  lUeafure  in  cubic  inches, 
correfponding  to  the  fpecific  gravity  of  water  repre- 
fented  by  unity,  we  have,  1728  : 1 ::  1000  : ,5787 
the  weight  of  a cubic  inch  of  rain  water;  hence,  W : 
,5787  ::  MxS  : 1 inch  X i(j),  therefore,  W =5 787, 
MX  S,  M being  the  magnitude  in  cubic  inches,  and 
the  fpecific  gravity  of  water  unity.  Now  a troy  ounce 
: avoirdupoife  ounce  ::  480  : 437,5,  f°r  an  avoirdu- 
poife ounce  contains  437,5  gra!ns  troy*  Hence,  to 
reduce  W to  troy  weight,  as  the  troy  ounce  is  the 
greater,  the  weight  exprelfed  in  troy  ounces  will  be 
le'fs  in  the  fame  proportion  ; therefore,  480  : 437,5 
::  ,5787  MxS  : ,52746  MyS^PV  the  weight  in 
troy  ounces,  =253,18  MyS  grains.  If  M = 1,  S 
= i,  this  gives  253,18  grains  for  the  weight  of  a cubic 
inch  -of  rain  water  *. 

* Hence,  we  may  very  accurately  determine  the  diameter  d of 
a fpher  e whofe  fpecific  gravity  is  f,  that  of  water  being  unity.  For 
the  content  of  a fphere  whofe  diameter  m 1 is  0,5236;  therefore, 

I : 0,5:136  ::  253,18  grains  (the  weight  of  1 cubic  inch)  : 132,428 
grains,  the  weight  of  a fphere  of  water  whofe  diameter  is  1 inch. 
Hence,  fince  the  weights  are  as  the  magnitudes  and  fpecific  gravities 
conjointly,  and  the  magnitudes  of  fpheres  areas  the  cubes  of  their 

diameters,  we  have  132,428  sd^  — av,  confequently,  a'rT?\rX 

,19612. 
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Prop.  XIV. 

If  a body  float  on  a fluid,  it  difplaces  as  much  of  the 
fluid  as  is  equal  to  the  weight  of  the  body . 

38.  For  the  body  P + fupported  by  the  preffure 
of  the  fluid  upwards  againft  the  part  immerfed  i alfo, 


the  fame  preflure  fupported  a quantity  of  fluid  equal  in 
bulk  to  before  the  body  was  immerfed,  that  fpace 
being  occupied  by  the  fluid ; and  as  the  fame  preffure 
mufl  fuftain  the  fame  weight,  when  there  is  an  equi- 
librium, the  weight  of  the  body  mufl  be  equal  to  the 
weight  of  a quantity  of  fluid  equal  in  bulk  to  §>. 


Prop.  XV. 

if  a body  float  on  a fluid , the  centers  cf  gravity  of  the 
body  and  of  the  fluid  difplaced , mufl , when  the  body  is  at 
refl , be  in  the  fame  vertical  line. 


39.  For 


*8 
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39.  For  (Art.  30)  the  effedt  of  the  preflure  of 
the  fluid  upwards  is  the  fame  as  if  the  whole  took 
place  at  the  center  of  gravity  of  the  fluid  difplaced ; if 
therefore  this  a&ion  of  the  fluid  upwards  againft  the 
body  in  a vertical  line  do  not  pafs  through  the  center 
of  gravity  of  the  body,  it  muft  (Mech.  Art.  164)  give 
the  body  a rotatory  motion. 

Prop.  XVI. 

If  a body  float  on  a fluid , the  part  (QJ  immerfed  : 
the  whole  body  (P- \-^)  ::  the  fpecific  gravity  (s)  of  the 
body  : the  fpecific  gravity  (S)  of  the  fluid. 

40.  By  Art.  37.  the  weight  of  the  body  is 

X j,  and  the  weight  of  a quantity  of  fluid  equal  to  ^ 
is  i^X  Sy  the  magnitudes  being  exprefled  in  cubic  feet, 
and  the  fpecific  gravity  of  water  being  1000;  but 
(Art.  39)  their  weights  are  equal ; hence,  P + £>Xs 
= S ; confequently,  P + ^ j : 5.  We 
here  fuppofe  the  part  P to  be  in  vacuo.  But  when 
bodies  float  upon  a fluid,  the  part  P being  in  the  air, 
this  rule  will  not  be  accurately  true ; near  enough  fo, 
however,  for  all  pradtical  purpofes.  The  effedl  of  the 
air,  if  neceflary,  may  be  computed  from  Art.  52. 

41.  Cor.  Hence,  if  the  fame  body  float  upon  two 
different  fluids,  the  parts  immerfed  will  be  inverfely  as 
the  fpecific  gravities  of  the  fluids ; for  in  this  cafe 
P-p^andj  being  conftant,  ^varies  inverfely  as  S .■ 
Upon  this  principle  is  conftrudted  the  hydrometer, 
an  infirument  for  meafuring  the  fpecific  gravities  of 
fuch  fluids,  as  do  not  differ  much  in  their  fpecific 

gravities. 
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gravities.  AB  is  a graduated  Hem  fixed  to  a hollow 
globe  C,  which  is  annexed  to  another  fphere  Dy  into 
which  mercury  or  fhot  is  put,  in  order  to  make  the 
inftrument  fink  in  the  fluid,  and  keep  it  vertical.  Now 
let  us  fuppofe  the  whole  bulk  of  the  inftrument  to  be 


reprefented  by  4000,  and  each  of  the  divifions  by  1 of 
fuch  parts,  and  let  the  whole  length  of  the  ftem  contain 
50  of  fuch  parts.  Now  if  this  inftrument  be  put  into 
one  fluid,  and  it  finks  to  30,  and  in  another,  it  finks 
to  20,  then  the  parts  immerfed  will  be  3970  and  3980 
refpedtively ; and  the  fpecific  gravities  of  thefe  two 
fluids,  being  inverfely  as  the  parts  immerfed,  will  be 
as  3980  : 3970.  This  can  only  be  applied  to  thofe 
fluids  which  come  within  the  extent  of  the  fcale.  This 
“ . inftrument 
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inftrument  therefore  generally  eon  lifts  of  two  ftems, 
one  of  which  can  be  taken  off  and  the  other  put  on, 
the  ftems  being  adapted  to  fluids  of  different  fpecific 
gravities,  one  meafuring  what  the  other  will  not; 

Mr.  Nicholson  has  lately  made  a confiderable 
improvement  in  this  inftrument,  by  placing  a fmall 
brafs  cup  on  the  top  of  the  item,  into  which  fmall 
weights  may  be  put,  fo  as  to  fink  it  into  different 
fluids  to  the  fame  point  of  the  item.  In  this  cafe, 
the  part  immerfed  being  the  fame,  the  fpecific  gra- 
vities of  the  fluids  will  be  as  the  whole  weights, 
which  are  known,  from  knowing  the  weight  of  the 
inftrument,  and  the  weights  added. 

This  inftrument  is  alfo  ufed  to  find  whether  a fluid 
is  above  or  below  proof.  Proof  fpirits  confift,  half  of 
pure  fpirits,  called  alcohol,  and  half  of  water  ; the 
inftrument  put  into  this  mixture,  finks  to  Proof  upon 
the  feale.  Now  as  water  is  heavier  than  the  fpirits, 
if  there  be  more  water  than  fpirits,  the  fpecific  gravity 
will  be  greater  than  that  of  proof  fpirits,  and  confe- 
quently  the  hydrometer  will  not  fink  fo  faV  as  proof, 
or  the  furface  of  the  liquor  Hands  below  proof,  and 
the  ftrength  of  the  fpirits  is  below  proof : but  if  there 
be  lefs  water  than  fpirits,  the  fpecific  gravity  will  be 
lefs  than  that  of  proof  fpirits,  and  therefore  the  hy- 
drometer will  fink  below  proof,  or  the  furface  of  the 
fluid  will  Hand  above  proof,  and  the.  fpirits  are  above 
proof.  This  is  the  inftrument  which  the  Officers  of 
Excife  generally  ufe  when  they  examine  liquors,  in 
order  to  determine  their  ftrength,  for  the  purpofe  of 
afeertaining  the  duty,  y 

I-  ; » ) r : * * . »*.*'•*-  • - 
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’Prop:  XVII: 

’ '4  1 tj.  j 

77/tf  weight  which  a loth  Jofes  when  wholly  itymerfed 
in  a fluid,  is  equal  to  the  weight  of  an  equal  bulk  of  the  fluid. 

. V,.,  ",  *r^  - ■ -{♦  -;r  , t. 

42.  Firft,  let  the  body  be  of  the  fame  Ipecific 
gravity  as  the  fluid,  and  then  it  is  manifcft  that  it  will 
remain  at  reft,  becaufe  (Art.  3)  it  is  of  the  fame 
weight  as  an  equal  bulk  of  the  fluid,  and  therefore 
the  prefTure  upwards  of  the  fluid  beneath  will  fupport 
the  body  equally  as  it  fupported  the  fluid  which  occu- 
pied the  fpace  before  the  body  was  put  in;  in  this  cafe, 
the  body  is  faid  to  have  loft  all  it’s  weight,  or  the 
weight  of  an  equal  bulk  of  fluid.  Now  let  the  fpe- 
cific  gravity,  and  conlequently  the  weight  of  the  body, 
be  increafed,  then  the  prelfure  of  the  fluid  upwards 
againfl  the  body  ftill  continuing  the  fame,  that  aftion 
muft  ftill  take  oft'  the  fame  weight  from  the  body, 
that  is,  the  weight  of  an  equal  bulk  of  fluid. 

When  we  fay,  that  a body  lofes  part  of  it’s  wreight 
in  a fluid,  we  do  not  mean  that  it’s  abfolute  weight 
is  lefs  than  it  w'as  before,  but  that  it  is  partly  fup- 
ported by  the  reaction  of  the  fluid  under  it,  fo  that 
it  requires  a lefs  power  to  fupport  it.. 

43.  Cor  1.  Hence,  when  a body  is  weighed  in  air, 
in  order  to  get  it’s  abfolute  weight,  we  muft  add  to  it 
the  weight  of  an  equal  bulk  of  air.  If,  for  example, 
a body,  whofe  magnitude  is  one  cubic  foot,  weigh 
1500  ounces  troy  in  air,  we  muft  add  21  penny- 
weights to  it,  which  is  the  weight  of  a cubic  foot  of 
air,  and  it  gives  1500  oz.  21  dwts.  the  real  weight  of 
the  body,  or  it’s  weight  in  vacuo. 


44.  Cor. 
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44.  Cor.  2.  Hence  alfo  it  follows,  that  if  two 
bodies  of  the  fame  weight  in  air,  be  put  into  a denier 
fluid,  the  fmaller  body  will  preponderate,  fmce  it 
lofes  a lefs  weight  than  the  other.  And  if  they 
weigh  equally  in  any  fluid,  and  then  be  brought  into 
a rarer  medium,  the  greater  will  preponderate,  becaufe 
having  loll  more  weight  in  the  denfer  fluid  than  the 
other  body,  when  carried  into  a rarer  fluid  it  will 
regain  more  weight,  and  therefore  will  weigh  moll 
in  the  lighter  fluid. 


Prop.  XVIII. 

A body  immerfed  in  a fluid,  ajeends  or  defeends  with  a 
force  equal  to  the  difference  between  it's  own  weight  and 
the  weight  of  an  equal  bulk  of  fluid , the  refinance  of  the 
fluid  not  being  confldered. 


45.  Let  W be  the  weight  of  the  body,  w the 
weight  of  an  equal  bulk  of  the  fluid.  Now  we  may 
confider  the  body  as  defeending  b,y  it’s  own  weight  W, 
and  (Art.  42)  as  oppofed  in  it’s  defeent  by  w>  hence, 
when  IV  is  greater  than  w the  body  defeends,  and 
when  W is  lefs  than  w it  mull  afeend,  and,  in  both 
cafes,  by  the  difference  between  W and  w,  as  they 
oppofe  each  other. 

46.  Cor.  Let  the  fpecific  gravity  of  the  fluid  : 
that  of  the  body  ::  1 : b \ then,  (Art.  3)  w : IV  w 

• IV 

1 : b ; hence  w = y , confequently  the  relative  gravity, 

JV 

or  weight  of  the  body  in  the  fluid,  — JV-—. 
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Prop.  XIX. 

The  weight  (zv)  which  a body  lofes  when  immerfed  in 
a fluid  : it's  whole  weight  (W)  w the  fpecific  gravity  of 
the  fiv.id  (s)  : the  fpecific  gravity  of  the  body  (S).  . 

46.  For  (Art. 43)  wis  the  weight  of  a bulkofflujd 
equal  to  the  bulk  of  the  body,  the  weight  of  which 
is  IV  -3  but  (Art.  3)  the  weights  of  equal  bulks  are  as 
their  fpecific  gravities ; confequently  w : W ::  s : S. 

Ex.  If  a body  weigh  12  lb.  in  air,  and  71b.  in 
water,  then  5 lb.  is  the  weight  loft;  hence,  5:12:: 
the  fpecific  gravity  of  water  : the  fpecific  gravity  of 
the  body.  Thus  we  compare  the  fpecific  gravities  of 
bodies  and  fluids  of  lefs  fpecific  gravities. 

sxW 

47.  Cor.  1.  Hence,  S — — ; if  therefore  j be 

' w 

given,  that  is,  if  different  bodies  be  weighed  in  the 

W 

fame  fluid,  then  will  S vary  as  — . 

Ex.  If  a body  A weigh  91b.  in  air,  and  71b.  in  any 
fluid,  and  another  body  B weigh  131b.  in  air,  and  61b. 
in  the  fame  fluid,  then  the  fpecific  gravity  of  A : that 

Q IQ 

°f  B ::  ^ ; -A  ;;  63  ; 26.  Thus  we  compare  the  fpe- 
cific gravities  of  two  bodies. 

« 

S v w 

v 48.  Cor.  2.  Hence  alfo,  j if  therefore  S 

and  W be  given,  that  is,  if  the  fame  body  be  weighed 
in  different  fluids,  then  will  s vary  as  w. 

Vol.  III.  C 
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Ex.  If  a body  lofe  6 lb.  in  one  fluid,  and  5 in  another, 
the  Ipecific  gravities  of  thefe  fluids  are  as  6 : 5.  Thus 
we  compare  the  Ipecific  gravities  of  two  fluids. 

If  one  of  the  fluids  be  mercury,  the  body  muft  be 
either  gold  or  platina,  thefe  being  the  only  two  metals 
which  will  fink  in  mercury.  It  is  better,  however,  in 
this  cafe,  to  compare  the  mercury  with  water  (Art. 
46),  weighing  the  mercury  in  the  water  by  putting 
it  into  a ffnall  glafs  veflel  fufpended  from  the  fcale, 
firfh  balancing  the  veflel  in  the  water. 

49.  The  effedt  of  the  air  in  diminifhing  the  weight 
of  a body  is  not  here  confidered.  If  the  body  which 
is  weighed  in  the  fluid  be  wood,  it  fhoulcl  firft  be  well 
rubbed  over  with  greafe,  or  varnifhed,  to  prevent  it 
from  imbibing  any  of  the  fluid. 

50.  Since  the  fpecific  gravities  of  fluids  vary  when 
their  temperatures  vary,  in  comparing  the  fpecific 
gravities  of  different  fluids,  we  muft  firft  reduce  them 
to  fome  one  temperature,  as  a ftandard.  This  tempe- 
rature is  arbitrary ; and  it  muft  be  obferved  that,  from 
the  different  expanfions  of  fluids  for  the  fame  varia- 
tion of  temperature  the  proportion  of  the  fpecific 
gravities  at  different  degrees  of  temperature  will  be 
different.  Many  folid  bodies  are  alfo  fubjedt  to  a 
variation  of  their  fpecific  gravities,  from  the  variation 
of  their  temperatures. 

Prop.  XX. 

To  find  the  fpecific  gravity  of  a body  <^,  which  is  lighter 
than  the  fluid  in  which  it  is  weighed. 


51.  Connedt 
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51.  Connetft  with  another  body  H which  is 
heavier  than  the  fluid,  lb  that  together  they  may  fink  ; 
let  the  weight  of  P in  the  fluid  be  a,  the  weight  of 

in  the  fluid  be  b , • the  weight  of  out  of 
the  fluid  be  d , and  the  weight  of  a bulk  of  fluid 
equal  to  i^be  e.  Now,  as  §fis  of  lefs  fpecific  gra- 
vity than  the  fluid,  it  will  (Art.  45)  afcend  with  the 
force  e - d.  Alfo,  as  ^_by  itfelf  would  afcend,  when 
it  is  connected  with  P,  they  will  together  have  a lefs 
defcending  power  in  the  fluid  than  P of  itfelf  would 
have,  by  the  power  of  §£s  afcent ; now  the  weight  or 
defcending  power  of  P , in  the  fluid  is  a , and  the 
weight  or  defcending  power  of  P -f  in  the  fluid  is 

b , therefore  the  difference  a—b  gives  the  afcending 
power  of  hence,  e-  d~a-b,  and  e = a—  b + d; 
but  (Art.  3)  the  weights  of  equal  bulks  are  as  the 
fpecific  gravities-;  hence,  the  fpecific  gravity  of 

the  fpecific  gravity  of  the  fluid  ::  d : a — b d. 

Prop.  XXI. 

If  a lighter  fluid  refl  upon  a heavier,  and  their  fpecific 
gravities  be  as  a : b,  and  a body , whofe  fpecific  gravity  is 

c,  refl  with  one  part  P in  the  upper  fluid , and  the  other 
part  §fin  the  lower , then  P : ffj.\  b-  c : c - a. 

b, ■_  , 

52.  The  body  will  reft  when  it  has  difplaced  as 

much  of  the  two  fluids  as  is  equal  in  weight  to 
itfelf,  for  the  reafon  given  in  Art.  38.  Now  (Art. 
37)  the  weight  of  the  body  is  alfo,  the 

weight  of  the  lower  fluid  difplaced  is  bx§^,  and  of 
the  upper  fluid,  axP ; hence,  a X P + b X = 

cXP+%1 


c 2 
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P + £f==cX  P + c X therefore,  bx§i,-  cX§J= 


c 


cXP  — aX  P,  or  b — cX  §>j=  c-  ax  P ; hence,  P : ^ 
::  b — c : c - a. 

• V 

53.  Cor.  Hence,  ^ : P+^,::  c-a  : b — a,  and 
if  a be  fo  fmall  that  it  may  be  negle&ed,  then  j^: 
P+SL-  c : b,  as  in  Art.  40. 

Prop.  XXII. 

If  a and  b be  the  fpecijic  gravities  of  two  fluids  to  be 
mixed  together , P and  their  magnitudes , and  c the 
fpecijic  gravity  of  the  compound , then  P : b — c : 

c— a. 

54.  By  Art.  37.  the  weight  of  P is  axP,  the 
weight  of^is^X^,  and  the  weight  of  the  compound 

is  cx  P + but  the  weight  of  the  compound  muft  be 
equal  to  the  fum  of  the  weights  of  the  two  parts ; 
hence  (as  in  Art.  52)  P : b — c : c- a. 

55.  It  is  here  fuppofed,  that  the  magnitude  P-f-i^, 
of  the  compound,  is  equal  to  the  fum  of  the  magnitudes 
of  the  two  parts  when  leparate.  But  it  very  often  hap- 
pens,. 
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pens,  that  the  magnitude  of  the  mixture  is  lefs  than  this 
fum,  owing,  probably,  partly  to  the  conftituent  par- 
ticles of  the  different  fluids  being  of  different  magni- 
tudes, and  partly  to  their  chemical  affinity.  This  is 
called  a penetration  of  dimenjions.  Thus,  for  inftarice, 
if  a pint  of  water  and  a pint  of  oil  of  vitriol  be  mixed 
together,  the  mixture  will  not  make  a quart.  The 
fpecific  gravity  of  the  compound  is  manifeftly  increafed 
by  this  circumftance. 

* ...  i a • 

Ex.  Let  the  fpecific  gravity  of  gold  be  1 9,  of  filver 
1 1,  and  of  the  compound  14  ; then  the  magnitude  of 
the  filver  in  the  mixture  : the  magnitude  of  the  gold 
::  19-14  : 14-11  ::  5 : 3. 

A certain  quantity  of  gold  having  been  given  by 
King  Hiero  to  make  him  a crown,  the  artifts  fecreted 
part  of  the  gold,  and  fubftituted  the  fame  weight  of 
filver.  This  being  fufpebted,  Archimedes  was  em- 
ployed to  difcover  the  cheat;  but  it' is  not  related  in 
what  manner  he  did  it,  except  that  by  going  into  a 
bath,  the  riling  of  the  water  fuggefted  to  him  the 
method  of  finding  the  magnitudes  of  irregular  bodies. 

56.  If  we  want  to  find  the  proportion  of  the  weights 
of  each  body,  we  muff  take  the  ratios  of  their  mag- 
nitudes, and  of  their  refpebtive  fpecific  gravities  con- 
jointly; hence,  the  weights  of  P and  i^are  as  axh—c:b 
Xc-a.  In  the  above  example,  therefore,  the  weight 
of  the  filver  : the  weight  of  the  gold  ::  11X5  : 19 
X3  55  : 57- 


c 3 
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TABLE  OF  SPECIFIC  GRAVITIES. 


Refined  gold  . . 

Engiifh  guinea 
Mercury  . . 

Lead  . 

Refined  filver  . 
Standard  filver 
Bifmuth 

Copper  of  Japan 
Copper  of  Sweden 
Hammered  brafs 
Caft  brafs 
Turbeth  mineral 
Cinnabar,  factitious 
Cinnabar,  natural 
Elaftic  fteel  . . 

Soft  fteel 
Iron  . . 

Pure  tin  . . . 

Glafs  of  antimony 
A pfeudo  topaz 
A diamond  . . 

Chryftal  glafs  ..  . 

Hand  chryftal 
Rock  chryftal 
Common  glafs 
Fine  marble  . ; 


x9637 

1 7793 
14019 

1 1 325 
1 1087 

1 °53  5 
9700 

9000 

8843 

8349 

8100 

8235 

8200 

7300 

7820 

7738 

7645 

7471 

5280 

4270 

3400 

3i50 

2720 

2658 

2620 

2704 


Stone 
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gravities  of  bodies. 


Stone  of  a mean  gravity 

2500 

Selenitis 

2252 

SaJ  gemmae  . 

2143 

Nitre  . . . 

1900 

Alabafter 

l87  5 

Dr}r  ivory 

1825 

Brimftone 

1800 

Dantzic  vitriol  . 

. . 

X7J5 

Allum 

1714 

Borax  . 

1 7 1 4 

Calculus  humanus 

1 700 

Oil  of  vitriol 

►M 

O 

O 

Oil  of  tartar 

*55° 

Bezoar  . . . 

1500 

Honey  . • . . 

145° 

Gum  arabic 

*375 

Spirit  of  nitre 

1315 

Aqua  fortis  . . 

1300 

Pitch 

115° 

Spirit  of  fait 

1130 

CralTamen  of  the  human 

blooc 

1126 

Spirit  of  urine 

1120 

Human  blood 

io54 

Amber 

103° 

Serum  of  human  blood 

1030 

Milk  . . . 

• i 

1030 

Urine  . . . 

• • 

1030 

Dry  box-wood  . 

103° 

Sea-water 

• • 

1030 

Common  water 

• 

1000 

Camphire 

• • 

996 

Bees  wax  . . 

• • 

955 

Linfeed  oil  . 

• • 

932 

G 4 


' J • 


Dry 
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Dry  oak 

. , 925 

Oil  olive  . , 

• * 913 

Spirit  of  turpentine 

. . 864 

Rectified  Spirit  of  wine  . 

. . 866 

Dry  afh 

Dry  maple  .... 

Dry  elm 

Dry  fir  

• • 55° 

Cork 

Air  

\ 

J 

The  Specific  gravity  of  rain  water  being  here  repre- 
sented by  1000,  and  a cubic  foot  of  rain  water  weigh- 
ing 1000  ounces  avoirdupoiSe,  the  numbers  againft 
each  fubftance  reprefents  the  weight  of  a cubic  foot 
thereof  in  avoirdupoife  ounces.  The  Specific  gravities 
are  Subject  to  a Small  degree  of  variation,  arifing  from 
the  variation  of  temperature  of  the  air. 

The  Scales  which  are  made  ufe  of  to  weigh  bodies, 
in  order  to  determine  their  Specific  gravities,  are  called 
the  Hydrojlatic  Balance. 


SECTION 
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ON  THE  RESISTANCE  OF  FLUIDS. 


57.  r 1 ^HE  refiftance  of  a body  moving  in  a fluid 
arifes  from  the  inertia,  the  tenacity,  and 
fri&ion  of  the  fluid,  admitting  the  particles  to  be  in 
contact.  The  latter  caufe,  granting  it  to  exift,  is  pro- 
bably very  fmall ; and  the  fecond  is,  in  moll  fluids, 
inconfiderable  when  compared  with  the  inertia.  The 
refiftance  therefore,  which  we  fihall  here  confider,  is 
that  arifing  from  the  inertia  of  the  fluid. 

Prop.  XXIII. 

If  a -plane  furface  move  in  a fluid  with  a velocity  V , in 
a direction  perpendicular  to  it's  plane , the  refiftance , within 
certain  limits  of  the  velocity , varies  as  V *. 

58.  For  the  refiftance  muff  vary  as  the  number  of 
particles  which  ftrike  the  plane  in  a given  time,  multi- 
plied 
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plied  into  the  force  of  each  againft  the  plane.  Now 
£he  number  of  particles  which  the  plane  (trikes  in  a 
given  time  mud  evidently  be  in  proportion  to  F; 
alfo,  the  force  of  each  particle  is  as  V , and  as  aftion 
and  reaction  are  equal  and  contrary,  the  reaction  of 
every  particle  of  the  fluid  againft  the  plane  muft  be 
as  F hence  the  refiltance  varies  as  FxF , or  as  Fz. 
This  is  found,  by  experiment,  to  be  very  nearly  true, 
when  the  velocity  is  fmall. 

59.  This  proof  fuppofes,  that  after  the  plane  ftrikes 
a particle,  the  action  of  that  particle  immediately 
- ceafes,  and  the  particle  itfelf  to  be,  as  it  were,  an- 
nihilated ; but  the  particles,  after  they  are  ftruck, 
mud  neceflarily  be  made  to  diverge  and  aft  upon  the 
particles  behind,  which  makes  fome  difference  between 
this  theory  and  experiment.  Alfo,  by  increafing  the 
velocity  of  the  body,  the  aftion  of  the  fluid  behind  it, 
to  impel  it  in  the  direftion  of  it’s  motion,  will  be  dimi- 
nifhed,  and  confequently  the  retardation  will,  on  this 
account,.be  increafed.  Mr.  Robins  found,  from  ex- 
periment, that  when  a bullet  moves  with  the  velocity 
of  found,  or  with  a greater  velocity  (in  which  cafe,  a va- 
cuum is  left  behind  the  body,  and  the  p refill  re  forwards 
from  behind  then  ceafes),  that  the  refiftance  is  always 
greater  than  this  law  gives  it.  When  bodies  defeend  in 
fluids,  fuch  as  water,  the  refiflance  is  very  nearly  as  Fz, 
becaufe  the  body  can  never  acquire  a velocity  beyond 
a certain  limit.  We  will  therefore,  in  the  articles 
here  given  upon  refiftances,  fuppofe  the  refiftance  to 
vary  as  Fz.  This  law  of  refiftance  was  eftabliftied  by 
Sir  I'.  Newton,  from  a variety  of  experiments;  fee 
the  Principia , Vol.  II.  Prop.  31,  Scholium  ; alfo 
Mr.  Parkinson’s  Hydrojiatics , page  26. 
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Prop.  XXIV. 

When  different  planes  move  in  directions  perpendicular  to 
their  furfaces , in  different  fluids,  and  with  different  velo- 
citiesthe  reflflances  will  be  as  the  fquares  of  their  velocities 
X the  denflties  of  the  fluids  X the  areas  of  the  planes. 

60.  For  by  increafing  the  denfity  of  the  fluid,  the 
number  of  particles  (truck  in  the  lame  time  will  be 
greater  in  the  fame  proportion,  and  confequently  the 
refiftance  will,  caeteris  paribus,  be  greater  in  the  fame 
ratio.  Alfo,  by  increafing  the  area  of  the  plane,  the 
greater  will  be  the  number  of  particles  (truck  in  the 
fame  ratio,  and  therefore  the  refiftance  will  be  greater 
in  the  fame  proportion.  And  (Art.  58)  when  the 
velocities  vary,  caeteris  paribus,  the  refiftance  varies 
as  V a.  Hence,  combining  thefe  ratios  together,  the 
refiftance  will  be  as  V*  X the  denfities  of  the  fluids 
X areas  of  the  planes. 

Prop.  XXV. 

If  a plane  move  obliquely  in  a r effing  medium , with 
an  uniform  velocity , and  after  the  refolution  of  the  force 
with  which  the  plane  Jlrikes  the  fluid , the  whole  of  that 
part  which  ads  perpendicular  to  the  plane  takes  effect, 
the  refiftance  perpendicular  to  the  plane  will  vary  as  the 
fquare  of  the  fine  of  the  angle  of  inclination. 

61  Let  AB  be  the  plane  moving  in  the  medium 
LMNO  in  the  dire&ion  xy;  draw  AC  parallel  to  xy, 
meeting  B C perpendicular  to  AB  in  C ■,  and  let  BD  be 

perpendicular 
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perpendicular  to  AC.  Now  the  quantity  of  fluid  which 
A B has  to  oppofe  by  it’s  motion,  being  that  which  is 
contained  between  AC  and  xy,  is  manifeftly  in  pro- 


portion to  BD , or  to  the  fine  of  BAC,  becaufe  AB  : 
BD  ::  rad.  = i : fin.  BA  D or  BAC , and  the  firft  and 
third  terms  being  conftant,  the  fecond  varies  as  the 
fourth.  Alfo,  as  the  plane  ads  againft  thefluid  at  the 
angle  CAB , let  AC  be  taken  to  reprefent  the  whole 
force  of  the  plane  ading  againft  the  fluid  upon  fup- 
pofition  that  no  part  thereof  was  loft,  which  force 
would  be  conftant,  the  velocity  of  the  plane  being 
uniform  ; then,  by  the  refolution  of  motion,  the  force 
ading  perpendicular  to  the  plane  will  be  in  propor- 
tion to  BC,  or  to  the  fine  of  BAC , for  AC  : BC  :: 
rad.  =i  : fin.  BAC,  where  the  firft  and  third  terms 
being  conftant,  the  fecond  varies  as  the  fourth.  Hence, 
the  whole  adion  of  the  plane  againft  the  fluid  in  the 
diredion  BC  (being  in  proportion  to  the  whole  quan- 
tity of  fluid  which  oppofes  it’s  motion,  and  it’s  effed  in 
the  diredion  BC  conjointly)  will  be  as  fin.  BAC  X 
fin.  BAC,  or  as  fin.  BACX.  And  as  adion  and  reac- 
tion are  equal  and  contrary,  the  adion  of  the  fluid 
againft  the  plane  in  the  diredion  CB,  or  the  refiftance 
of  the  fluid,  muft  vary  in  the  fame  ratio. 


Prop. 
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Prop.  XXVI. 

The  refijlance  of  the  fame  fluid  to  oppofe  the  plane  in  the 
direction  of  it's  motion  varies  as  fin  BAL)3,  fuppoftng , 
after  the  reflation  of  the  reaction  of  the  fluid  in  the  direc- 
tion CA,  into  CB  and  BA,  the  part  B A to  be  entirely  loft, 
and  CB  to  take  effeCi. 

A 

62.  As  the  whole  effect  of  the  refiftance  of  the 
fluid  upon  the  plane  is  that  part  which  is  perpendi- 
cular to  it,  let  CB  reprefent  that  \yhole  refiftance, 
and  refolve  it  into  CD,  DB,  then  will  CD- reprefent 
the  refiftance  which  oppofes  the  motion  of  the  body  ; 
now,  rad.  =1  : fin.  DBC,  or  fin.  BAC,  y.  CB  : CD 
= CBxbn.  BAC  but  CB,  as  reprefenting  the  whole 
refiftance  in  the  direblion  CB,  varies  as  fin  .BAC]1 
(Art.  61);  hence,  CD  varies  as  fin.  BAO3. 

By  experiments  on  plane  bodies  moving  both  in  air 
and  water,  I find  that  they  are  not  refilled  according 
to  the  laws  here  deduced.  Part  of  the  difference  may 
probably  be  owing  to  the  two  latter  caufes  mentioned 
in  Art.  57,  but  it  principally  arifes  from  the  force,  after 
refolution,  not  taking  effebt  as  here  fuppofed,  that  part 
which  is  parallel  to  the  plane  not  being  all  loft.  But 
the  further  confideration  of  this  fubject  falls  not  within 
the  plan  of  this  work,  which  is  intended  only  to  be 
an  elementary  treatife. 


Prop.  XXVII. 

'The  fame  fuppofltion  being  made,  the  refiftance  of  the 
plane,  in  a direction  perpendicular  to  that  of  it's  motion , 
varies  as  fin . BACf  X cof.BAC, 

63.  For 
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63.  For  by  the  laft  Art.  DBmW  reprefent  that 
part  of  the  whole  refiftance  which  a£ts  perpendicu- 
carly  to  the  dire&ion  of  the  motion  ; hence,  rad.  = 1 : 
BCD , or  cof.  BAC , ::  CB  : DB  = CB  x cof.  BAC-} 
but  CB,  as  reprefenting  the  whole  effe&ive  part  of 
the  force,  varies  WnTRdCz  (Art.  61);  therefore, 
DB  varies  as  fin.  BACh?  X cof.  BA C. 

64.  If  inftead  of  fuppofing  the  plane  to  move 
in  the  fluid,  we  fuppofe  the  plane  to-be  at  reft  and 
the  fluid  to  move  againft  it,  the  aition  of  the  fluid 
againft  the  plane  will  be  juft  the  fame  as  it’s  reaction 
when  the  plane  moves.  Hence,  the  laft  article  will 
fhow  the  effect  which  the  wind  has  upon  the  fails 
of  a wind-mill,  when  at  reft,  to  put  them  in  motion, 
admitting  our  hypothefis,  refpedting  the  efficacious 
part  of  the  force,  to  be  true. 

65.  If,  in  the  three  laft  articles,  the  area  of  the 
plane,  the  velocity  and  denfity  of  the  fluid  be  not 
given,  then  (for  the  reafons  in  Arts.  58,  60)  the  refif- 
tance will  vary  in  the  above  ratios,  and  the  area  of  the 
plane,  fquare  of  the  velocity  and  denfity  conjointly. 

Prop.  XXVIII. 

The  fame  fuppojition  being  made , let  a cylinder,  moving 
in  the  direElion  of  it's  axis,  and  a fphere  of  the  fame  dia- 
meter, move  in  the  fame  fluid  with  the  fame  velocity  ; then 
will  the  refiftance  to  the  motion  of  the  cylinder  be  double 
to  that  of  the  globe. 

66.  Let  AFE  be  a diameter  of  the  end  of  a cylin- 
der, parallel  and  equal  to  BD  a diameter  of  the  fphere 
BFDG  whofe  center  is  C,  and  CF,  DE,  BA  perpen- 
dicular 
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dicular  to  AE ; draw  ^P  parallel  to  CF  the  axis  of 
the  cylinder,  and  let  it  reprefent  the  force  with  which 
a particle  of  fluid  would  aft  perpendicularly  at  v,  • the 
end  of  the  cylinder,  in  which  cafe  no  part  is  loft. 
Now  conceiving  the  the  fame  particle  to  act  upon 


the  globe  at  P,  part  of  it’s  effect  will  be  loft  by  the 
obliquity  of  the  ftroke;  draw  PR  a tangent  to  the 
fphere  in  the  plane  PCF , and  i^P  perpendicular  to  it; 
draw  alfo  RS  perpendicular  to  ^P , and  produce 
i^P  to  m.  Refolve  the  whole  force  §IP  into  PP, 
QR,  then  we  here  fuppofe  that  the  part  RP  to 
be  wholly  loft,  and  the  part  ^ P only  to  be  effective  ; 
refolve  this  into  QS,  S R,  then  is  employed  in 
oppofing  the  motion  of  the  globe,  and  S R (being 
perpendicular  to  it)  can  have  no  effedt  in  that  refpedt, 
and  moreover  it  will  be  deftroyed  by  an  equal  and 
oppofite  force,  adting  at  a point,  equidiftant  from 
P,  on  the  other  tide.  Hence  the  force  with  which 
the  point  v at  the  end  of  the  cylinder  is  retarded  : the 
force  with  which  the  correfponding  point  P on  the 
globe  is  retarded  ::  ®P  : §IS  ::  (becaufe  QJP  : gPR 
::  Q P : §>S)  ^JPZ  : §)R2  ::  (by  fim.  trian.  PPi^, 

jP  yyj  ^ 

PmC)  PC 2 : Pm2  PC  : ~pjr  ::  (taking  vn~ 

Pm * 
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p m *\ 

~pff  ) PC  : vn  ::  vm  : vn-,  confequently  the  whole 

refillance  on  the  cylinder  : that  on  the  globe  ::  the 
firm  of  all  the  vm' s : the  fum  of  all  the  vn' s.  Draw  nr 

parallel  to  mC.  Now  vm  : vn  ::  PC1  : Pmz , there- 
fore vm,  or  CF,  : mn , or  Cr,  ::  PC1,  or  AF%, : PCZ  — 
Cm*,  or  rnz,  the  locus  therefore  AnCE  of  all  the 
points  n is  a parabola.  Conceive  now  this  whole  figure 
to  revolve  about  FCG,  then  will  AE  generate  the  end 
of  the  cylinder,  and  BFD  that  half  of  the  globe  which 
oppofes  itfelf  to  the  medium,  or  which  is  refilled  ; 
alfo,  the  fum  of  all  the  vm' s will  be  the  folid  generated 
by  the  parallelogram  AEDB,  and  the  fum  of  all  the 
vn' s will  be  the  folid  generated  by  the  infcribed  para- 
bola ACE , which  folids  (Fluxions,  pag.  78)  are  as 
2:1;  hence,  the  refillance  of  the  cylinder  : the 
refillance  of  the  globe  : : 2 : 1 . 

It  appears  by  experiment,  that  this  propofition  is  not 
true  when  bodies  move  either  in  air  or  water,  the  refif- 
tance  of  the  globe,  compared  with  that  of  the  cylin- 
der, being  lefs  than  that  which  the  theory  gives  it. 

• , \ 

Prop.  XXIX. 

The  fame  fuppoftion  being  admitted , if  a globe  whofe 
diameter  is  d move  in  a refifing  medium  whofe  denfity  is 
n,  with  a velocity  v,  the  ref  fiance  will  vary  as  vzdzn. 

67.  For  the  refillance  of  a globe  is  (Art.  66) 
equal  to  half  the  refillance  of  the  bafe  of  a cylinder 
of  the  fame  diameter,,  moving  in  the  direction  of  it’s 
axis  with  the  fame  velocity ; therefore  the  refillance 

of 
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of  the  globe  varies  as  the  refiftance  of  the  cylinder ; 
but -the- end  of  the  cylinder  being  a circle,  whofe  area 
is  as  d *,  the  refiftance  (Art.  60)  varies  as  vrdzn\ 
therefore  the  refiftance  of  the  globe  varies  as  vld7‘n. 

If  the  Reader  wifh  to  fee  any  thing  further  upon  the 
refiftance  of  bodies  moving  in  fluids,  he  may  confult 
the  Fluxions , page  125. 

1 

Prop.  XXX, 

As  a body  defcends  in  a fluid , it  continually  adds  more 
weight  to  the  fluid  until  it  has  acquired  it's  greatefl  velo- 
city, at  which  time , the  iveight  added  to  the  fluid  from  the 
reflflance  is  equal  to  the  relative  weight  of  the  body. 

68.  For  as  long  as  the  velocity  of  the  body  in- 
creafes,  the  action  of  the  body  upon  the  fluid  will 
continue  to  increafe;  and  when  the  body  has  acquired 
it’s  greateft  velocity,  the  refiftance  becomes  equal  to 
the  weight  of  the  body  in  the  fluid,  and  the  body  then 
a<fts  againft  the  fluid  with  it’s  whole  relative  weight. 
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ON  THE  TIMES  OF  EMPTYING  VESSELS, 
AND  ON  SPOUTING  FLUIDS. 
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Prop.  XXXI. 


bn 


l.y  r ..  * > 1 •-  • - * " *" 

TF  a fiuidrun  through  any  tube , kept  continually  full, 
x and  the  velocity  of  the  fluid  in  every  part  of  the  fame 
fe Elion  be  the  fame , the  velocities  in  different  Je Elions  will 
be  inverfely  as  the  areas  of  the  fe Elions. 


69.  For  the  fame  quantity  of  fluid  runs  through, 
every  feftion  in  the  fame  time;  now  the  quantity  run- 
ning through  any  fedtion  (A)  with  the  velocity  (V), 
in  any  given  time,  is  manifeftly  in  proportion  to  A and 
Fconjointly,  or  to  AxV ; and  as  this  quantity  is  conftant, 
A x V is  conftant,  confequently  V varies  inverfely  as  A. 

70.  Cor.  Hence,  the  velocity  of  water  in  a river 
increafes  as  the  breadth  and  depth  decreafe,  the  rule 
however  cannot  be  applied  with  accuracy  here,  as  the 
water  at  the  bottom,  from  it’s  unevennefs,  cannot 
V > t s 


move 
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move  with  the  fame  velocity  as  at  the  top  ; and  where 
the  rife  and  fall  at  the  bottom  is  very  quick,  there 
is  probably  a great  deal  of  ftagnant  water. 

Prop.  XXXII. 

Let  a vejfel  be  kept  filled  with  a fluid  whilfi  it  conti- 
nues to  run  out  at  an  orifice ; and  let  the  quantity  run  out 
in  a given  time , and  the  area  of  the  orifice  be  given , to 
find  the  velocity  at  the  orifice. 

7 1 . Let  a — the  area  of  the  orifice,  m — the  quan- 
tity run  out  in  the  time  and  v = the  velocity.  Con- 
ceive all  the  fluid  which  runs  out  to  fornl  a cylinder 
whofe  bafe  is  a , and  length  /;  then  ay.l=m,  hence 

/=— therefore,  in  the  time  t"  the  fluid,  with  the 
a 

firft  velocity  v , would  have  defcribed  the  fpace  — ; 

771  771 

hence,  t"  : i"  : v= — the  velocity  in  a fecond 
a at  J 

at  the  orifice. 


Prop.  XXXIII. 

If  a fluid  run  out  from  the  bottom  or  fide  of  a vejfel, 
and  the  area  of  the  orifice  be  very  firhall  when  compared 
with  the  bottom , the  velocity  at  the  orifice  is  that  which  a 
body  would  acquire  in  falling  through  a fpace  equal  to  half 
the  altitude  of  the  fluid  above  the  orifice , very  nearly. 

72.  When  a fluid  iflues  from  a veflel,  the  water 
ru fhing  towards  the  orifice  in  all  directions  caufcs  a 
Contraction  in  the  ftream  ; and  at  a diftance  from  the 
orifice  equal  to  it’s  diameter,  Sir  I.  Newton  meafured 
' d 2 the 
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the  diameter  of  the  fedtion  of  the  ftream  (which  fedtion 
he  called  the  vena  contratta) , and  found  it  to  be  to  the 
diameter  of  the  orifice  as  21  : 25.  Now  the  area  of 
the  orifice  : the  area  of  the  vena  contradta  (they  being 
fuppofed  to  be  fimilar)  ::  25*  : 21%  which  is  very 
nearly  as  \/ z : 1 ; hence,  as  (Art.  69)  the  velocity 
is  inverfely  as  the  area  of  the  fedtion,  the  velocity  at 
the  vena  contradta  : the  velocity  at  the  orifice  ::  y/z  : 1. 
Alfo  from  the  quantity  of  water  running  out  in  a given 
time,  and  the  area  of  the  vena  contradta,  Sir  I.  New- 
ton found  (Art.  71)  that  the  velocity  at  the  vena 
contradta  is  that  which  a body  acquires  in  falling 
down  the  altitude  of  the  fluid  above  the  orifice ; hence, 
the  velocity  at  the  orifice  (being  lefs  than  that  at  the 
vena.' contradta  in  the  ratio  of  v/2  : 1)  is  (Mech.  Art. 
241)  that  which  a body  would  acquire  in  falling  down 
half  the  altitude. 

73.  The  principle  to  be  eftablifhed,  in  order  to 
determine  the  time  of  emptying  a veflel  through  an 
orifice,  is  the  relation  between  the  velocity  of  the  fluid 
at  the  orifice,  and  the  altitude  of  the  fluid  above  it. 
Moft  writers  upon  this  fubjedt  have  confidered  the 
column  of  fluid  over  the  orifice  as  the  expelling 
force,  and  from  thence  fome  have  found  the  velo- 
city. at  the  orifice  to  be  that  which  a body  would 
acquire  in  falling  down  the  whole  depth  of  the  fluid  j 
and  others,  that  it  is  fuch  as  is  acquired  in  falling 
through  half  the  depth  ; and  this  without  regard  to 
the  magnitude  of  the  orifice ; whereas  it  is  manifeft 
from  experiment,  that  the  velocity  at  the  orifice,  the 
depth  of  the  fluid  being  the  fame,  depends  upon  the 
proportion  which  the  magnitude  of  the  orifice  bears 

to 
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to  the  magnitude  of  the  bottom  of  the  veffel.  Con- 
clufions thus  contrary  to  matter  of  fa6t  fhow,  either 
that  the  principle  aflumed  is  not  true,  or  that  it 
is  not  applicable  to  the  prefent  cafe.  The  mod 
celebrated  theories  upon  this  fubjeft  are  thofe  of  D. 
Bernoulli  and  M.  d’Alembert;  the  former 
deduced  his  conclufions  from  the  principle  of  the  con - 
fervatio  virinm  vivarum , or,  as  he  calls  it,  the  equalitas 
inter  defcenfum  aclualem  afcenfumque  potentialem , where 
by  the  defcenfns  aElnalis  he  means  the  actual  defcent  of 
the  center  of  gravity,  and  by  the  afcenfus  potentials  he 
means  the  alcent  ot  the  center  of  gravity,  if  the  fluid 
which  flows  out  could  have  it’s  motion  direfted  up- 
wards ; and  the  latter , from  the  principle  of  the  equili- 
brium of  the  fluid.  This  principle  of  M.  d’Alem- 
bert leads  immediately  to  that  aflumed  by  D.  Ber- 
noulli, and  confequently  they  both  obtain  the  fame 
fluxional  equation,  the  fluent  of  which  expreffes  the 
relation  between  the  velocity  of  the  fluid  at  the  orifice, 
and  the  perpendicular  altitude  of  the  fluid  above  it. 
How  far  the  principles  here  aflumed  can  be  applied  in 
our  reafoning  upon  fluids,  can  only  be  determined  by 
comparing  the  conclufions  deduced  from  them  with 
experiments. 

The  general  fluxional  equation  above  mentioned 
cannot  be  integrated,  and  therefore  the  relation  be- 
tween the  velocity  of  the  fluid  at  the  orifice  and  it’s 
depth  cannot  from  ..thence  be  determined  in  all  cafes. 
If  the  magnitude  of  the  orifice  be  indefinitely  lefs  than 
that  of  the  furface  of  the  fluid,  the  equation  gives 
the  velocity  of  the  fluid  equal  to  that  which  a 
body  would  acquire  by  falling  in  vacuo  through  a 
(pace  equal  to  the  depth  of  the  fluid.  But  the  velo- 

D 3 city 


54  on  emptying  vessels. 

city  here  determined  is  not  that  at  the  orifice,  but  at 
the  vena  contraCta  for  the  fluid  by  flowing  in  all 
directions  to  the  orifice  contracts  the  ftream,  and  the 
velocity  being  inverfely  as  the  area  of  the  feCtion,  the 
velocity  continues  to  increafe  as  long  as  the  ftream, 
by  the  expelling  force  of  the  fluid,  continues  to  de- 
creafe,  and  when  the  ftream  ceafes  to  be  contracted 
by  that  force,  at  that  feCtion  of  the  ftream,  or  at  the 
vena  contraCta;  the  velocity  is  found,  by  this  theory, 
to  be  that  which  a body  would  acquire  in  falling 
through  a fpace  equal  to  the  depth  of  the  fluid.  To 
determine  therefore,  by  theory,  the  time  in  which  a 
veffel  empties  itfelf,  we  muft  know  the  proportion 
between  the  area  of  the  orifice  and  the  area,  of  the 
vena  contraCta  ; but  no  theory  will  give  this.  The 
times  therefore  of  emptying  veffels,  even  in  the  moft 
Ample  cafe,  cannot  be  determined  by  theory  alone. 

Prop.  XXXIV. 

If  a veffel  empty  itfelf  through  a very  fmall  orifice , 
the  velocity  of  the  fluid  at  the  orifice  varies  as  the  fquare 
root  of  the  altitude  (a)  of  the  fluid  above  it. 

74.  For  the  velocity  at  the  orifice  is  that  which  is 
acquired  (Art.  72)  in  falling  down  \ a,  and  confe- 
quently  (Mcch.  Art.  241)  it  varies  as  Y\a->  or  as  Y a. 

Prop.  XXXV. 

If  a veffel  empty  itfelf  through  an  orifice  at  the  bottom , 
and  the  area  of  the  feftion,  parallel  to  the  bottom , be  every 
where  the  fame , the  velocity  of  the  furface  of  the  fluid  is 
uniformly  retarded. 
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75.  For  (Art.  69)  the  velocity  of  the  defcending 
furface  is  to  the  velocity  at  the  orifice  as  the  area  of 
the  orifice  to  the  area  of  the  furface,  which  is  a con- 
flant  ratio ; hence,  the  velocity  of  the  defcending 
furface  varies  as  the  velocity  at  the  orifice,  or  as  a 
by  the  laft  article ; that  is,  the  velocity  of  the  defcend- 
ing furface  varies  as  the  fquare  root  of  the  fpace  which 
it  has  to  defcribe,  which  is  exaftly  the  cafe  of  a body 
projected  perpendicularly  from  the  Earth’s  furface, 
where  (Mech.  Art.  248)  the  velocity  is  as  the  fquare 
root  of  the  fpace  to  be  defcribed  ; and  as  the  retard- 
ing force  is  conftant  in  the  latter  cafe,  it  muft  alfo 
be  conftant  in  the  former. 

Prop.  XXXVI. 

If  a cylindrical  or  prifmatic  vejfel,  having  an  orifice  at 
-the  bottom , be  kept  conjlantly  full , twice  the  quantity  which 
the  vejfel  contains  will  run  out  in  the  time  it  would  have 
emptied  itfelf. 

76.  For  the  furface  of  the  fluid  being  uniformly  re- 
tarded, and  it’s  velocity  becoming  equal  to  nothing  at 
the  bottom,  the  fpace  (Mech.  Art  237)  which  the 
furface  wotild  defcribe  with  the  firft  velocity  continued 
uniform  for  the  time  in  which  the  veflel  would  empty 
itfelf  is  double  the  fpace  which  the  furface  actually 
does  defcribe  in  the  time  it  empties  itfelf  * in  that 
time  therefore  the  quantity  difcharged  in  the  former 
cafe  is  double  that  in  the  latter,  becaufe  the  quantity 
run  out  when  the  veflel  is  kept  full  may  be  meafured 
by  what  would  be  the  defcent  of  the  furface,  if  it 
could  defcend  with  it’s  firft  velocity. 

d 4 
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, Prop,  XXXVII. 

, / 

If  a cylindrical  or  prifmatic  vejfel , whofe  altitude  is  //, 
empty  it f elf  through  a very  fmall  orifice  (a)  at  the  bottom 

1 • _ ' a « ' 

(A),  the  time  (t)  of  emptying  itfelf—  ,3526  X -xy/k. 


77.  By  the  lad  Propofition,  in  the  time  / the 
quantity  difcharged  with  the  firft  velocity  (v)  is  equal 

2 Axh 

to  2 Ay.  h\  hence,  (Art.  71.)  v — — — — - ; therefore, 

axt 

. t ■ ^ 

1,  A X h 

»/=-  —;  but  (Mechanics,  Prop.  248,  and  Art. 


72.)  if  j = 16  tV  feet,  v = v/4-^X  § A = 

y/Tsh  i confequently,  t = ~ X = \/^  X — 

s/zsh  s a 

^ 

X \/h-,3S26X  -Xv///. 

cc 

59.  Cor.  Hence,  the  time  of  emptying  any  other 

A 

depth  £ from  the  bottom  is  ,3526  X — Xy/k-,  con- 
fequently,  the  time  of  emptying  any  depth  /;  — £ from 


the  top  = ,3 526  X - X \/h  - y/'k. 


a 


For  the  time  of  emptying  veffels  in  general,  fee  the 
Fluxions,  page  217. 

* , • • , » • 

. 

Prop.  XXXVIII. 

To  find  the  difiance  to  which  fluids  will  fpout  from  the 

fide  of  a vejfel  placed  upon  an  horizontal  plane. 

• . • * 

...  . 78.  Let 
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. \ 

78.  Let  ABCD  be  a veflel  filled  with  a fluid, 
and  BC  be  perpendicular  to  the  horizontal  plane  CL, 
and  upon  5Clet  afemicircle  be  defcribed,  and  GH  an 
ordinate  perpendicular  to  BC-,  then  the  diftance  CR 
to  which  the  fluid  fpouts  through  a very  fmall  orifice 
at  G is  = 2GH.  By  Art.  72  the  velocity  at  the  vena 
contrada,  which  is  extremely  near  to  the  veflel,  is  that 


which  a body  would  acquire  in  falling  down  BG ; we 
are  therefore  to  confider  this  as  the  velocity  with  which 
the  fluid  is  projected,  and  not  the  velocity  at  the  ori- 
fice. Now  (Mech.  Art.  313,  and  320)  the  curve  GR 
defcribed  by  the  fluid  is  a parabola,  and  BG  is  one 
fourth  of  the  parameter  belonging  to  the  point  G, 
which  point  is  the  vertex  of  the  parabola,  the  fluid 
fpouting  out  horizontally;  hence  GC  is  the  abfeifla 
and  CR  it’s  ordinate,  and  by  the  property  of  the  para- 
bola, 4 BGx<GC  = CR*,  therefore  CR  = 2\r BGxGC 
= zGH,  by  the  property  of  the  circle. 

79.  Cor.  If  Cg  = BG,  then  gh  — GH , and  the 

fluid 
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fluid  fpouts  to  the  fame  diftance  from  g as  from  G. 
If  BC  be  bifedted  in  O,  then  the  diftance  CT , to  which 
the  fluid  fpouts,  is  equal  to  20P  = BC,  and  this  is  the 
greateft  diftance,  OP  being  the  greateft  ordinate. 

80.  If  the  fluid  fpout  perpendicularly  upwards, 
it  ought  (Art.  72)  to  rife  to  the  altitude  of  the  fur- 
face  of  the  water  in  the  veflel ; but  it  falls  a little 
fhort  of  this,  partly  from  the  refiftance  of  the  air,  and 
partly  from  the  falling  back  of  the  water.  If  the  water 
fpout  upwards  through  a pipe,  inftead  of  Amply  an 
hole,  it  does  not  afcend  fo  high,  becaufe  there  being 
no  vena  contradta,  the  velocity  is  not  increafed  imme- 
diately after  it  leaves  the  pipe,  as  it  is  when  it  flows 
out  of  a Ample  orifice. 

81.  The  very  near  agreement  of  this  theory  with 
experiments  proves,  very  fatisfadtorily,  that  the  velo- 
city of  projedtion  muft  be  that  which  is  acquired  in 
falling  down  i?G,  the  whole  altitude  of  the  fluid. 
And  the  agreement  of  the  theory  of  emptying  veflels 
with  experiments  fhows  very  clearly  that  the  velocity 
at  the  orifice  muft  be  that  which  is  acquired  in  falling 
through  half  the  altitude  of  the  fluid.  Almoft  im- 
mediately, therefore,  after  the  fluid  gets  out  at  the 
orifice,  it’s  velocity  is  increafed  in  the  ratio  of  1 : y 2. 


\ 


SECTION 


SECTION  V.' 

ON  THE  ATTRACTION  OF  COHESION, 
AND  ON  CAPILLARY  ATTRACION. 


MMMM 


Prop.  XXXIX. 


7 F two  globules  of  mercury , lying  on  a fmooth  plane , be 
brought  to  touch , an  attraction  then  takes  place , 
they  immediately  rujh  together  and  form  one  complete  globule. 


.82.  If  the  globules  be  examined  with  a micro- 
fcope,  no  effed  is  found  to  take  place  till  they  are 
adually  in  contad,  and  then  they  rufli  violently  toge- 
ther; this  therefore  can  only  be  accounted  for  by 
an  attradion  which  begins  at  the  inflant  they  come 
into  contad. 

The  fame  effed  takes  place  between  two  globules 
of  water,  when  they  are  laid  on  a furface  on  which 
they  can  freely  move. 


Prop. 
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Prop.  XL. 

If  two  glafs  planes  A L,  BL,  (of  which  BL  is  hori- 
zontal) be  inclined  at  a very  fmall  angle , and  jujl  moif- 
tened  with  oil , and  a drop  P of  oil  be  placed  between 
them,  it  will  move  towards  their  conconrje  L. 

83.  This  arifes  from  the  attraction  of  cohefion 
between  the  drop  and  the  glafs  planes ; for  if  0 be  the 
center  of  the  drop,  and  om,  on  reprefent  the  attraction 


of  the  drop  to  each  plane,  the  whole  attraction  aCting 
perpendicular  to  the  planes,  then  the  compound  mo- 
tion oCy  being  directed  to  L will  give  the  drop  a 
motion  towards  that  point.  The  planes  are  firft 
moiftened,  that  the  drop  may  move  freely. 

84.  If  the  point  L be  elevated,  until  the  motion 
of  the  drop  ceafes,  the  aCtion  oc  then  becomes  equal 
to  the  accelerative  force  of  P down  the  inclined 
plane  L B ; confequently  the  ratio  of  the  accelerative 
force  upon  that  inclined  plane  to  the  force  of  gravity, 
or  (Mech.  Prop.  61.)  the  height  of  the  plane  to  the 
length,  gives  the  ratio  of  the  attraction  oc  to  the  weight 
of  the  drop. 


Prop.  XLI. 

if  tzvo  plane  fur  faces  of  metaly  &c.  be  fneared  with 
oily  greafey  c sV.  and  preffed  together , they  will  cohere 
very  Jlrongly . 

85.  This 
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85.  This  effect  arifes  from  two  caufes,  the  preffure 
of  the  furrounding  air,  in  confequence  of  the  air  from 
between  being  expelled,  and  from  the  attradion  of 
cohefion.  That  it  arifes  partly  from  the  former  caufe, 
is  manifeft  from  hence,  that  if  two  plates  be  thus  put 
together  and  cohere  pretty  flrongly  in  the  air,  when 
they  be  fufpended  in  the  receiver  of  an  air  pump,  after 
exhaufling  the  air,  the  under  plate  will  frequently 
fall ; when  it  does  not  fall,  it  fhows  that  there  mufl 
be  an  attraction  of  cohefion,  at  leafl  equal  to  the 
weight  of  that  plate.  If  the  air  be  expelled  by  diffe- 
rent fubflances,  as  oil,  turpentine,  greafe,  &c.  it  is 
found  that  the  attradion  of  cohefion  is  different.  This 
therefore  mufl  arife,  either  from  the  air  being  expelled 
more  perfedly  by  one  than  the  other,  or  that  the  at- 
tradion  is  rendered  ftronger  by  one  than  by  another. 

It  is  this  attradion  of  cohefion  by  which  the  confli- 
tuent  particles  of  a body,  admitting  them  to  be  in 
contad,  are  kept  together.  When  you  break  a body, 
you  overcome  this  attradion,  and  if  you  could  join 
the  parts  together  again  e^adly  in  the  fame  manner, 
it  would  be  as  flrong  as  before.  On  this  principle 
vve  may  explain  the  different  degrees  of  hardnefs  of 
bodies.  Hard  bodies  may  confifl  of  conflituent  parti- 
cles which  touch  in  a great  part  of  their  furfaces,  and 
thus  their  attradion  may  be  very  great.  The  confli- 
tuent particles  of  foft  bodies  may  touch  in  a few  points, 
and  thus  their  attradion  will  be  weakened.  Solids 
are  fuppofed  to  be  diffolved  in  menflruums,  from  the 
attradion  of  cohefion  between  the  particles  of  the  fluid 
and  body  being  greater  than  the  attradion  between 
the  conflituent  particles  of  the  folid. 


Prop. 
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Prop.  XLII. 


There  is  an  attraction  of  cohefion  between  water  and  glajs. 


86.  For  take  a piece  of  very  clean  glafs,  and  hold 
it  in  an  horizontal  pofition,  and  a drop  of  water  will 
lemain  fufpended  from  its  under  fide. 

Prop.  XLIII. 

/ ir  > . • i 

The  confituent  particles  of  water  attraEl  each  other. 

87.  For  a fmall  quantity  of  water  always  forms 
itfelf  into  a globule,  if  no  external  circumftance 
tend  to  prevent  it ; this  can  arife  only  from  the  mu- 
tual attraction  of  it’s  parts.  If  the  quantity  be  large, 
the  upper  furface  will  grow  flat,  from  it’s  gravity  over- 
coming the  attraction  of  it’s  parts,  but  the  fides  will 
Hill  be  convex. 


Prop.  XLIV. 

There  is  an  attraFiion  between  water  and  glafs , at  a 
di/lance. 

?-.  . \ , * t 

- ...  , m _ • ...  ..  . .*  . , . * 

88.  Pour  water  into  the  glafs  veflel  A BCD,  and 

if  no  attraction  took  place  between  the  water  and 
glafs,  the  furface  mn  would  be  horizontal.  Take  mr 
— mt  = ns  = nv , and  fuppofe  the  glafs  to  a<5t  upon  the 
water  through  thefe  diftances ; then  the  glafs  mr 
will  attract  the  jfurface  mt , and  ns  will  attraCt  nv, 
and  part  of  this  attraction  aCting  upwards,  the  gravity 

of 
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of  the  columns  of  water  under  mt,  vti  will  be  dimi- 
nished by  the  attraction,  and  more  diminiflied  the 


nearer  to  the  fides,  confequently  their  length  muft  be 
increafed  in  order  to  be  in  equilibrium  with  the  other 
columns  whole  gravity  is  not  diminiflied ; hence  the 
water  will  rife  in  a curve  ax,  cz  from  the  points  x and 
z as  far  as  the  attraction  extends,  and  the  other  part 
xz  will  be  horizontal ; now  when  water  is  put  into 
a glafs  v?fTel,  the  furface  of  the  fluid  puts  on  the 
form  axzc±  we  conclude,  therefore,  that  glafs  aCts 
upon  water  at  a diltance.  In  like  manner,  if  any 
piece  of  glafs  be  immerfe,d  in  water,  the  water  will  rife 
on  each  fide  of  the  glais.  > • 

89.  Cor.  1.  Hence,  if  two  pieces  of  glafs,  parallel 
to  each  other,  be  immerfed  in  the  veflel,  the  water 
wall  rife  again#  each.  Let  them  be  fo  near,  that  the 
two  curves  ax,  cz  may  juft  meet,  then  will  a certain 
quantity  of  the  flqid,  between  them  be  raifed  above 
the  furface  of  the  fluid  in  the  veflel.  Bring  them 
nearer,  and.  as  the  glafs  ftill  exerts  the  fame  attraction, 
it  muft,  upon  this  principle,  raife  the  fame  quantity 
of  water,  and  therefore  the  altitude  will  be  inverfely 

as 
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as  the  diftance  of  the  planes ; for  the  fame  attraction 
being  exerted,  there  muft  be  the  fame  quantity  of 
fluid  lupported,  confequently  the  altitude  of  the  fluid 
will  increafe  as  the  proximity  of  the  planes  decreafe. 
This  leems  to  be  conclufive,  admitting  the  water  to 
be  both  raifed  and  fupported  by  the  attraction  of  a 
fmall  part  of  the  glafs  contiguous  to  the  upper  furface 
of  the  fluid.  But  as  (Art.  86)  there  is  an  attraction 
of  cohefion  between  glafs  and  water,  after  the  water 
is  raifed  by  the  aforefaid  attraction,  it  will  then,  in 
part  be  fupported  by  the  attraction  of  coheflon.  An 
additional  quantity  of  water  may  therefore  probably 
be  fupported  from  this  caufe. 

90.  Cor.  2.  If  the  glafs  planes  be  inclined  to  each 
other,  then  it  follows,  from  thefe  principles,  that  as  the 
diflance  between  the  glafles  decreafes,  the  altitude 
of  the  water  will  increafe.  Mr.  Hauksbee  informs 
us,  that  he  very  accurately  meafured  the  abfciflas 
and  ordinates  of  the  chrve  formed  by  the  upper  fur- 
face  of  the  water  between  the  glafs  planes,  and 
concluded  it  to  be  the  common  hyperbola,  having 
the  furface  of  the  fluid,  and  concourfe  of  the  planes, 
for  it’s  afymptotes.  Now  if  we  admit  that  the  water 
is  raifed,  and  alfo  fupported,  by  the  attra&ion  of  the 
glafs  lying  juft  above  the  furface  of  the  water,  the 
curve  ought  to  be  the  common  hyperbola ; for  if  we 
divide  the  water  into  laminae  of  the  fame  thicknefs, 
then  there  being  the  fame  attraction  exerted  upon 
each,  the  fame  quantity  will  be  fupported,  and  there- 
fore the  altitudes  (or  ordinates)  muft  be  inverfely  as 
the  lengths  of  the  laminae,  or  diftances  (abfcilTas)  of 
the  laminae  from  the  concourfe  of  the  planes,  which  is 

the 
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the  property  of  the  hyperbola  between  the  above  men- 
tioned alymptotes. 

Prop.  XLV. 

If  very  fmall  glafs  tubes , called  capillary  tubes,  be 
dipped  in  water , the  water  is  found  to  fland  in  them , 
above  the  level  of  that  in  the  vejfel , at  altitudes  which  are 
either  accurately  or  nearly  in  the  inverfe  ratio  of  their  dia- 
meters. 

91.  If  we  admit  the  fluid  to  be  raifed  and  fupported 
only  by  an  annular  furface  of  the  glafs  contiguous  to 
the  upper  furface  of  the  water,  the  ratio  ought  to  be 
accurately  fo.  For  let  d = the  diameter  of  the  tube, 
a — the  altitude  of  the  water  in  it ; then  the  breadth 
of  the  attracting  annulus  being  conftant  (it  being  the 
diftance  to  which  the  attraction  of  the  glafs  reaches), 
the  area  of  this  annulus,  or  the  attracting  furface,  will 
be  in  proportion  to  the  circumference  of  the  tube, 
and  confequently  to  the  diameter  d \ alfo  the  quan- 
tity of  attraction  muft  be  in  proportion  to  the  quantity 
of  water  fupported  * or  to  dx  X a,  the  tube  being  cylin- 
drical ; hence,  dzXa  varies  as  d , therefore  dxa  is 
conftant,  and  confequently  a varies  inverfely  as  d. 
Experiments  fliow  that  this  conclufion  is  accurately, 
or  very  nearly,  true. 

92.  Cor.  1.  If  the  tube  be  taken  out  of  the  fluid 
and  laid  in  an  horizontal  fituation,  the  fluid  will  recede 
from  that  end  which  was  immerfed.  For  at  that  end 
there  is  no  attracting  annulus  beyond  the  fluid,  whereas 
there  is  at  the  other  end,  and  confequently  the  fluid 
will  be  drawn  towards  the  empty  part  of  the  tube, 
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until  the  length  of  the  other  end,  left  free  from  the 
fluid,  be  equal  to  the  diftance  to  which  the  pttra&ion 
reaches. 

93.  Dr.  Hamilton,  in  his  Eflays,  thinks,  that 
the  fluid  is  not  fupported  by  the  attraction  of  the  an- 
nular furfare  of  the  tube  contiguous  to  the  upper 
furface  of  the  water,  but  by  the  annulus  at  the  bottom, 
contiguous  to  the  bottom  of  the  tube ; this  he  fup- 
pofes'  will  firft  draw  up  a plate  of  water  immediately 
under  it,  and  then  a fucceflion  of  plates,  till  the; 
weight  of  the  whole  is  equivalent  to  the  attraction  of 
that  annulus.  If  this  were  the  cafe,  the  quantity  fup- 
ported,  and  confequently  the  altitude  of  the  fluid, 
would  depend  upon  the  orifice  at  the  botton,  whereas, 
experiments  fliow  that  the  altitude  at  which  the  fluid 
is  fupported  depends  upon  the  diameter  of  the  tube 
at  the  upper  furface  of  the  fluid,  without  any  regard 
to  the  form  of  the  tube  below  it.  See  other  objections 
to  this  folution  in  Mr.  Parkinson’s  HydroJlatics> 
page  40. 


94.  Dip  the  tube  xy  (being  two  cylindrical  tubes 

joined 
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joined  together)  into  water,  and  fuppofe  the  fluid  to 
rife  to  a by  the  capillary  attraction ; invert  the  tube, 
and  the  fluid  will  rife  to  b , the  fame  altitude  where  the 
diameter  is  the  lame.  If  we  admit  the  principle  in  Art. 
91,  the  annular  furface  being  the  fame  in  both,  the 
fame  quantity  of  fluid  ought  to  be  fupported,  whereas, 
when  the  frhall  end  is  downwards,  the  quantity  fup- 
ported is  lefs.  But  if  we  admit  the  fluid  to  be  partly 
retained  by  the  attraction  of  cohefion,  the  quantity  of 
the  furface  being  lefs  with  the  fmaller  end  downwards, 
the  whole  fupport  is  lefs,  and  therefore  the  quantity 
fupported  ought  to  be  lefs.  This  feems  to  be  in 
favour  of  the  fupport  being  partly  by  the  attraction 
of  cohefion. 

95.  If  the  water  rife  in  the  capillary  tube  xy  to  b , 
and  another  veflel  az  be  put  into  the  water,  having 


the  upper  part  capillary,  and  equal  to  that  of  xy,  bilt  the 
lower  part  of  any  flze  then  if  the  air  be  drawn  out 

e a of 
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of  this  veffel  by  fu&ion  until  the  water  enters  into  the 
capillary  part,  it  will  Hand  at  the  fame  altitude  as  in 
the  tube  xy,  after  the  fu&ion  ceafes  and  the  air  is 
admitted  into  the  capillary  part.  Here  the  cylindrical 
part  ad  is  fupported  by  the  fame  power  as  the  water 
in  the  other  tube,  and  the  other  part  mvn,  rtd  is 
fupported  by  the  preffure  of  the  air  upon  the  furface 
of  the  water  in  the  veffel,  in  confequence  of  the  air 
being  drawn  from  within ; and  this  is  proved  from 
hence,  that  if  the  whole  be  put  under  a receiver  of 
an  air  pump,  and  the  air  be  exhaufted  from  the 
furface  of  the  veffel,  the  water  will  not  be  fupported. 
Dr.  Jurin  fays,  that  the  water  will  be  fupported  in 
vacuo  ; but  in  his  time,  the  air  pumps  would  not 
exhauft  fufficiently  to  determine  this  point,  for  the 
altitude  to  which  the  water  rifes  being  very  final], 
it  requires  a confiderable  degree  of  exhauftion  before 
the  water  will  fall.  The  pumps  which  are  now  made, 
fhow  that  the  water  will  not  be  fupported  after  a con- 
fiderable degree  of  exhauftion. 

96.  If  a velfel  of  water  be  put  under  the  receiver 
of  an  air  pump,  and  the  air  be  exhaufted,  and  capil- 
lary tubes  be  then  immerfed  in  it,  the  water  will  rife 
to  the  fame  altitude  as  when  the  velfel  was  expofed  to 
the  air ; the  air,  therefore,  has  nothing  to  do  in  cauf- 
ing  the  afcent  of  the  water. 

97.  Different  fluids  will  rife  to  different  altitudes 
in  the  tame  tube.  Spirituous  liquors,  which  are  lighter 
than  water,  rife  to  a lefs  height  than  water,  which,  of 
all  fluids,  appears  to  rife  to  the  greateft  height.  This 
can  arile  only  from  the  different  degrees  of  attraftion 
of  thefe  fluids  to  glafs. 


98.  The 
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98.  The  diameter  of  the  tube  multiplied  into  the 
altitude  of  the  fluid  in  it  is  (Art.  91)  accurately  or 
very  nearly  a conftant  quantity,  which,  by  experi- 
ment, is  found  to  be  ,053  of  an  inch. 

99.  The  diameter  of  a capillary  tube  is  thus  found 
to  a very  great  degree  of  accuracy.  Put  into  the  tube 
fome  mercury  whofe  weight  in  grains  is  zvy  and  let 
it  occupy  a length  of  the  tube  / ; then  if  13,6  be  the 
fpecific  gravity  of  mercury  (which  it  is  when  pureft) 


that  of  water  being  1 , the  diameter  = — X , o 1 923 

* 


For  if  d = the  diameter,  the  content  of  the  mercury 
= d1lx, 7854,  and  as  one  cubic  inch  of  mercury 
weighs  3443  grains,  we  have  1 t 3443  ::  ^Vx,7 854 


: w,  wence 


This  rule  is  given 


by  Mr.  Atwood  in  his  Analyfis , 


Prop.  XLVI. 

'There  is  a /mail  attraction  of  cohefion  between  mercury 
and  glafs , 

IpT  ' • L . v • 1 j ' , r r 

100.  For  a very  fmall  globule  of  mercury  will 
adhere  to  the  under  fide  of  a clean  piece  of  glafs. 

Prop.  XLVII. 

There  is  a Jlrong  attraction  of  the  confituent  particles 
of  mercury  towards  each  other . 

io  1.  For  a fmall  quantity  of  mercury  laid  upon  a 
piece  of  glafs  will,  as  to  fenfe,  form  itfelf  into  a per- 

f 7 fe£t 
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fed  fphere.  / If  two  of  thefe  fpheres  be  brought  into 
contad,  at  the  inftant  they  touch  they  will  rufh  toge- 
ther with  a furprifing  quicknefs,  and  form  a Angle, 
fphere.  This  can  only  be  explained  upon  the  princi- 
ple of  the  mutual  attradion  of  all  the  parts.  As  you- 
increafe  the  quantity  of  mercury,  it  will  begin  to  devi- 
ate from  a perfed  fphere,  and  grow  flatter  on  the 
upper  flde,  arifing  from  the  gravity  of  the  mercury 
becoming  lenfibly  greater  than  the  mutual  attradion 
of  it’s  conftituent  particles  j and  when  the  quantity 
becomes  confiderable,  the  upper  furface  will  nor 
fenfibly  differ  from  a perfed  plane,  but  the  fldes  will 
retain  their  convexity. 

Prop.  XLVIIJ. 

If  mercury  be  put  into  a glafs  veffel , it  will  Jland  lowed 
at  the  fides , and  rife  in  a curve  till  the  furface  becomes , 
as  to  fenfe , a plane, 

102.  This  arifes  from  the  mercury  attnjding  itfelf 
by  a greater  force  than  it  is  attraded  to  the  glafs,  and 
may  be  thus  explained.  Avery  fmall  quantity^  ofmer- 
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cury  laid  upon  glafs,  will,  as  to  fenfe,  form  itfelf  into., 
a perfed  fphere.  If  we  take  a large  quantity  B,  it  will 

not 
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not  preferve  it’s  fpherical  form,  the  force  of  gravity 
deftroying  that  figure  by  overcoming  the  mutual 
attraftion  of  the  particles,  and  the  mercury  will  put 
on  the  form  xmabnz  ; and  if  two  pieces  of  glafs  pq, 
rs  be  made  to  touch  the  mercury  at  m and  n,  the 
form  will  not  be  fenfibly  altered.  If  therefore  we 
take  a glafs  veffel  pqsr  and  put  mercury  into  it,  the 
upper  furface  will  ftill  be  in  the  form  mabn , for  it  can 
manifeftly  make  no  difference  whether  we  put  the 
glafs  to  the  mercury,  or  the  mercury  to  the  glafs; 
except  that  in  the  latter  cafe,  the  fpaces  mqx,  nsr  will 
be  filled  with  mercury,  which  can  have  no  cffedt  upon 
the  upper  furface. 

103.  Cor,  1.  Hence,  if  a piece  of  glafs  be  dipped 
into  mercury,  the  mercury  will  be  depreffed  on  each 
fide  of  the  glafs,  in  the  fame  manner. 

104.  Cor.  2.  If  the  two  pieces  of  glafs,  pq , rs 
be  brought  fo  near,  that  the  depreffed  parts  of  the 
mercury  may  meet,  the  mercury  will  be  depreffed  to  a 
diftance  which  is  inverfely  as  the  diftance  of  the  glaffes, 
accurately  or  nearly  fo. 

105.  If  fmall  capillary  tubes  be  put  into  a veffel 
of  mercury,  the  fluid  in  the  tubes  will  he  depreffed  to  ' 
diftances  below  the  furface  of  the  fluid  in  the  veffel, 
which  are  found,  by  menluration,  to  be  inverfely  as 
their  diameters,  accurately  or  nearly  fo. 

106.  If  two  glafs  planes,  inclined  at  a fmall  angle, 
be  put  into  a veflel  of  mercury,  the  mercury  between 
them  will  be  depreffed  below  the  furface  of  the  mer- 
cury without  the  planes,  and  that  depreffion  is  found 
(as  nearly  as  it  can  be  determined  by  menfuration)  to 
be  inverfely  as  the  diftance  from  the  concourfe  of  the 

e 4 planes. 
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planes,  and  therefore  the  curve  is  an  hyperbola,  hav- 
ing the  concourfe  of  the  planes  for  one  afymptote, 
and  the  furface  of  the  mercury  againft  the  planes 
without,  for  the  other  afymptote. 
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SECTION  VI. 


ON  ELASTIC  FLUIDS, 


\ 


Prop.  XLIX. 

IF  the  ■particles  of  an  elajlic  fluid  repel  each  other  with 
forces  varying  inverfely  as  the  nth  power  of  their  dif- 
tances,  and  d reprefent  the  denflty  of  any  party  and  c the 

compreffive  force  upon  it,  then  c varies  as  d * . 

107.  Let  ABCD  be  a fquare  column  of  the  fluid, 
mnop,  rstv  two  fe&ions  parallel  to  the  bafe  (and  con- 
fequently  each  a fquare  equal  to  the  bafe)  whofe  dis- 
tance mr  is  equal  to  mn , one  fide  of  the  fquare,  then 
will  the  fluid  contained  between  thefe  fe&ions  be  a 
cube.  Let  d be  the  denfity  of  the  fluid  in  this  cube, 
fuppofed  to  be  indefinitely  fmall,  c the  compreflive 
force  pn  it,  and  r the  diftance  of  the  particles ; 
then  one  fide  of  the  cube  being  indefinitely  fmall, 
d>  c and  r may  be  confidered  as  the  fame  for 
the  whple  of  this  cube.  Now  the  number  of  particles 

in 
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in  tnn  is  as  confequently  the  number  in  die  whole 

r 

fedion  nntop  is  as  Alfo  the  repulfive  force  of  all 
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■V.  1 1..A 
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* / 

the  particles  in  mriop,  being  as  the  number  of  particles 

ii  i 

and  force  of  each  conjointly,  is  as  X — = ; and 

as  the  repulfive  force  of  each  particle  ads  in  every 
diredion,  this  repulfive  force  ading  upwards  mull  be 
equal  to  the  compreflive  force  which  it  fuftains,  or 

will  vary  as  ; they  will  not  necelfarily  be  equal, 

becaufe 


/ 
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becaufe  does  not  reprefent  the  quantity  of  the 
repulfive  force,  only  what  it  is  proportional  to.  Alfo 
$he  number  of  particles  m the  cub,e  is  as  — , anc^ 

I L 

therefore  ( Art.  4)  d varies  as  — , hence  d * varies  as 


1 ” -t-  ^ 4 i 

and  d 3 varies  , as  ~-rr  i 

y yn-f-z  * 

t 


but  a varies  as 


1 

j-n+  z *. 


n z 

ponfequently  c varies  as  d j . 

108.  It  appears  by  experiment,  that  the 
compreflive  force  of  the  atmofpheric  air  varies  as 
the  denfity,  or  c varies  as  J,  therefore  in  this  cafe 

= 1,  and  hence  n—  1,  confequently  the  particles 
3 

of  air  repel  each  other  with  forces  which  vary  inverfely 
as  their  diftances.  Alfo,  as  the  compreflive  force  of 
air  is  equal  to  it’s  elaftic  force,  thele  balancing  each 
the  other,  the  elaftic  force  mull  vary  as  the  denfity. 

109.  It  is  manifeft  that  there  can  be  no  fluid  whole 
denfity  varies  in  any  inverfe  ratio  of  the  compreflive 
force,  that  is,  you  can  never,  by  increafing  the  com- 
preflive force,  diminifh  the  denfity,  as  any  increafe  of 
the  compreflive  force  mull  comprefs  the  fluid  into  a 
lefs  fpace,  and  therefore  increafe  the  denfity,  unlefs 
the  particles  of  the  fluid  were  abfolutely  in  contact:,  in 
which  cafe  the  denfity  would  remain  the  fame  under 
any  preflure,  which  is  probably  not  the  cafe  with  any 
fluid.  Hence  n + 2 mull  be  always  pofitive,  that  is, 
n mull  be  fome  whole  pofitive  number,  or  a negative 
number  lefs  than  2,  in  order  to  conllitute  a fluid  con- 
filling  of  particles  which  repel  each  other.  If  we  admit 

water 
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water  to  be  compreffible  in  a very  fmall  degree,  the 
particles  mull  be  kept  at  a diHance  by  fome  repulfive 
force,  and  n mull  be  very  nearly  = - 2;  hence,  upon 
this  fuppolition,  the  repulfive  force  of  the  particles  of 
water  varies  nearly  as  the  fquare  of  their  diHances. 

Prop.  L. 


Air  has  weight. 


1 10.  If  a veffel  be  exhauffed  of  air,  and  balanced 
at  one  end  of  a beam,  upon  admitting  the  air  the 
veffel  preponderates.  This  clearly  proves  that  air  has 
weight,  and  therefore  it  mull  prefs  upon  all  bodies ; 
and  from  the  weight  neceffary  to  balance  the  veffel 
after  the  air  is  admitted,  compared  with  the  weight  of 
the  veffel  of  water,  we  get  the  fpecific  gravity  of  air.  to 
that  of  water  (Art.  3),  which  is,  as  1 to  about  885 
in  the  mean  Hate  of  the  air,  or  when  the  barometer 
Hands  at  29I  inches,  according  to  Mr.  Hauksbee. 
Others  have  made  the  fpecific  gravities  as  1 to  850, 
when  the  barometer  Hands  at  30  inches. 


LEMMA. 

hi.  If  a : b ::  b : c ::  c : d ::  &c.  then  by  Eu- 
clid, B.  5.  p.  12.  b : c ::  b + c + J-f&c.  : c + d+e 
+&c.  hence,  a : b ::  b-\-c-\-d+  &c.  : 
for  the  fame  reafon,  b : c ::  c-\-d+e  + &c.  d+e+f 
+ &c.  and  fo  on  to  the  end  of  the  feries.  Hence,  vice 
versa,  if  a : b ::  b-\-c-\-d- f &c.  : ^r  + ^+e-f&c.  and 
b : c ::  c+d-\-e+  &c.  : d+e+f+  &c.  and  fo,  on, 
then  will  a : b ::  b ::  c : c ::  d : d ::  &c. 


Prop. 
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Prop.  LI. 

If  the  force  of  gravity  be  confidered  as  conflant , and 
altitudes  from  the  Earth's  furface  be  taken  in  arithmetic 
■progrejjiotiy  the  correfponding  denjities  of  the  air  will  de- 
ereafe  in  geometric  progreffion. 

1 1 2.  Conceive  the  whole  atmofphere  to  be  di- 
vided into  an  indefinite  number  of  lamins  of  equal 
thicknefs,  parallel  to  the  Earth’s  furface ; and  let  a , 
by  c,  See.  reprelent  the  refpedtive  denfities  of  thefe 
laminae,  beginning  at  the  furface  of  the  earth ; then 
the  compreffive  force  on  the  laminae  a,  by  cy  See.  will  be 
proportional  to  the  weight  incumbent  upon  each,  that 
is,  the  fum  of  the  weights  of  all  the  laminae  above;  but 
the  weight  of  each  lamina  is  as  the  denfity  X it’s  thick- 
nefs, or,  as  the  thicknefs  is  the  fame,  as  it’s  denfity ; 
hence  the  compreffive  forces  on  a,  by  c,  See.  will  be  as 
the  fum  of  all  the  quantities  which  reprefent  the  den- 
fities above  them,  or  as  b + c + d-\- See.  c-\-d-\-e-\-Sec. 
d+e-\-f-\-he.  Sec.  Sec.  But  (Prop,  lvii)  the  com- 
preffive force  of  the  air  is  as  it’s  denfity ; hence,  a : b 
::  b c-\-d-\- Sec.  : c + d+e  + Sec.  and  b : c ::  c + d-\~ 
e-\-Sec.  : d + e-\-f-\-Sec.  and  fo  on;  hence,  by  the 
above  Lemma,  a : b ::  b : c ::  c : d ::  d : e ::  Sec.. 
Now  the  laminae  being  of  the  fame  thicknefs,  the  laft 
proportion  (hows  that  as  you  afeend  by  equal  fpaces, 
or  in  arithmetical  progreffion,  the  denfities  decreafe 
in  geometrical  progreffion. 

Prop.  LII. 

Given  the  denfity  of  the  airy  to  find  the  correfponding 
altitude ; and  the  converfe. 


1 13.  By 


1 13.  By  the  nature  of  logarithms,  if  the  natiiral 
numbers  be  in  geometrical  progreffion,  their  loga- 
rithms are  in  arithmetical  progreffion  ; hence,  as  the 
altitudes  incteafe  in  arithmetical  progreffion  whilft 
the  correfponding  denfities  of  the  air  decreafe  in  geo- 
metrical progreffion  (Art.  112),  it  follows,  that  the 
altitudes  increafe  as  the  logarithms  of  the  denfities 
decreafe.  Hence,  if  at  the  altitudes  * andjy  the  den- 
udes be  m and  n times  lefs,  or  be  — and  the  denfity 

m n 

of  the  furface  being  unity*  we  have  x : y ::  log.  — : 


: log  * log.  m : log.  n.  Now  Mr.  Cotes  ( Hyd>, 

71  » 

p.  103)  collected  from  experiment,  that  at  the  altitude 
of  7 miles,  the  denfity  is  4 times  lefs  than  the  denfity  at 
the  furface;  hence,  ifjy  = 7,  n — 4,  we  have,  x : 7 ::  log. 

m : log.  4,  therefore  x — 7 X 11,626  X log.  m ; 

log.  4 

1 • 

if  therefore  the  denfity  — be  given,  we  know  x.  Alfo 

m 


log.  m = - xlog.  4,  therefore  (Flux.  Art.  109.)  w = 

—v-  " 

4^7,  confequently  if  the  altitude  be  given,  the  denfity 

— will  be  known.  But  the  denfity  is  inverfely  as 

the  rarity,  that  is,  if  the  denfity  be  4 times  lefs,  or 
be  expreffed  by  | , the  rarity  will  be  4 times  greater* 
or  will  be  exprefied  by  4;  hence  m may  exprefs  the 
rarity  of  the  air,  that  at  the  furface  being  unity.  This 
rule  is  not  accurate,  becaufe  it  fuppofes  the  compreffive 

force 
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force  of  the  air  to  be  as  it’s  denfity,  which  is  not  true, 
unlefs  the  temperature  be  the  fame. 

If  it  fhould  appear  that  the  altitude  at  which  the 
denfity  is  4 times  lefs  than  at  the  furface,  be  not  7 
miles,  then  11,626  muft  be  altered  in  the  ratio  of  7 
to  that  altitude. 

1 1 4.  Let  CA  be  the  radius  of  the  Earth,  which 
produce  to  Z,  draw  AB  perpendicular  to  CA  and  let  it 
reprefent  the  denfity  of  the  air  at  the  furface,  and 
PM  reprefent  the  denfity  at  any  altitude  AP , and  let 


BMD  be  a curve  palling  through  the  extremities  of 
all  the  ordinates  PM.  Then  (Art.  112)  as  AP  in- 
creafes  in  arithmetic  progreflion,  the  denfity  PM  will 
decreafe  in  geometric  progreflion ; hence  PM  is  the 

number 
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number  correfponding  to  the  logarithm  AP , and  BD 
is  called  the  logarithmic  curve,  whofe  fubtangent 
P T is  the  modulus  of  the  fyftem.  Let  A ^ be  the 
altitude  of  an  homogeneous  * atmofphere  whofe  den- 
lity  is  ABy- and  complete  the  parallelogram  BA  QR* 
Now  confider  the  whole  atmofphere  AZy  and  the 
homogeneous  atmofphere  A ^ to  be  divided  into  an 
indefinite  number  of  laminte  of  equal  thicknefs  5 
then  (Art.  112)  the  whole  preffure  on  AB  in  both 
cafes  may  be  me&fured  by  the  £im  of  all  the  denfities 
of  thefe  lamina*,  and  the  denfity  being  as  the  lamina 
PM  and  AB  refpe&ively,  the  preffures  will  be  as  the 
fum  of  all  the  PM' s,  and  the  fum  of  all  the  AB' s,  or 
as  (Fluxions,  Art.  49,  Ex.  4.)  AB  X PTy  and  AB 
xA^-y  but  thefe  preffures  are  equal;  hence  ABx 
PT  — ABxA^y  confequently  A£>j=PT ; the  modulus 
of  this  fyftem  of  logarithms  is  therefore  the  altitude 
of  an  homogeneous  atmofphere. 

For  the  general  inveftigation'  of  the  denfity  of  the 
air,  when  the  force  of  gravity  is  fuppofed  to  vary  as 
any  power  of  the  diftance  from  the  Earth’s  center, 
fee  the  treatife  on  Fluxions,  page  216. 

* An  homogeneous  atmofphere  is  an  atmofphere  fuppofed  to 
be  of  the  fame  weight  as  that  which  furrounds  the  Earth,  and 
whofe  denfity  is  uniform  and  equal  to  the  denfity  of  the  air  at  the 
Earth’s  furface. 
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SECTION  VII. 


ON  THE  BAROMETER, 


Prop.  LIII. 

To  make  a 'Barometer. 


ii  5.  If  a glafs  tube  above  31  inches  long,  herme- 
tically fealed  at  one  end,  be  filled  with  mercury,  and 
then  it’s  open  end  be  immerfed  in  a bafon  of  the  fame 
fluid,  the  altitude  at  which  the  mercury  will  ftand  in 
the  tube  above  the  furface  of  the  mercury  in  the  bafon 
is  between  28  and  31  inches.  A tube  thus  filled  is 
called  a Barometer. 

Prop.  LIY\ 

The  mercury  is  fufpended  in  the  tube  of  a barometer  by 
the  prejfure  of  the  air  upon  the  furface  of  the  mercury 
in  the  bafon. 


VOL.  III. 
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1 16.  For  if  a barometer  mn  be  put  under  the  re- 
ceiver of  an  air  pump,  and  the  air  be  exhaufted,  as  you 


continue  to  exhauft  the  air,  and  consequently  to  dimi* 
nifh  it’s  preffure  upon  the  furface  of  the  mercury  in  the 
bafon,  the  mercury  in  the  tube  will  continue  to  de- 
feend,  and  when  no  fenfible  quantity  of  air  is  left,  the 
altitude  of  the  mercury  will  not  be  fenfibly  above  that 
in  the  bafon  ; and  upon  admitting  the  air  again  into  the 
receiver,  the  mercury  will  rife  in  the  tube  to  it’s 
former  height. 

As  the  denfity  of  the  air,  and  confequently  it’s 
comprefling  force,  is  fubjedt  to  a variation,  the  alti- 
tude of  the  mercury  mull  be  fubjedt  alfo  to  a corres- 
ponding variation  j it  is  always  however  contained 

between 
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between  the  limits  of  28  and  31  inches.  A tube  thus 
filled  is  therefore  graduated  from  28  to  31  inches. 

1 17.  Galileo  was  the  firft  perfon  who  difcovered 
the  preffure  of  the  air.  He  found  by  experiment, 
that  water  could  be  raifed,  by  the  common  pump, 
to  a certain  height,  and  no  higher ; whereas,  had 
nature  abhorred  a vacuum,  according  to  the 
opinion  of  fome  of  the  philofophers  at  that  time, 
the  water  might  have  been  raifed  to  any  height.  He 
conjectured  therefore,  that  it  was  owing  to  the  air’s 
gravitation  ; the  truth  of  which  was  afterwards  con- 
firmed by  his  pupil  Torricellius,  who  confidered, 
that  if  the  preffure  of  the  air  could  fupport  a column 
of  water  35  feet  high,  which  is  about  the  mean  height 
to  which  a pump  can  raife  water,  it  could  fulpend  a 
column  of  mercury,  whofe  denfity  is  about  14  times 
as  great,  only  about  one  14th  part  of  35  feet  high,  or 
about  30  inches ; he  accordingly  tried  the  experiment, 
and  found  that  the  mercury  flood  at  the  altitude 
which  he  expeCted.  Thus  he  clearly  proved  the  gra- 
vitation of  the  air ; and  hence  this  is  called  the  Torri- 
cellian experiment ; and  the  vacuum  which  is  left 
above,  when  the  mercury  defeends  from  the  top  of  the 
tube  after  immerfing  it  in  the  bafon,  is  called  the 
Torricellian  vacuum.  When  the  tube  is  filled  with 
great  care,  this  vacuum  is  fuppofed  to  be  the  mod 
perfeCl  that  can  be  made. 


V 
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S-j.  ON  THE  BAROMETER. 

Prop.  LV. 

To  find  the  height  of  an  homogeneous  atmofphere . 

• ! v • ■ ' , • 

1 1 8.  The  mercury  in  the  tube  of  a barometer  is 
(Art.  1 1 6)  fuLained  by  the  preflure  of  the  air  ; and 
(Art.  31)  when  two  fluids  communicate,  the  altitudes 
at  which  they  ftand  are  inverfely  as  their  fpecific  gra- 
vities. Let  us  take  the  fpecific  gravity  of  air  to  that 
. of  water  as  1 : 850,  the  barometer  Landing  at  30 
inches.  Now  if  we  take  the  fpecific  gravity  of  water 
to  mercury  as  1:14,  we  fhall  have  the  fpecific  gravity 
of  air  to  that  of  mercury  as  1 : 12390;  hence,  (Art.31) 
1 : 12390  ::  30  in.  : 12390X30  = 371700  in.  =5,6 3 
miles,  the  height  of  an  homogeneous  atmofphere, 
or  an  atmofphere  of  the  fame  weight  as  the  prefent 
atmofphere,  and  whofe  fpecific  gravity  is  every  where 
the  fame  as  that  of  the  air  at  the  earth’s  furface.  If 
we  take  the  fpecific  gravities  of  air  and  water  as  1 : 
885,  when  the  barometer  Lands  at  29I  inches,  we 
fhall  have  the  altitude  of  an  homogeneous  atmofphere 
5,77  miles.  The  fpecific  gravity  of  mercury  has  been 
here  fuppofed  14,  that  of  water  being  1 ; but  when  the 
mercury  is  very  pure,  it’s  fpecific  gravity  has  been  found 
to  be  only  13,6.  To  determine  with  accuracy  the 
height  of  an  homogeneous  atmofphere  by  this  method, 
the  fpecific  gravity  of  the  mercury  in  the  barotno- 
meter,  at  the  time  of  obfervation,  fhould  be  deter- 
mined, as  it  is  fubjetL  to  a fmall  variation  from  the 
different  temperatures  of  the  air. 


I 


Prop. 
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Prop.  LVI. 

The  weight  of  the  mercury  in  the  barometer  ( the  tube 
being  cylindrical ) above  the  level  of  that  in  the  bafon , is 
equal  to  the  weight  of  a cylinder  of  air  of  the  fame  bafe 
reaching  to  the  top  of  the  atmofphere . 


119.  Let  qz be  the  altitude  of  the  mercury  in  the 
tubepv-,  take  a cylindrical  column  xvw  of  the  air, 
whofe  bafe  xv  is  equal  to  vz  that  of  the  mercury. 
Now  the  fection  nxvm  of  mercury  being  at  reft,  every 
point  thereof  muft  be  equally  prefled,  and  therefore 
equal  parts  muft  be  equally  prefled ; but  the  preflures 

f 2 on 
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on  xv,  vz  arife  from  the  incumbent  columns  xw  of 
air  and  vq  of  mercury,  and  thefe  being  perpendicular 
cylindrical  columns  the  preffures  are  equal  to  their 
weights ; confequently  the  weights  of  thefe  columns 
are  equal. 

Some  have  found  it  difficult  to  conceive  why  the 
weight  of  the  mercury  in  the  tube  fhould  not  be  equal 
to  the  weight  of  the  air  prefling  upon  the  whole  fur- 
face  of  the  mercury  in  the  bafon.  This  difficulty 
has  arifen  from  their  not  making  a proper  diftindion 
between  preffure  and  weight;  the  column  of  mer- 
cury gives  a preffure  upwards  to  the  furface  of  the 
mercury  in  the  bafon  equal  to  the  weight  of  the  whole 
incumbent  air,  but  as  fluids  prefs  equally  in  all  direc- 
tions, this  preffure  which  the  mercury  gives  is  as 
much  greater  than  it’s  weight  as  the  furface  of  mer- 
cury in  the  bafon  is  greater  than  the  orifice  of  the 
tube.  It  is  a fad  fimilar  to  the  hydroftatical  paradox, 
where  a fmaller  weight  fuftains  a greater. 

Prop.  LVII. 

When  the  mercury  in  the  barometer  Jlands  at  30  inches , 
the  -preffure  of  the  air  upon  every  fquare  inch  is  about 
i$lb.  avoir dupoife. 

120.  For  by  the  lafl  Article,  a column  of  air,  of 
mean  denfity,  whofe  bafe  is  1 fquare  inch,  prefles  as 
much  as  a column  of  mercury  of  the  fame  bafe  30 
inches  high,  the  weight  of  which  is  about  151b. 
avoirdupoife. 

12 1.  Cor.  Hence,  if  we  take  the  furface  of  a middle 
fize  man  to  be  14I  fquare  feet,  when  the  air  is  lighted 

it’s 
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it’s  preffure  on  him  is  13,2  tons  ; and  when  heavieft, 
it  is  14,3,  the  difference  of  which  is  24641b.  This 
difference  of  preffures  muff  greatly  affed  us  in 
regard  to  our  animal  fundions,  and  confequently 
in  refped  to  our  health,  more  efpecially  when  the 
change  takes  place  in  a fhort  time.  The  preffure 
of  the  air  upon  the  whole  furface  of  the  Earth  is 
about  77670297973563429  tons. 

Pror.  LV1II. 

✓ A , 

The  denjity  of  the  air  is  in  proportion  to  the  force  which 
comprejfes  it. 


a 


122.  Let  ahc  be  a glafs  cylindrical  tube,  hermeti- 
cally fealed  at  c , and  let  the  bottom  be  covered 
with  mercury,  whilft  the  air  in  wc  is  in  it’s 
natural  {fate.  Pour  in  mercury  at  a and  it  will  force 
the  mercury  to  rife  in  wc,  and  continue  to  pour  in, 
till  the  mercury  Hands  at  y as  high  above  the  point 

F 4 X tO 
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x to  which  it  has  now  rifen  in  w c,  as  the  altitude 
of  the  mercury  in  the  common  barometer ; then 
that  column  of  mercury  (Art.  119)  is  equivalent 
to  the  weight  of  the  column  of  air  incumbent 
upon  it,  hence  the  preflure  againft  the  air  in 
cx  is  now  twice  as  much  as  it  was  againft  the 
air  in  cw,  and  cx  is  obferved  to  be  = \cw-,  hence 
the  air  being  comprefled  into  half  the  fpace,  the 
denfity  is  doubled.  In  like  manner,  if  another 
column  of  mercury  of  the  fame  altitude  be  added,  cx 
is  found  to  be  =t cw  thus  the  comprefling  force  is 
made  three  times  greater,  and  the  denfity  is  three 
times  greater.  In  this  manner,  the  comprefling  force 
is  found  in  any  other  cafe  to  be  in  proportion  to  the 
denfity.  The  fame  is  obferved  to  be  true  in  all  kinds 
of  factitious  airs,  upon  which  experiments  have  been 
made. 

123.  By  increafing  the  comprefling  force  of  the  air, 
the  particles  are  brought  nearer  together,  but  are  kept 
from  coming  into  contaCt  by  their  repulfive  force ; 
thefe  forces  muft  therefore  be  equal,  when  the  fluid  is 
at  reft.  The  repulfive  force  is  what  we  ufually  call 
the  air’s  elafticity  ; hence  the  elafticity  of  the  air 
being  in  proportion  to  it’s  compreflive  force,  muft  be 
alfo  in  proportion  to  it’s  denfity. 

Prop.  LIX. 

If  the  tube  ns  of  a barometer  be  perfectly  cylindrical , 
and  be  in  part  only  filled  with  mercury , and  then  it's  open 
end  be  tmmerfed  in  a bafon  of  the  fame  fluid,  the  mercury 
will  fink  below  the  point , called  the  fiandard  altitude , 
or  the  point  at  which  it  would  have  flood  if  no  air  had 

1 been 
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been  left  in  ; and  the  fandard  altitude  'will  be  to  the 
deprejjion  beloiv  that  altitude  as  the  J pace  occupied  by  the 
air  after  the  immerfon  to  the  fpace  occupied  before. 

124.  Let  rs  be  equal  to  the  fpace  occupied  by  the 
air  before  the  tube  is  immerfed,  or  when  the  air  is  in 
it’s  natural  date  ; after  the  immerfion  of  the  tube  into 
the  bafon  ABCD  let  the  mercury  fink  to  m ; then  the  , 


air  which,  in  it’s  natural  date,  occupied  the  fpace 
rs,  now  occupies  the  fpace  ms,  and  the  fpace  oc- 
cupied by  the  fame  quantity  being  inverfely  as  the 
denfity,  or  (Art.  123)  inverfely  as  the  eladicity,  we 
have  the  eladicity  in  rs  : the  eladicity  in  sm  ::  sm 
: rs.  Let  no  be  the  height  at  which  the  mercury 

would 
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would  have  flood  if  no  air  had  been  left  in  the  tube,  ‘ 
or  the  height  of  the  mercury  in  the  barometer.  Then 
(Art.  122)  the  cornpreffive  force  of  the  air,  and  (Art. 
123)  confequently  it’s  elafticity,  when  it  occupied  the 
{pace  rs,  would  fupport  a column  of  mercury  no,  be- 
caufe  the  air,  when  it  occupied  that  fpace,  was  in  it’s 
natural  (late ; and  the  elafticity  of  the  air  when  it 
occupies  the  fpace  sm  would  fupport  a column  of 
mercury  mo,  becaufe  it  depreftes  the  mercury  from 
o to  hence  the  elafticity  of  the  air  in  rs  : the 
elafticity  in  sm  ::  on  : om  ■,  confequently  on  : om  :: 

■ 

sm  : sr. 

This  propofition  may  be  applied  to  the  folution  of 
two  problems  ; for  we  may  either  give  the  quantity  of 
air  left  in  before  immerfion,  to  find  the  altitude  of 
the  mercury  after  ; or  we  may  give  the  altitude  of  the 
mercury  after  immerfion,  to  find  the  quantity  of  air 
left  in  before.  As  the  ftandard  altitude  no  (Art.  1 16) 
is  fubjecft  to  a variation,  it  has  been  ufual  in  this  cafe 
to  aflame  it  30  inches ; but  when  accuracy  is  re- 
quired, it  muft  be  taken  equal  to  the  height  of  the 
mercury  in  the  barometer  at  the  time. 

Ex.  1.  Let  the  length  ns  of  the  tube  be  35  inches, 
and  the  depreflion  om  below  the  ftandard  altitude  no 
( = 30  in.)  be  10  inches,  to  find  the  quantity  of  air 
left  in  before  inverfion. 


As  «r  = 35,  and  >20  = 30,  we  have  so 
10  ; hence  sm—  15-  therefore,  30: 

iox  1 3 • , 


10x13  • , 

— pz=  c inches 

30  ? 


: 10  ::  13  : 


Ex.  2. 
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Ex.  2.  Let  5 inches  of  air  be  left  in  the  fame  tube 
before  inverfion,  to  find  the  altitude  of  the  mercury 
after. 


In  this  cafe  the  point  m being  unknown,  thefecond 
and  third  terms  of  the  proportion  are  unknown  ; put 
therefore  x—om , then  x + $=sm-,  hence  30  : x ::  x 
+ 5 : 5>  therefore  xz  + $x  = 150,  confequently  a‘  = 
10  or  - 15.  The  anfwer  +10  (bows  that  the  mer- 
cury will  Hand  at  10  inches  below  0 ; and  the  anfwer 
- 15  fhows,  that  if  the  tube  were  continued  to  v> 
and  ot  taken  equal  to  15  inches,  and  the  fpace  st 
were  filled  with  mercury,  the  fpace  tv  above  being  a 
vacuum,  that  this  column  st  of  mercury  would  alfo 
be  fupported  by  the  elafticity  of  the  air  in  sm.  In 
fa<ft,  st  = om,  and  therefore  the  elafticity  of  the  air 
which  depreftes  a column  om  muft  necdfarily  fuftain 
an  equal  column  st. 

The  experiments  agreeing  with  the  conclufions  here 
deduced,  it  follows  that  the  compreftive  force  of  the 
air  is  as  it’s  denfitv,  that  being  the  principle  upon 
which  the  demonftration  is  founded. 


Prop.  LX. 

/ 

If  a be  the  altitude  of  the  mercury  in  a barometer  at 
the  bottom  of  an  hill , and  b the  altitude  at  the  top , the 

altitude  of  the  hill  will  be  1 1,626  Xlog.  | miles. 


125.  For  the  weight  of  mercury  fufpended  by  the 
preflure  of  the  air  at  the  bottom  : the  weight  fuf- 

y 

pended  at  the  top  ::  a : b ::  1 : - i hence  the  compreftive 

CL 

forces 
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forces  of  the  air  at  thefe  two  points,  by  fuftaining 

b 

thefe  columns  of  mercury,  muff  be  as  i : - ; but  the 

compreffive  forces  are  as  (Art.  122)  the  denfities; 

therefore  the  denfities  below  and  above  are  as  1 : 

b b 

confequently  the  denfity  above  will  be  that  at 

the  furface  being  upity.  Hence  the  rarity  will  be 

ys  fubftitute  this  for  m (Art.  1 1 3 .)  and  the  altitude 

#=11,626  X log.  The  difference  of  the  tempera- 
tures of  the  air  at  the  bottom  and  top  is  not  here 
confidered,  which  will  make  a fir.all  alteration.  This 
correction  may  be  applied,  by  obferving  with  two 
thermometers  the  temperatures  at  each  point,  and  then 
allowing  for  that  difference ; but  the  invefligation  of 
this  falls  not  within  our  prefent  plan. 


Dr. 
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Dr.  Halley’s  Account  of  the  Rifng  and  _ Falling  of 

the  Mercury  in  a Barometer , upon  the  Change  of 

Weather. 

126.  To  account  for  the  different  heights  of  the 
mercury  at  feveral  times,  it  will  not  be  unneceffary  to 
enumerate  fome  of  the  principal  obfervations  made 
upon  the  barometer. 

1 ft.  The  fird  is,  that  in  calm  weather,  when  the  air 
is  inclined  to  rain,  the  mercury  is  commonly  low. 

2ly.  That  in  ferene,  good,  fettled  weather,  the  mer- 
cury is  generally  high. 

'3ly.  That  upon  very  great  winds,  though  they  be  not 
accompanied  with  rain,  the  mercury  finks  lowed  of 
all,  with  relation  to  the  point  of  the  compafs  the 
wind  blows  upon. 

4-ly.  That  cater  is  paribus,  the  greated  heights  of  the 
mercury  are  found  upon  eafterly  and  north-eaderly 
winds. 

5ly.  That  in  calm  frody  weather,  the  mercury  gene- 
rally dands  high. 

61y.  That  after  very  great  dorms  of  wind,  when  the 
quickfilver  has  been  low,  it  generally  rifes  again  very 
fad. 

7ly.  That  the  more  northerly  places  have  greater 
alterations  of  the  Barometer  than  the  more  foutherly. 

81y.  That  within  the  tropicks  and  near  them, 
thofe  accounts  we  have  had  from  others,  and  my  own 
obfervations  at  St.  Helena,  make  very  little  or  no 
variation  of  the  height  of  the  mercury  in  all  weathers. 

Hence 
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Hence  I conceive,  that  the  principal  caufe  of  the 
rife  and  fall  of  the  mercury,  is  from  the  variable 
winds,  which  are  found  in  the  temperate  zones,  and 
whofe  great  inconftancy  here  in  England  is  moft 
notorious. 

A fecond  caufe  is  the  uncertain  exhalation  and  pre- 
cipitation of  the  vapours  lodging  in  the  air,  whereby 
it  comes  to  be  at  one  time  much  more  crouded  than 
at  another,  and  confequentiy  heavier ; but  this  latter 
in  a great  meafure  depends  upon  the  tormer.  Now 
from  thefe  principles  I fhall  endeavour  to  explicate 
the  feveral  phtenomcna  of  the  barometer,  taking  them 
in  the  fame  order  I laid  them  down. 

i ft.  The  mercury’s  being  low  inclines  it  to  rain, 
because  the  air  being  light,  the  vapours  are  no  longer 
fupported  thereby,  being  become  l'pecifically  heavier 
than  the  medium  wherein  they  floated ; fo  that  they 
defeend  towards  the  Earth,  and  in  their  fall  meeting 
with  other  aqueous  particles,  they  incorporate  toge- 
ther and  form  little  drops  of  rain.  But  the  mercury’s 
being  at  one  time  loiter  than  at  another,  is  the  effect 
of  two  contrary  winds  blowing  from  the  place  where 
the  barometer  Hands ; whereby  the  air  of  that  place 
is  carried  both  ways  from  it,  and  confequently  the 
incumbent  cylinder  of  air  is  diminifhed,  and  accord- 
ingly the  mercury  finks.  As  for  inftance,  if  in  the 
German  ocean  it  fliould  blow  a gale  of  wefterly  wind, 
and  at  the  fame  time  an  eafterly  wind  in  the  Irifii  fea, 
or  if  in  France  it  fliould  blow  a northerly  wind,  and 
in  Scotland  a foutherly,  it  muff  be  granted  me  that, 
that  part  of  the  atmofphere  impendent  over  England 
would  thereby  be  exhaufted  and  attenuated,  and  the 
mercury  would  fubfide,  and  the  vapours  which  before 

floated 
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floated  in  thofe  parts  of  the  air  of  equal  gravity  with 
themfelves,  would  fink  to  the  Earth. 

2ly.  The  greater  height  of  the  barometer  is  occa- 
floned  by  two  contrary  winds  blowing  towards  the 
place  of  obfervation,  whereby  the  air  of  other  places 
is  brought  thither  and  accumulated;  fo  that  the 
incumbent  cylinder  of  air  being  increafed  both  in 
height  and  weight,  the  mercury  prefled  thereby  muft 
needs  rife  and  ftand  high,  as  long  as  the  winds  con- 
tinue fo  to  blow  ; and  then  the  air  being  fpecifically 
heavier,  the  vapours  are  better  kept  fufpended,  fo  that 
they  have  no  inclination  to  precipitate  and  fall  down 
in  drops ; which  is  the  reafon  of  the  ferene  good 
weather,  which  attends  the  greater  heights  of  the 
mercury. 

3ly.  The  mercury  finks  the  lowed  of  all  by  the  very 
rapid  motion  of  the  air  in  ftorms  of  wind.  For  the 
tradt  or  region  of  the  Earth’s  furface,  wherein  thefe 
winds  rage,  not  extending  all  round  the  globe,  that 
ftagnant  air  which  is  left  behind,  as  likewife  that  on  the 
fides,  cannot  come  in  fo  faff  as  to  fupply  the  evacua- 
tion made  by  fo  fwift  a current ; fo  that  the  air  muft 
neceflarily  be  attenuated  when  and  where  the  faid  winds 
continue  to  blow,  and  that  more  or  lefs  according  tq 
their  violence ; add  to  which,  that  the  horizontal 
motion  of  the  air  being  fo  quick  as  it  is,  may  in  all 
probability  take  off  fome  part  of  the  perpendicular 
preflure  thereof : and  the  great  agitation  of  its  particles 
is  the  reafon  why  the  vapours  are  diflipated,  and  do 
not  condenfe  into  drops  fo  as  to  form  rain,  otherwife 
the  natural  confequence  of  the  air’s  rarefaction. 

4ly.  The  mercury  ftands  the  higheft  upon  an  eafterly 
or  north -eafterly  wind,  becaufe  in  the  great  Atlantick 
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ocean,  on  this  fide  the  35  th  degree  of  north  latitude, 
the  wefterly  and  fouth-wefterly  winds  blow  almoft 
always  Trade,  fo  that  whenever  here  th,e  wind  comes 
up  at  eaft  and  north-eaft,  it  is  fure  to  be  checked  by 
a contrary  gale  as  foon  as  it  reaches  the  ocean  ; where- 
fore according  to  what  is  made  out  in  our  fecond 
remark,  the  air  muft  needs  be  heaped  over  this  ifland, 
and  confequently  the  mercury  muft  ftand  high,  as 
often  as  thefe  winds  blow.  This  holds  true  in  this 
country,  but  is  not  a general  rule  for  others  where 
the  winds  are  under  different  circumftances ; and  I have 
fometimes  feen  the  mercury  here  as  low  as  29  inches 
upon  an  eafterly  wind,  but  then  it  blew  exceeding 
hard,  and  fo  comes  to  be  accounted  for  by.  what  was 
obferved  upon  the  third  remark. 

5ly.  In  calm  frofty  weather  the  mercury  generally 
{lands  high,  becaufe  (as  I conceive)  it  feldom  freezes 
but  when  the  winds  come  out  of  the  northern  and 
north-eaftern  quarters,  or  at  leaft  unlefs  thofe  winds 
blow  at  no  great  diftance  off ; for  the  northern  parts 
of  Germany,  Denmark,  Sweden,  Norway,  and  all  that 
trail  from  whence  north-eaftern  winds  come,  are  fub- 
jeil  to  almoft  continual  froft  all  the  winter ; and  there- 
by  the  lower  air  is  very  much  condenfed,  and  in  that 
ftate  is  brought  hitherwards  by  thofe  winds,  and  being 
accumulated  by  the  oppofition  of  the  wefterly  wind 
blowing  in  the  ocean,  the  mercury  muft  needs  be  preft 
to  a more  than  ordinary  height ; and  as  a concurring 
caufe,  the  fhrinking  of  the  lower  parts  of  the  air  into 
leffer  room  by  cold,  muft  needs  caufe  a defcent  of 
the  upper  parts  of  the  atmofphere  to  reduce  the  cavity 
made  by  this  contraction  to  an  (equilibrium. 
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61y.  After  great  ftorms  of  wind,  when  the  mercury 
has  been  very  low,  it  generally  rifes  again  very  fall. 
I once  obferved  it  to  rife  i £ inch  in  lefs  than  6 hours 
after  a long  continued  ftorm  of  fouth-weft  wind. 
The  reafon  is,  becaufe  the  air  being  very  much  rare- 
fied, by  the  great  evacuations  which  fuch  continued 
ftorms  make  thereof,  the  neighbouring  air  runs  in  the 
more  fwiftly  to  bring  it  to  an  (equilibrium  ; as  we  fee 
water  runs  the  fafter  for  having  a great  declivity. 

yly.  The  variations  are  greater  in  the  more  northerly 
places,  as  at  Stockholm  greater  than  at  Paris  (com- 
pared by  Mr.  Pascall*)  becaufe  the  more  northerly 
parts  have  ufually  greater  ftorms  of  wind  than  the 
more  foutherly,  whereby  the  mercury  flhould  fink 
lower  in  that  extreme ; and  then  the  northerly  winds 
bringing  the  condenfed  and  ponderous  air  from  the 
neighbourhood  of  the  pole,  and  that  agairf  being 
checked  by  a foutherly  wind  at  no  great  diftance, 
and  fo  heaped,  muft  of  neceffity  make  the  mercury 
in  fuch  cafe  ftand  higher  in  the  other  extreme. 

Sly.  Laftly,  this  remark,  that  there  is  little  or  no 
variation  near  the  equinoctial,  as  at  Barbadoes  and 
St.  Helena,  does  above  all  others  confirm  the  hypo- 
tliefis  of  the  variable  winds  being  the  caufe  of  thefe 
variations  of  the  height  of  the  mercury  ; for  in  the 
places  above  named  there  is  always  an  eafy  gale  of 
wind  blowing  nearly  upon  the  fame  point,  viz.  E.N.E. 
at  Barbadoes,  and  E.S.E.  at  St.  Helena,  fo  that  there 
being  no  contrary  currents  of  the  air  to  exhauft  or 
accumulate  it,  the  atmofphere  continues  much  in 
the  fame  ftate : however  upon  hurricanes  (the  moft 

violent 

4 Equilibre  des  Liqueurs. 

’ VolMII.  G 


ON  THE  BAROMETER. 


98 

violent  of  ftorms)  the  mercury  has  been  obferved  very 
low,  but  this  is  but  once  in  two  or  three  years,  and  it 
loon  recovers  its  fettled  ftate  of  about  29!  inches. 

The  principal  objection  againft  this  do£lrine  is  that 
I fuppofe  the  air  fometimes  to  move  from  thofe  parts 
where  it  is  already  evacuated  below  the  (equilibrium, 
and  fometimes  again  towards  thofe  parts  where  it  is 
condenfed  and  crouded  above  the  mean  Hate,  which 
may  be  thought  contradidtory  to  the  laws  of  ftaticks, 
and  the  rules  of  the  (equilibrium  of  fluids.  But  thofe 
that  lhall  confider  how  when  once  an  impetus  is  given 
to  a fluid  body,  it  is  capable  of  mounting  above  its 
level,  and  checking  others  that  have  a contrary  ten- 
dency to  defcend  by  their  own  gravity  will  no  longer 
regard  this  as  a material  obftacle ; but  will  rather  con- 
clude, that  the  great  analogy  there  is  between  the 
rifing  and  falling  of  the  water  upon  the  flux  and  reflux 
of  the  fea,  and  this  of  accumulating  and  extenuating 
the  air,  is  a great  argument  for  the  truth  of  this  hypo- 
tliefls.  For  as  the  fea,  over  againft  the  coaft  of  Eflex, 
rifes  and  fwells  by  the  meeting  of  the  two  contrary 
tides  of  flood,  whereof  the  one  comes  from  the  S.  W. 
along  the  channel  of  England,  and  the  other  from  the 
north,  and  on  the  contrary  finks  below  its  level  upon 
the  retreat  of  the  water  both  ways,  in  the  tide  of  ebb; 
fo  it  is  very  probable,  that  the  air  may  ebb  and  flow 
after  the  fame  manner ; but  by  reafon  of  the  diverfity 
of  caufes  whereby  the  air  may  be  fet  in  moving,  the 
times  of  thefe  fluxes  and  refluxes  thereof  are  purely 
cafual,  and  not  reducible  to  any  rule,  as  are  the  motions 
of  the  fea,  depending  wholly  upon  the  regular  courfe 
of  the  mcon. 
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ON  THE  AIR  PUMP,  AND  CONDENSER. 


Prop.  LXI. 


1 O conjlruft  an  Air  Pump. 

127.  The  Air  Pump  which  I ufe  in  my  experi- 
mental Lectures  is  thus  conftuded.  IV  V is  a brafs 
plate  ground  perfectly  plane,  and  ftrengthened  on  the 
under  fide  with  ribs ; at  h there  is  a fmall  orifice,  over 
which  Hands  a glafs  veffel  R , called  a receiver,  the 
edge  of  which  is  alfo  ground  truly  plane,  fo  that  if 
a little  greafe  be  put  upon  the  edge  before  it  is  placed 
on  the  receiver,  it  will  be  air-tight ; in  general  how- 
ever a piece  of  leather  well  prepared  with  greafe  is 
laid  upon  the  plate  for  the  receiver  to  Hand  upon;  but 
you  may  make  a more  perfect  exhauftion  by  the  other 
method,  on  account  of  the  air  which  the  leather  will 
give  out;  in  this  leather  there  is  a hole  made  cor- 
refponding  to  h in  the  plate.  From  li  a brafs  pipe  ht 
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defcends,  and  turning  each  way  at  the  bottom  enters 
the  two  barrels,  P at  v and  w.  At  the  bottom  of 


each  barrel  there  is  a fmall  hole  againfl  which  there  are 
two  pieces  c,d  fcrewed  on,  containing  the  valves, 
each  of  which  is  reprefented  by  the  figure  Z,  which 
is  a folid  piece  abed  of  brafs,  through  the  middle  of 
which  there  is  a cylindrical  hole,  partly  filled  with  a 
folid  brafs  cylinder,  againfl:  the  bottom  m of  which 
a fpiral  fpring  x a£ts,  which  refts  below  againfl;  a ferew 
z,  by  means  of  which  the  fpring  may  be  rendered 
ftronger  or  weaker  j through  the  brafs  there  are  alfo 

two 


ON  THE  AIR  PUMP.  IOI 

two  holes,  one  from  r to  v,  and  the  other  from 
s to  t-,  and  over  the  top  ab  there  is  tied  a piece  of 
oiled  filk,  having  two  holes  correfponding  tor  and  s \ 
and  when  this  piece  Z is  fcrewed  on  to  the  bottom  of 
the  barrel,  the  end  n of  the  cylinder  nm  is  preffed 
againft  the  hole  in  the  barrel,  by  means  of  the 
fpring  x.  The  barrels  are  truly  cylindrical,  having 
each  a fucker  r,  s,  (without  a valve)  furrounded  with 
leather,  and  fitted  fo  clofe  to  the  barrel  as  to  be  air- 
tight ; thele  fuckers  are  fixed  to  two  brafs  rods  A,  B, 
having  cogs  above ; mn  is  a fmall  wheel  with  cogs 
acting  on  thofe  of  the  rods,  and  moved  by  an  handle 
H,  which  being  turned  backwards  and  forwards,  the 
rods  A,B  and  confequently  the  fuckers  s,r  afcend  and 
defcend  alternately.  From  the  top  of  the  pipe  ht 
there  proceeds  another  pipe  ou , into  an  orifice  of  which 
there  is  fixed  a glafs  tube  ab , having  it’s  lower  end 
immerfed  in  a bafon  L of  quickfilver ; this  tube  is 
called  the  gage,  at  the  back  of  which  there  is 
fixed  a frame  of  wood,  which  is  graduated  from  the 
mercury  in  the  bafon  up  to  31  inches.  At  g there 
is  a fcrew,  by  unfcrewing  which  you  can  admit  the 
air  into  the  pipe  ou  when  it  is  exhaufted.  The  rods 
A , B,  pafs  each  through  a collar  of  leathers  at  k and  /, 
which  are  air-tight.  The  fupporters  to  the  whole  of 
this  are  here  omitted,  as  they  would  have  rendered 
the  figure  confufed,  and  have  been  of  no  ufe  for  the 
underftanding  of  the  inftrument.  This  being  the 
conftru&ion,  the  exhauftion  takes  place  in  the  fol- 
lowing manner. 

128.  Turn  the  handle,  and  bring  the  fucker  r dow$ 
to  the  bottom  of  the  barrel,  then  the  fucker  s will 
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be  carried  juft  above  the  orifice  v ; and  by  turning  the 
handle  in  the  contrary  direction,  s will  be  deprefled  to 
the  bottom,  and  r will  rife  juft  above  the  orifice  w. 
Now  upon  the  defcent  of  s,  it  muft  manifeftly  force 
all  the  air  in  the  barrel  P before  it,  the  Tides  being  air- 
tight the  air  therefore  will  deprefs  the  cylinder  nm 
(Fig.  Z)  and  efcape  through  the  holes  rv , s t\  after 
which  the  fcrew  x will  force  mn  up  againft  the  orifice 
at  the  bottom  of  the  barrel,  and  prevent  any  air  from 
returning  into  it.  Then  elevate  s and  deprefs  r,  and  r in 
like  manner  will  force  out  all  the  air  befqre  it.  Now  as 
s afcends,  it  leaves  a vacuum  between  s and  the  bot- 
tom ; but  when  s has  gotten  above  v,  the  air  will  ruth 
from  the  pipe  /,  which  communicates  with  the  receiver 
R and  gage  ab,  into  this  vacuum,  the  confequence  of 
which  is,  that  the  air  in  the  receiver  and  gage  be- 
comes rarified  by  being  expanded  into  a greater  fpace ; 
and  as  this  muft  take  place  every  time  each  fucker 
defcends,  or  at  each  turn  of  the  handle,  there  muft 
be  a continued  exhauftion,  and  confequently  a con- 
tinued rarefaction  of  the  <iir  in.  the  receiver  and  gage. 
But  befides  this  gage,  there  is  another  included  in  a 
glafs  cylinder^/  which  has  alfo  a communication  with 
the  pipe  ou ; in  this  there  is  a bent  glafs  tube  zix , 
hermetically  fealed  at  the  upper  end  z,  and  filled  with 
mercury  to  /,  as  reprefented  by  the  fhaded  part. 
Then  when  the  air  is  exhausted  to  a confiderable  de- 
gree, the  prefture  of  the  air  upon  the  mercury  at  i 
will  not  be  able  to  fuftain  the  mercury  in  the  other 
leg,  and  therefore  it  will  defcend,  and  the  two  fur- 
faces  will  approach  to  the  fame  level,  and  if  you  could 
make  a perfect  exhauftion,  they  would  ftand  in  the 

fame 
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fame  horizontal  line ; the  difference  of  the  altitudes 
therefore  (meafured  upon  a fcale  which  lies  againft 
them)  fhows  how  much  there  wants  of  a perfedt 
vacuum.  If  to  the  height  of  the  mercury  in  the 
other  gage,  you  add  the  difference  of  the  altitudes 
in  this  gage,  it  gives  the  altitude  in  the  gage  a b 
you  could  make  a perfect  vacuum,  or  it  gives  the 
altitude  at  which  the  Barometer  Bands  at  that  time. 
By  this  method  you  may  try  whether  a Barometer  be 
properly  filled  and  graduated. 

LEMMA. 

129.  Let  a quantity  a be  diminifhed  till  it  becomes 
fucceffively£,f,£/,&c.  and  let  the  decrements  a - b,  b - c, 
c—d,  See.  be  always  in  proportion  to  the  quantities 
themfelves a,b,c,d,  See.  then  will  both  thefe  quantities 
and  their  decrements  be  in  geometrical  progreffion. 

For  by  fuppofition,  a i a— b ::  b : b-  C ::  c 
: c — d ::  See.  hence  dividendo,  a : b ::  b : c •:  c 
: d ::  Sec.  Alfo  alternando,  a : b ::  a—  b : b 
— c,  b : c ::  b — c : c—d , &c.  hence  a — b : b—c 
::  b — c : c—d  ::  &c. 

Prop.  LXII. 

If  b reprefent  the  capacity  of  one  of  the  barrels , and  r 
that  of  the  receiver,  together  with  the  pipes  and  gages 
connected  with  it ; then  the  quantity  of  air  extracted  after 
every  turn  : the  quantity  before  that  turn  ::  b : ib+r ; 
and  the  quantity  left  in  : the  quantity  before  ::  b+r 
: 2b  + r. 
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130.  For  conceive  the  fucker  r to  be  down  and 
5 to  be  up,  and  the  receiver,  pipes,  gages  and  bar- 
rels, which  all  now  communicate,  to  be  filled  with 
air;  then  as  the  whole  capacity  of  thefe  is  2 b + r, 
the  quantity  of  air  may  be  reprefented  by  2 b + r> 
from  which,  by  the  defcent  of  s , the  quantity  b will 
be  driven  out ; and  this  mull  evidently  be  the  cafe  at 
every  turn.  And  as  the  quantity  b is  taken  away 
from  zb-\-r , there  mull  remain  the  quantity  b + r. 

Cor.  Hence  the  quantity  taken  away  at  every  turn 
being  always  in  the  fame  ratio  to  the  whole  quantity 
before  the  turn,  the  air  can  never  be  all  exhaulled. 

Prop.  LXIII. 

‘The  denfity  of  the  air  in  the  receiver  at  firji  : the  denfty 
after  t turns  ::  2 b + rX  - b -f  r> . 

13 1.  For  the  denfity  is  (Art.  4.)  as  the  quantity 
of  air  contained  in  the  fame  fpace.  Now  the  quan- 
tity before  any  turn  : the  quantity  after  ::  zb  + r 
: b+r  by  Art.  130.  and  therefore  the  denfity  at  every 
turn  is  diminifhed  in  the  fame  ratio  ; hence,  by  the 
compofition  of  ratios,  after  t turns,  the  denfity  is  di- 
minifhed in  the  ratio  of  z b+r\*  : bP^f . 

Hence  the  denfity  is  diminifhed  in  geometrical  pro- 
greffion. 

t- ; » 

Prop.  XLIV. 

When  the  denfty  of  the  air  is  diminijhed  in  the  ratio  of 

. , log.  n 

n : 1 , the  number  of  turns  t — - — ; ==* 

log.  2 b + r — log.  b-\-r. 

132.  For 
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.132.  For  (Art.  131)  n : 1 ::  2^4-rV  : 4+W,  hence 

»=  confcqu.ently  (Fluxions  Art.  109)  log.  n— 

2 b I T . ■ - — — — __ 

tx  =/x^0g*  + r - log./'-fr;  hence  / = 

log-  « 


log.  zb-\-r  - log.  b + r. 


Prop.  LXV. 

As  the  air  is  exhaujied , the  mercury  'will  rife  in  the 
gage ; and  the  defeats  of  the  mercury  in  the  gage  from 
the  Jlandard  altitude , after  each  fuccejfive  turn , form 
a geometric  feriesy  the  ratio  of  whofe  terms  is  2 b-\-r 
1 b -J-  r. 

133.  For  as  the  denfity  of  the  air  within. the  gage, 
and  confequently  (Art.  122)  it’s  comprefling  force  on 
the  mercury,  is  diminifhed  at  every  turn,  the  com- 
prefling force  of  the  air  upon  the  mercury  in  the  bafon, 
which  remains  the  fame,  muft  caufe  the  mercury 
to  rife  in  the  gage.  If  all  the  air  were  exhaufted, 
the  mercury  would  rife  as  high  as  in  the  common 
Barometer,  or  fo  what  is  called  the  ftandard  alti- 
tude. Now  the  comprefling  force  of  the  quantity 
of  air  left  in,  prevents  the  mercury  , from  riling  to 
the  ftandard  altitude,  and  therefore  it’s  comprefling 
force  muft  be  equivalent  to  a column  of  mercury 
equal  to  the  defect ; therefore  the  defeft,  being  as  the 
comprefling  force,  muft  be  (Art.  122)  in  proportion 
to  the  denfity,  which,  at  every  turn,  diminilhes  in  the 
ratio  of  zb -\-r  : b + r , by  Art.  131. 


Prop. 
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Prop.  LXVI. 

The  afcents  of  the  mercury  in  the  gage,  at  each  fue~ 
cejjive  turn,  form  a geometric  feries,  the  ratio  of  whofe 
terms  is  zb  + r : h + r. 

134.  The  defe£ts  of  the  mercury  from  the  ftandard 
altitude  diminifli  in  the  ratio  of  2 b + r : b-\-r,  and  the 
differences  of  thefe  defefts  are  the  fucceffive  afcents  of 
the  mercury ; but,  by  the  Lemma,  if  a fet  of  quan- 
tities decreafe  in  geometrical  progreffion,  their  dif- 
ferences will  alfo  decreafe  in  the  fame  geometrical 
progreffion ; hence  the  afcents  of  the  mercury  fuc- 
ceflively  decreafe  in  the  ratio  of  2 b + r : b + r. 

135.  The  various  properties  of  the  air  are  very 
readily  fhown  by  the  air  pump ; as  in  the  following 
experiments : 

Ex.  1 . Air  is  neceffary  for  the  production  of  found. 

For  if  a bell  be  put  under  the  receiver  of  an  Air 
Pump,  and  the  air  be  exhaufted,  the  bell,  when 
{truck,  cannot  be  heard ; and  if  the  air  be  gra- 
dually let  in  the  found  will  gradually  increafe. 

Ex.  2.  Air  is  neceffary  for  the  propagation  of  found. 

For  if  a receiver  be  put  over  a bell,  and  then 
another  receiver  over  that,  and  the  air  be  exhaufted 
from  between  them,  no  found  is  heared ; the  found 
therefore  is  not  propagated  through  the  vacuum. 

Ex.  3*  Air  is  neceffary  for  the  exiftence  of  fire. 

For 
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'For  if  a candle  be  put  under  the  receiver  and  the 
air  be  exhaufted,  it  immediately  goes  out. 

Ex.  4.  Air  is  neceflary  for  the  exigence  of  animal 
life. 

For  moft  animals  put  under  the  receiver  die  almoft 
immediately  upon  exhaufting  the  air,  and  probably 
all  would,  could  we  make  a perfect  vacuum. 

Ex.  5.  The  preflure  of  the  air  is  rendered  vifiblc, 
by  taking  away  the  air  from  one  fide  of  a body,  whilft 
it  continues  on  the  other. 

For  if  a bladder  be  tied  over  the  top  of  a glafs  re- 
ceiver, and  the  air  be  exhaufted  from  within,  at  every 
exhauftion,  the  preflure  of  the  air  upon  the  bladder 
will  continue  to  deprefs  it,  until  it  burfts  with  a very 
great  exploflon. 

Thefe  are  a few  of  the  properties  of  the  air  which 
are  fhown  by  this  inftrunient  but  the  experiments 
are  too  many  to  tje  all  here  enumerated. 

' ‘ 1 

* . «. 

Prop.  LXV1I. 

, , v t 

' . - • K 

To  conftruEl  a Condenjer. 

I 

136.  A Condenser  is  thus  conftru&ed.  ABCD 
is  a ftrong  veflel  called  a receiver,  made  either  of  glafs 
or  metal ; if  of  glafs,  upon  the  top  there  is  laid  a 
brafs  plate  with  a flop  cock  a , having  under  it  a pre- 
pared piece  of  leather  to  make  it  air-tight,  and  alfo 
like  plate  at  the  bottom.  Jnto  the  cock  at  x there 

is 


a 
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is  {crewed  a fyringe  E F , having  a fucker  ny 
which  is  moved  by  a handle  at  H\  at  w there  is  a 


H 


valve  which  opens  downwards,  and  at  o there  is 
an  orifice.  Now  let  the  fucker  be  drawn  up  above 
the  orifice  o , and  both  the  barrel  of  the  fyringe  and 
the  receiver  to  be  filled  with  air  in  it’s  natural  ftate. 
Then  upon  forcing  down  the  fucker,  the  air  opens 
the  valve  at  w,  and  a barrel  of  common  air  is  forced 
into  the  receiver.  Upon  raifing  again  the  fucker 
n a vacuum  is  left  under  it,  the  valve  preventing  the 
air  from  returning;  and  when  the  fucker  gets  above 
oy  the  air  will  immediately  rufh  in  and  fill 
the  barrel ; thus  upon  every  defcent  of  the  fucker 
you  force  into  the  receiver  a barrel  of  common 
air,  and  confequently  you  condenfe  the  air  in  the 
receiver. 


After 
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After  the  receiver  is  charged,  the  flop  cock  at  a 
may  be  turned  to  prevent  the  return  of  the  air,  and 
the  fyringe  may  be  taken  off,  and  any  other  apparatus 
may  be  ferewed  on  for  experiments  with  the  condenfed 
air  in  the  receiver. 


Prop,  LXVIII. 

If  b reprefent  the  capacity  of  the  barrel  of  the  fyringe , 
and  r that  of  the  receiver,  then  after  t defeents  of 
the  fucker , the  denfly  of  the  air  in  the  receiver  will  be 
to  the  denjity  at  firft  in  the  ratio  of  r-\-tb  : r. 

137.  For  -the  quantity  of  air  at  firft  may  be  repre- 
fented  by  r,  and  after  t defeents  of  the  fucker,  a 
quantity  reprefented  by  tb  will  be  forced  into  the  re- 
ceiver, and  therefore  the  whole  quantity  in  it  will 
be  r + tb-,  hence,  (Art.  4)  the  denfity  after  / defeents 
: the  denfity  at  firft  ::  r-\-tb:r. 

Cor.  Hence  the  denfities  after  any  number  of  fuc- 
ceffive  defeents  are  in  arithmetic  progreffion. 

138.  If  a be  be  a glafs  tube  with  the  end  at  a 
open,  and  the  other  end  hermetically  fealed,  and  a 
fmall  quantity  of  mercury  put  in  fo  as  to  leave  the 
air  in  d-c  in  it’s  natural  ftate  ; then  if  this  be  nut  into 
the  receiver  with  the  part  be  horizontal,  and  the  air 
be  condenfed,  the  condenfed  air  prefiing  on  the  mer- 
cury will  force  it  towards  c,  and  the  air  in  dc  will 
continue  of  the  fame  denfity  as  that  in  the  receiver. 
Now  as  the  denfity  is  inverfely  as  the  fpace  occupied 
by  the  fame  quantity  (Art.  36.)  the  denfity  in  dc,  and 
cqnfequently  in  the  receiver,  is  inverfely  as  dc ; when 
therefore  dc  is  diminifhed  until  it  be  n times  lefs 

than 


no 


ON  THE  CONDENSER, 

than  it  was  at  firft,  the  denfity  will  be  increafed 
n times.  Hence,  as  the  denfity,  after  any  number  of 
fucceffive  turns,  increafes  in  arithmetic  progreffion, 
the  reciprocal  of  the  fpaces  will  be  in  arithmetic  pro- 
greffion, and  therefore  the  fpaces  themfelves  will 
decreafe  in  mufical  progreffion.  This  inftument  is 
called  a gage. 

139.  A bell  in  condenfed  air  founds  louder  than 
in  air  in  ids  natural  ftate.  Fire  Engines,  Air  Grins, 
Artificial  Fountains,  fome  kinds  of  Forcing  Pumps, 
&c.  ad:  by  condenfed  air. 
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SECTION  IX. 


ON  PUMPS  AND  SYPHONS. 


Prop.  LXIX. 

T 

i 0 conjiruci  a Common  Pump. 

140.  The  common  Pump  is  thus  conftrudted. 
Xy  is  a hollow  cylinder  having  its  lower  end  in  water, 
P is  a fixed  fucker,  i^a  fucker  moveable  by  means 
of  an  handle  fixed  to  the  rod  E,  and  each  fucker 
has  a valve  opening  upwards.  Now  let  us  fup- 
pofe  to  defcend  as  low  as  it  can,  and  each  valve  to 
be  (hut,  and  that  the  pump  has  at  prefent  no  water 
in  it ; then  when  ^afcends,  the  air  between  P and  ^ 
will  follow  it,  and  confequendy  it  will  become  rari- 
fied,  therefore  the  air  under  P being  now  denfer 
than  the  air  above,  it  will  open  the  valve  at  P and 
rufh  into  and  the  whole  air  within  being  thus 
rarified,  it  will  not  open  the  valve  at  which  is  prefied 

down 
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down  with  air  that  is  not  rarified.  The  air  therefore  in 
the  pump  being  rarified,  the  preffure  of  the  air  upon 


the  furface  of  the  water  without  the  pump  will  force  the 
water  a little  way  up  the  pump.  Now  when  j^de- 
fcends,  it  will  prefs  dowrn  the  air  under  it,  and  that  air 
will  fhut  the  valve  at  P by  preffing  upon  it,  but  it  will 
open  the  valve  at  by  preffing  under  it,  and  thus 
fome  of  the  air  will  efcape.  Then  when  ^afcends  again, 

the 


N I 

✓ 

' . * # 

ON  THE  FORCING  PUMP. 

the  preflure  of  die  air  upon  it’s  valve  will  Ihut  it,  and 
the  fame  operation  will  be  repeated.  Thus  at  each 
defcent  of  ^ the  water  will  rife,  till  at  length  it 
comes  up  to  and  then  upon  the  defcent  of  ^ it 
will  open  it’s  valve  and  get  above  the  fucker,  and  the 
fucker  then  being  drawn  up,  it  will  carry  the  water 
up  and  throw  it  out  of  the  fpout  R. 


Prop.  LXX. 

To  conJlruB  a forcing  Pump, 


1 41.  Here  the  fucker  i^has  no  valve,  and  the  air 
Vol.  Ill,  H between 
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between  P and  ^ is,  by  depreffing  the  fucker  ex- 
pelled through  a valve  opening  outwards  at  R , in- 
ftead  of  being  expelled  through  as  in  the  other 
pump.  Then  when  the  water  follows  ^ as  af- 
cends,  upon  it’s  defcent  it  fhuts  the  valve  at  P by 
preffing  upon  it,  and  opens  that  at  R and  forces  out 
the  water. 

142 . In  this  pump,  ^ muft,  at  it’s  higheft  point, 
be  within  32  feet  of  the  water  in  the  refervoir 
ABCD , becaufe  in  the  rareft  fhate  of  the  atmofphere, 
the  preffure  of  the  air  will  not  raife  the  water  in  a 
vacuum  above  that  altitude.  In  the  other  pump,  P 
muft  be  within  a little  lefs  than  the  fame  diftance,  in 
order  that  the  water  may  always  rife  above  it. 

Prop.  LXXI. 

cTo  explain  the  principle  of  the  motion  of  water  through 
a Syphon. 

143.  If  one  end  of  a Syphon  mno  be  put  into  a 
veffel  of  water,  and  the  other  end  without  be  lower 


V 


than  the  furface  of  the  water;  then  if  the  air  be 
drawn  out,  the  water  will  begin  and  continue  to  run 

until 
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until  the  furface  of  the  water  in  the  vefl'cl  is  on  a 
level  with  the  end  0. 

144.  For  when  the  air  is  drawn  out  of  the  Syphon, 
the  water  will  rife  in  it  to  n by  the  preflure  of  the 
air  upon  the  furface  of  the  water  in  the  velfel,  and 
then  it  will  defcend  to  0 by  it’s  gravity.  Now  the 
preflure  of  the  air  at  o to  force  the  water  in  the  direc- 
tion onm , is  equal  to  the  preflure  of  the  air  on  the 
furface  of  the  fluid  in  the  veflel  to  force  the  water  in 
the  direction  mno,  at  leaft  extremely  nearly  fo,  on 
account  of  the  very  fmall  difference  of  the  altitudes  of 
the  air  above  m and  0 ; but  the  former  preflure  is  op- 
pofed  by  the  preflure  of  the  column  no , and  the 
latter  preflure  is  oppofed  by  the  preflure  of'  the 
column  mn ; the  latter  preflure  of  the  air  therefore 
being  lefs  oppofed  than  the  former  preflure,  the  fluid 
muft  move  in  the  dire&ion  of  the  latter  preflure,  or 
in  the  direction  mno  ; and  the  fluid  will  continue  to 
run  till  the  prefliires  of  on , mn  become  equal,  or 
till  0 and  m are  in  the  fame  horizontal  line,  for  then 
their  perpendicular  heights  being  equal,  their  prefliires 
will  be  equal  by  Art.  3 1 . 
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ON  THE  THERMOMETER, 
HYGROMETER,  AND  PYROMETER. 


145.  A THERMOMETER  is  an  inflrumen? 

-E-*-  conflrudted  to  meafure  different  degrees 
of  heat  5 it  is  a glafs  tube  with  a bulb  at  the  bottom, 
having  the  bulb  and  part  of  the  tube  filled  with  a 
fluid  ; the  tube  is  hermetically  fealed  at  the  top,  and 
the  part  not  occupied  by  the  fluid  is  a vacuum, 
Againft  the  tube  there  is  a fcale  to  meafure  the  ex- 
pan fion  of  the  fluid  under  different  temperatures. 


Prop.  LXXII. 

% 

To  find  zvhat  Fluids  are  proper  for  'Thermometers 

146.  Fluids  expand  by  being  heated,  and  contradt 
again  as  they  grow  cold,  Thofe  fluids,  there- 
fore, which  are  not  fubjedt  to  be  frozen,  and  whofc 

expan- 
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cxpanfion  is  fenfible  and  in  proportion  to  the  heat  ap- 
plied, are  proper  for  thermometers.  Noiv  the  cx- 
panfion  of  mercury,  linfeed  oil,  and  fpirits  of  wine, 
is,  as  to  fenfe,  proportional  to  the  heat  applied.  This 
Brook  Taylor  found  by  the  following  experiment. 
Having  conftru&ed  a Thermometer  with  linfeed  oil, 
he  put  it  into  cold  water,  and  then  into  water  heated 
to  any  degree,  and  noticed  the  altitudes  at  which, 
the  fluid  in  the  Thermometer  flood  in  each  cafe.  He 
then  put  equal  quantities  of  thefe  waters  together? 
which  gave  a mean  heat ; and  by  putting  the  Ther- 
mometer into  this  mixture,  he  found  that  it  flood  at  a 

mean  altitude  between  the  two  former  altitudes.  And 

* 

this  appeared  to  be  true  of  whatever  temperatures  the 
two  parts  of  water  were.  The  mean  temperature, 
therefore  always  agreeing  with  the  mean  altitude,  the 
expanfion  muft  be  in  proportion  to  the  heat.  The 
fame  is  found  true  of  mercury  and  of  fpirits  of  wine. 

Prop.  LXXIII. 

To  Jill  a Thermometer. 

147.  The  bore  of  the  tube  is  fo  fmall  that  the 
fluid  cannot  be  poured  in ; to  get  in  the  fluid,  there- 
fore, heat  the  bulb,  by  blowing  the  flame  of  a lamp 
againfl  it  with  a blow-pipe,  and  you  will  expel  the 
air  from  within ; then  dip  the  open  end  of'  the  tube 
into  the  fluid,  and  it  will  rife  up  into  the  tube  and 
bulb,  by  the  preflure  of  the  air  upon  the  furface  of 
the  fluid  into  which  you  dip  it,  there  being  a vacuum, 
or  nearly  fo,  within  the  tube  and  bulb.  It  it  do 
not  fill  the  firfi.  time,  repeat  the  operation  till  it  does ; 
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and  if  there  be  any  air  bubbles,  tie  a firing  to  the 
end  of  the  tube  and  whirl  it  about  till  the  bubbles 
eicape.  Having  thus  filled  the  tube,  hold  it  over  the 
lamp  till  it  boils,  and  in  that  flate,  let  it  be  herme- 
tically fealed,  and  upon  the  defcent  of  the  fluid,  when 
it  grows  cold,  the  fpace  above  mull  be  a vacuum. 

Prop.  LXXIV. 

To  graduate  a Thermometer  according  to  Fahren- 
heit’s fcale. 

148.  Having  filled  the  tube  of  the  Thermometer, 
and  fixed  it  againfl  a frame  upon  which  the  gradua- 
tions are  to  be  made,  put  it  into  water  juft  freezing, 
and  againfl  the  furface  put  32  ; then  put  it  into  boil- 
ing water,  and  againfl  the  fluid  put  212  ; divide  this 
interval  into  180  equal  parts,  and  alfo  continue  the 
fame  divifions  down  below  32  to  the  bulb.  Then  will 
98  be  blood  heat,  76  fummer  heat,  and  55  temperate. 
If  the  tube  and  fcale  be  continued  upwards  to  600,  it 
will  give  the  heat  of  boiling  mercury ; and  if  it 
be  continued  downwards  to  40  below  o,  it  will 
give  the  cold  of  freezing  mercury.  Ora  thermometer 
may  be  graduated  by  comparing  it  with  another,  in 
this  manner.  Put  them  both  into  water,  firfl  of  one 
temperature  and  then  of  another,  and  mark  the 
ungraduatcd  one  in  thefe  two  cafes,  according  to  the 
graduated  one  ; then  this  interval  may  be  fubdivided, 
and  the  graduation  continued  both  ways. 

149.  Hence  a thermometer  may  be  graduated  for  any 
other  fcale.  In  Sir  I.  Newton’s  fcale,  freezing  water 
is  o and  boiling  water  34;  and  the  other  points 

may 
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may  be  found  by  proportion  from  the  other  fcale. 
For  inftance,  to  find  blood  heat  on  this  fcale,  we  may 
obferve,  that  in  Fahrenheit’s  thermometer,  from 
freezing  to  boiling  water  is  180,  and  to  blood  heat 
66  ; and  in  this  fcale,  from  freezing  to  boiling  water 
is  34;  hence  180  : 66  ::  34  : 12-rs  the  point  of 
blood  heat  on  this  fcale. 

150.  The  preffure  of  the  atmofphere  againft  the 
outfide  of  the  bulb,  not  being  counteradled  by  any 
air  within,  affedls  it’s  magnitude,  diminishing  it  as 
the  preffure  is  increafed.  The  variation  however 
which  this  caufes  on  the  fcale  is  never  above  one 
tenth  of  a degree.  Thermometers  are  generally 
made  with  Spirits  of  wine  or  mercury,  becaufe  linfeed 
oil  is  found  to  adhere  to  the  Sides  of  the  tube,  which 
prevents  it  from  fhowing  Suddenly  any  change  of 
temperature.  It  is  better  to  make  the  bulb  flat  than 
globular,  becaufe  all  the  fluid  will  then  be  fooneft 
affedted  by  a variation  of  temperature. 


Prop.  LXXV. 

To  conJiruEt  an  Hygrometer. 

1 31.  An  Hygrometer  is  an  inftrument  to  deter- 
mine the  degrees  of  moifture  and  drynefs  of  the  air, 
and  is  formed  by  thofe  fubftances  which  will 
expand  or  contradl  upon  any  alteration  of  the  moif- 
ture. Wood  expands  by  moifture  and  contradls  by 
drynefs;  on  the  contrary,  chord,  catgut,  &c.  con- 
tradl by  moifture  and  expand  by  drynefs.  \arious 
mechanical  contrivances  have  been  invented  to  render 

h 4 fenfible 
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fenfible  the  fmalleft  variations  in  the  lengths  of  thofe 
fubftances.  We  will  defcribe  two  of  them. — Let 
A B be  the  fedtion  of  a cylinder  moveable  ab6ut  it’s 


axis,  which  is  parallel  to  the  horizon ; at  the  end  of 
which  there  is  an  index  moveable  againft  a graduated 
arc  ab ; about  this  cylinder  fome  catgut  is  wound,  one 
end  of  which  is  fixed  to  the  cylinder,  and  the  other  end 

to 
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to  fomething  immoveable  at  Z.  As  the  moifture  of  the 
air  increafes,  the  catgut  contracts  and  turns  the  cylinder, 
and  the  motion  of -the  index  fhows  the  increafe  of  the 
moifture;  and  as  the  air  decrcafes  in  moifture,  the 
catgut  will  lengthen,  and  the  weight  of  the  index 
will  carry  the  cylinder  back,  and  the  index  will  fhow 
the  correfponding  decreafe  of  moifture.  In  the  fecond 
figure,  the  catgut  is  fixed  at  A and  goes  over  the  pullies 
B,CyD , and  at  the  other  end  a weight  W is  fixed, 
having  an  index  s which  moves  againft  a graduated 
ficale  xy,  that  fhows  the  increafe  and  decreafe  of  the 
length  of  the  firing,  and  confequently  the  ftate  of  the 
air  in  refpedl  to  it’s  moifture.  Various  other  contri- 
vances, upon  the  fame  principle,  have  been  invented, 
but  it  would  be  foreign  to  the  plan  of  this  work  to 
enter  into  a particular  defcription  of  every  inftrument 
which  has  been  conftrudled  for  this  purpofe. 

152.  Mr.  De  Luc  has  made  a great  many  ex- 
periments, in  order  to  find  out  fuch  fubftances  as 
expand  moft  nearly  in  proportion  to  the  quantity  of 
moifture  imbibed.  The  refult  was,  that  whalebone 
and  box,  cut  acrofs  the  fibres,  increafe  very  nearly 
in  proportion  to  the  quantity  of  moifture,  and  more 
nearly  fo  than  any  other  fubftances  which  he  tried. 
This  he  found  by  taking  a quantity  of  fhavings  of 
each  fubftance,  and  weighing  them  at  the  time  when 
he  meafured  the  increafe  of  the  length  of  a flip  of 
each,  cut  as  above  defcribed,  the  increafe  of  weight 
being  always  in  proportion  to  the  increafe  of  length. 
In  his  conftrudlion  of  an  Hygrometer  he  preferred 
the  whalebone,  firft,  on  account  of  it’s  flcadinefs,  in 
always  coming  to  the  fame  point  at  extreme  moifture; 
fecond ly,  on  account  of  it’s  greater  expanfion,  it  in- 
creasing: 
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creafing  in  length  above  one  eighth  of  itfelf  from 
extreme  drynefs  to  extreme  moifture ; laftly,  it  is 
more  eafily  made  thin  and  narrow. 

It  is  a little  extraordinary,  that  when  he  took 
threads  of  fome  fubftances  in  the  direction  of  the 
fibres,  they  lirft  increafed  as  the  quantity  of  moifture 
increafed,  and  afterwards  upon  a further  increafe  of 
moifture  they  decreafed  in  length.  See  the  Phil. 
Tranf.  for  1791. 

Prop.  LXXVI. 

To  conjlrutt  a Pyrometer. 

153.  A Pyrometer  is  an  inftrument  invented  to 
fhow  the  expanfion  and  contraction  of  metals  by 
heat  and  cold.  Various  machines  have  been  con- 
ftruCted  for  this  purpofe ; but  as  it  would  not  be 
confiftent  with  the  plan  of  this  work  to  enter  into 
a particular  defeription  of  each,  we  fhall  here  only 
explain  the  general  principle,  Let  ahe  be  a lever 


whofe  fulcum  is  h,  aCting  upon  another  lever  ede, 
whofe  fulcum  is  d,  and  let  w be  a metalic  rod,  one 
end  of  which  refts  againft  an  immoveable  obftacle  P, 
and  the  other  end  againft  the  lever  abc  at  a.  If  a 

lamp 
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lamp  be  put  under  this  rod,  the  heat  will  increafe 
it’s  length,  and  put  the  levers  in  motion  ; now 

vel.  of  a : vel.  of  c ::  ab  : be 

• ' 

vel.  of  c : vel.  of  e ::  cd  : de 

vel.  of  a : vel.  of  e ::  abxed  : be  xde 

1 ‘ 

Hence  if  be  and  de  be  very  great  in  proportion 
to  ab  and  cd , a fmall  increafe  in  the  length  of  w 
will  produce  a confiderable  motion  in  the  point  e , 
which  may  be  meafured  upon  the  graduated  arc  vw . 

For  example,  if  ab  : be  ::  i : 25,  and  cd  : de  ::  1 

: 40,  then  abxed  : beX  de  ::  1 X 1 : 25  X 40  ::  1 

: 1000;  hence  whilft  the  rod  increafes  the  1000th 
part  of  an  inch,  the  end  e will  deferibe  1 inch. 
On  this  principle  the  le^ft  increafe  of  the  length  of 
the  rod  becomes  vifible.  Inftead  of  putting  the  lamp 
immediately  under  the  rod  w , this  rod  is  laid  upon 
another  piece  of  metal,  called  the  heater,  and  when 
the  lamp  has  given  this  it’s  greateft  degree  of  heat, 
the  rod  zv  is  laid  upon  it. 

154.  In  this  manner  Mr.  Muschenbroek  made 
experiments  to  determine  the  proportion  of  the  ex- 
panfions  of  different  metals,  by  applying  a different 
number  of  lamps,  and  found  the  relult  as  follows  : 


Lamps. 

Iron. 

Steel. 

Copper. 

Brafs. 

Tin. 

Lead. 

I 

80 

35 

89 

I IO 

J33 

!55 

1 1 7 

123 

1 J5 

220 

274 

3 

142 

168 

J93 

2 73 

* 

* 

4 

21  I 

270 

270 

361 

* 

5 

230 

3 10 

310 

377 

* 

Tin 
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Tin  melted  with  two  lamps  and  lead  with  three. 
With  this  kind  of  pyrometer  Mr.  Ferguson  found 
the  expanfion  of  metals  to  be  in  the  following  pro- 
portion ; iron  and  fteel  3,  copper  4I,  brafs  5,  tin  6, 
lead  7.  An  iron  rod  3 feet  long  is  about  one  70th  of 
an  inch  longer  in  fummer  than  in  winter. 

155.  If  a metal  be  put  into  water  and  the  water 
be  heated,  the  metal  expands  as  the  heat  of  the  water 
increafes.  By  this  method  Mr.  Smeaton  determined 
the  expanfion  of  different  metals ; for  by  means  of  a 
mercurial  thermometer  immerfed  in  the  water  he 
could  always  afeertain  the  degree  of  heat.  He  found 
that  in  equal  intervals  of  time  the  expansions  were  in 
geometric  progreflion.  By  this  he  was  enabled  to 
get  the  meafure  of  the  bar  before  it  was  applied  to  the 
inftrument.  This  will  be  belt  underflood  by  ex- 
plaining an  experiment.  The  time  elapfed  between 
applying  the  bar  to  the  inftrument  and  taking  the 
firft  meafure,  was  \ a minute  ; therefore  the  intervals 
between  taking  the  Succeeding  meafures  were  f a 
minute  alfo.  The  firft  meafure  was  208  ; the  fecond 
214,5;  the  third  216,5;  the  fourth  217,5.  The 
differences  of  thefe  are  6,5  ; 2 ; 1.  Now  thefe  three 
numbers  are  nearly  equal  to  6,  3;  2,  25 ; o,  8,  which 
form  a geometrical  progreflion  whofe  common  ratio 
is  2,8.  As  therefore  we  may  fuppofe  the  expanfion 
from  the  inftant  the  bar  was  applied  to  the  time  of 
taking  the  firft  meafure  followed  the  fame  law,  we 
can  find  the  expanfion  in  the  firft  \ minute  (at  the 
end  of  which  the  firft  meafure  was  taken)  by  conti- 
nuing back  the  progreflion,  or  multiplying  6,3  by 
2,8,  which  gives  17,7  for  the  expanfion  the  firft 
| minute  ; hence  208  - 17,7  = 1 90,3  for  the  meafure 

before 
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before  the  bar  was  applied.  The  following  expan - 
lions  are  fele&ed  from  Mr.  Smeaton’s  table,  fhowing 
how  much  a foot,  in  length,  of  each  increafes  in 
decimals  of  an  inch,  by  an  increafe  of  heat 
correfponding  to  180  degrees  of  Fahrenheit’s 
thermometer  from  freezing  to  boiling  water.  See 
Mr.  Smeaton’s  account  in  the  Phil . Tranf.  1754. 


White  glafs  barometer  tube 

.'  ,01 

Hard  fteel 

. ,0147 

Iron  . 

. ,0151 

Copper  hammered  . . . 

. ,0204 

Caft  brafs 

. ,0225 

Grain  tin 

. ,0298 

Lead  

. ,0344 

Zinc  . . . * . 

• >0353 

156.  Metals  being  thus  fubje£t  to  expanfion  by  heat, 
a pendulum  made  with  a fingle  rod  cf  metal  will 
continually  be  fubjeft  to  a variation  in  it’s  length 
from  the  variation  of  the  temperature  of  the  air. 
To  correct  this,  Mr.  Harrison  invented  a pen- 
dulum, called  a gridiron  pendulum,  compofed  of 
rods  of  fteel  and  rods  of  brafs,  fo  connected  to- 

1 

gether,  that  the  brafs  expands  upwards  when  the  fteel 
expands  downwards  ; and  by  a proper  adjuftment 
of  thefe  rods,  the  diftance  from  the  point  of  fufpen- 
fion  to  the  center  of  ofcillation,  may  be  rendered 
fubject  but  to  a very  fmall  variation.  Mr. 
Graham  invented  another  method  of  preferv- 
ing  the  length  of  the  pendulum  the  fame  in 
different  temperatures.  He  took  a glafs,  or  me- 
tallic tube,  and  put  in  fome  mercury ; and  the 

heat. 


126  ON  THE  PYROMETER. 

heat,  which  expands  the  glafs  or  metal  downwards, 
expands  the  mercury  upwards ; by  the  adjuft- 
inent  therefore  of  a proper  quantity  of  mercury, 
he  could  make  thefe  eflfefts  in  altering  the  length 
of  the  pendulum  nearly  dellroy  each  other.  He 
found  the  errors  of  a clock  of  this  fort  to  be 
only  about  i of  the  errors  of  the  bell  clock  of 
the  common  fort. 
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SECTION  XI. 


ON  WINDS,  SOUND,  VAPOURS,  AND  THE 
FORMATION  OF  SPRINGS. 


Prop.  LXXVIL 

To  explain  the  Caufes  of  the  various  Winds. 

I57.‘TT7’IND  is  a current  of  air,  and  it’s 
VV  direction  is  denominated  from  that 
point  of  the  compafs  from  which  it  blows.  The 
principal,  if  not  the  only  caufe  of  wind  is  a partial 
rarefaction  of  the  air  by  heat.  When  the  air  is 
heated,  it  becomes  rarer,  and  therefore  afcends ; 
and  the  furrounding  cold  air  rufhing  in  to  fupply 
it’s  place,  forms  a current  in  fome  one  direction. 
Winds  may  be  divided  into  confant , or  thofe 
which  always  blow  in  the  fame  direction  ; periodical , 
or  thofe  which  blow  half  a year  in  one  direction,  and 
half  a year  in  the  contrary  direction  ; thefe  are  called 
monfoons ; and  variable,  which  are  fubjeCt  to  no  rules. 
The  two  former  are  alfo  called  Trade  winds.  We  (ball 
here  give  the  principal  phenomena  of  winds,  from 
‘ * Dr. 


Dr.  Halley’s  Hiftory  thereof,  in  the  Philofophical 

Tranfaclions . 


i ft.  In  the  Atlantic  and  Pacific  Ocean , under  the 
Equator  there  is  a conftant  Eaft  wind. 

2ly.  To  about  28°  on  each  fide  of  the  Equator, 
the  wind  on  the  north  fide  declines  towards  the  north 
eaft;  and  the  more  fo,  the  further  you  recede  from 
the  Equator ; and  on  the  fouth  fide,  it  declines  in 
like  manner  towards  the  fouth  eaft.  The  limits  of 
thefe  winds  are  greater  in  the  Pacific  Ocean,  on  the 
American,  then  on  the  African  fide,  extending  in  the 
former  cafe  to  about  320,  and  in  the  latter  to  about 
28°.  And  this  is  true  likewife  to  the  fouth  ward  of 
the  Equinoctial,  for  near  the  Cape  of  Good  Hope , 
the  limits  of  the  trade  winds  are  30  or  40  nearer  the 
line,  than  on  the  coaft  of  Brafil. 

fly.-  Towards  the  Caribbee  Iflands,  the  aforefaid 
north-eaft  wind  becomes  more  and  more  eafterly,  fo 
as  fometimes  to  be  eaft,  and  fometimes  eaft  by 
fouth,  but  moftly  northwards  of  the  eaft,  a point 
or  two. 

4ly.  On  the  coaft  of  Africa,  from  the  Canaries 
to  about  io°.  N.  latitude,  the  wind  fcts  in  towards 
the  north  weft ; then  it  becomes  fouth  weft,  ap-' 
preaching  more  to  the  fouth  as  you  approach  the 
Cape.  But  away  from  the  coafts,  the  winds  are 
perpetually  between  the  fouth  and  the  eaft ; on  the 
African  fide  they  are  more  foutherly ; on  the  Brafi- 
lian,  more  eafterly,  fo  as  to  become  aimoft  due  eaft. 
Upon  the  coaft  of  Guinea,  they  are  fubjeCt  to  frequent 
calms,  and  violent  fudden  gufts,  called  Tornado's , 
from  all  points  of  the  compafs. 
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5ly.  In  the  Indian  ocean,  the  winds  are  partly  con- 
Jlant , and  partly  periodical.  Between  Madagascar  and 
New  Holland , from  io°  to  30°  latitude,  the  wind 
blows  louth-eaft  by  eaft.  During  the  months  of 
May , June , July,  Augujl , September , October,  the  afore- 
faid  fouth-eaft  winds  extend  to  within  20  of  the 

Equator  ; then  for  the  other  fix  months,  the  contrary 

winds  fet  in,  and  blow  from  30  to  io°  S.  latitude. 

From  30  S.  latitude  over  the  Arabian  and  Indian  feas 
and  Bay  of  Bengal , from  Sumatra  to  the  coaft  of 
Africa,  there  is  another  monfoon,  blowing  from 
October  to  April  on  the  north-eaft  point,  and  in  the 
other  half  year  from  the  oppofite  direction.  Between 
Madagafcar  and  Africa,  a fouth-fouth-weft  wind  blows 
from  April  to  October,  which,  as  you  go  more  north- 
erly, becomes  more  wefterly,  till  it  falls  in  with  the 
weft-fouth-weft  winds ; but  the  Dr.  could  not  obtain 
a fatisfaCtory  account,  how  the  winds  are  in  the  other  r 
half  year.  To  the  eaft  ward  of  Sumatra  and  Malacca , 
on  the  north  fide  of  the  Equator  along  the  coaft  of 
Cambodia  and  China , the  monfoons  blow  and  change  at 
the  fame  time  as  before-mentioned;  but  their  directions 
are  more  northerly  and  foutherly.  Thefe  winds  reach 
to  the  Philippine  Iflands  and  to  Japan.  Between  the 
fame  Meridians,  on  the  fouth  fide  of  the  Equator,, 
from  Sumatra  to  New  Guinea,  the  fame  monfoons 
are  obferved.  The  fhifting  of  thefe  winds  is  attended, 
with  great  hurricanes. 

158.  The  eaft  wind  about  the  Equator  is  thus 
explained.  The  fun  moving  from  eaft  to  weft,  the 
point  of  greateft  rarefaction  of  the  air,  by  the  heat 
of  the  fun,  muft  move  in  the  fame  direction ; and 
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the  point  of  greateft  rarefacftion  following  the  fun,  the 
air  muft  continually  ruflh  in  from  the  eaft  and  make  a 
conftant  eaft  wind. 

1^9.  The  conftant  north-eaft  wind  on  the  north 
fide  of  the  Equator,  and  fouth-eaft  wind  on  the  foutli 
fide,  may  be  thus  accounted  for.  The  air  towards 
the  poles  being  denfer  than  that  at  the  Equator,  will 
continually  ruth  towards  the  Equator  but  as  the 
velocity  of  the  different  parts  of  the  earth’s  fmface, 
from  it’s  rotation,  increafes  as  you  approach  the 
Equator,  the  air  which  is  ruffling  from  the  north 
towards  the  Equator  will  not  continue  upon  the  fame 
meridian,  but  it  will  be  left  behind;  that  is,  in  relped; 
to  the  earth’s  furface,  it  will  have  a motion  from 
the  eaft,  and  thefe  two  motions  combined  produce 
a north-eaft  wind  on  the  north  fide  of  the  Equator. 
And  in  like  manner,  there  muft  be  a fouth-eaft 
wind  on  the  fouth  fide.  The  air  which  is  thus 
continually  moving  from  the  Poles  to  the  Equator, 
being  rarefied  when  it  comes  there,  afeends  to  the 
top  of  the  atmofphere,  and  then  returns  back  to 
the  poles. 

160.  The  caufe  of  the  periodical  winds  is.fuppofed 
to  be  owing  to  the  courfe  of  the  {fin  northward  and 
fouth  ward  of  the  Equator.  Dr.  Halley  explains 
them  thus,  “ Seeing  that  fo  great  Continents  do  in- 
terpofe  and  break  the  continuity  of  the  Ocean, 
regard  muft  be  had  to  the  nature  of  the  foil  and 
the  pofition  of  the  high  mountains,  which  I fuppofe 
the  two  principal  caufes  of  the  feveral  variations  of 
the  winds,  from  the  former  general  rule  : for  if  a 
country  lying  near  the  fun  prove  to  be  flat,  fandy, 
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low  land,  fuch  as  the  Defarts  of  Libya  are  ufually 
reported  to  be,  the  heat  occafioned  by  the  refle&ion 
of  the  fun’s  beams,  and  the  retention  thereof  in  the 
fand,  is  incredible  to  thofe  that  have  not  felt  it ; 
whereby  the  air  being  exceedingly  rarefied,  it  is 
neceffary  that  the  cooler  and  more  denfe  air  fhould 
run  thitherward  to  reftore  the  equilibrium.  This 
1 take  to  be  the  caufe,  why  near  the  coaft  of  Guinea 
the  wind  always  fets  in  upon  the  land,  blowing 
wefterly  inftead  of  eafterly,  there  being  fufficient  rea- 
fon  to  believe,  that  the  inland  parts  of  Africa  are 
prodigioufly  hot,  fince  the  northern  borders  thereof 
were  fo  intemperate,  as  to  give  the  antients  caufe 
to  conclude,  that  all  beyond  the  Tropic  was  made 
uninhabitable  by  excefs  of  heat.  From  the  fame 
caufe  it  happens,  that  there  are  fo  conftant  calms 
in  that  part  of  the  ocean,  called  the  rains.  For  this 
trad:  being  placed  in  the  middle,  between  the 
wefterly  winds  blowing  on  the  coaft  of  Guinea , and 
the  eafterly  trade  winds  blowing  to  the  weftwards 
thereof,  the  tendency  of  the  air  here  is  indifferent 
to  either,  and  fo  ftands  in  equilibrio  between  both 
and  the  weight  of  the  incumbent  atmofphere  being 
diminifhed  by  the  continual  contrary  winds  blowing 
from  hence,  is  the  reafon  that  the  air  here  holds 
not  the  copious  vapour  it  receives,  but  lets  it  fall 
into  fo  frequent  rains. 

As  the  cool  and  denfe  air,  by  reafon  of  its  greater 
gravity,  prefles  upon  the  hot  and  rarefied,  ’tis  de- 
monftrative  that  this  latter  muft  afcend  in  a con- 
tinual ftream  as  faft  as  it  is  rarefied,  and  that  being 
afcended  it  muft  difperfe  itfelf  to  preferve  the  tequi- 
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librium,  that  is,  by  a contrary  current,  the  upper 
air  muft  move  from  thofe  parts  where  the  greateft 
heat  is : So  by  a kind  of  circulation,  the  N.  E. 
trade  wind  below,  will  be  attended  with  a S.  W. 
above,  and  the  S.  E.  with  a N.  W.  wind  above. 
And  that  this  is  more  than  a bare  conjecture,  the 
almoft  inftantaneous  change  of  the  wind  to  the 
oppofite  point,  which  is  frequently  found  in  palling 
the  limits  of  the  trade  winds,  feems  to  allure  us ; 
but  that  which  above  all  confirms  this  hypothesis  is 
the  phenomenon  of  the  monfoons,  by  this  means 
molt  eafily  folved,  and  without  it  hardly  explicable. 
Suppofing  therefore  fuch  a circulation  as  above,  ’tis 
to  be  confidered  that  to  the  northward  of  the  Indian 
Ocean  there  is  every  where  land  within  the  ufual 
limits  of  the  latitude  of  30°,  viz.  Arabia , Perfia , 
India,  &c.  which  for  the  fame  reafon  as  the  medi- 
terranean parts  of  Africa  are  fubjeCt  to  unfufferable 
heats  when  the  fun  is  to  the  north,  palling  nearly 
vertical,  but  yet  are  temperate  enough  when  the  fun 
is  removed  towards  the  other  tropic ; becaufe  of  a 
ridge  of  mountains  at  fome  diftance  within  the  land, 
laid  to  be  frequently  in  winter  covered  with  fnow, 
over  which  the  air,  as  it  pailes,  mull  needs  be  much 
chilled.  Hence  it  comes  to  pafs,  that  the  air  coming., 
according  to  the  general  rule,  out  of  the  N.  E.  in 
the  Indian  feas,  is  fometimes  hotter,  fometimes  colder 
than  that  which  by  this  circulation  is  returned  out 
of  the  S.  W.  and  by  confequence,  fometimes  the 
under  current  or  wind  is  from  N.  E.  fometimes  from 
the  S.  W.  as  is  clear  from  the  times  wherein  thefe 
winds  fet  in,  viz.  in  April y when  the  fun  begins  to 
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Warm  thofe  countries  to  the  north,  the  S.  W.  mon- 
loon begins,  and  blows  during  the  heats  till  Ottobe 
when  the  fun  being  retired,  and  all  things  growing 
cooler  northward,  and  the  heat  increafing  to  the 
fouth,  the  N.  E.  winds  enter  and  blow  all  the  winter 
till  April  again. 

And  it  is  undoubtedly  from  the  fame  principle 
that  to  the  fouthward  of  the  Equator,  in  part  of 
the  Indian  Ocean , the  N.  W.  wind  fucceeds  the 
S.  E.  when  the  fun  draws  near  the  Tropric  of  Capri- 
corn. But  I muft  confefs,  that  in  this  latter  occurs 
a difficulty  not  well  to  be  accounted  for,  which  is, 
why  this  change  of  the  monfoons  fhould  be  any 
more  in  this  Ocean,  than  in  the  fame  latitudes  in  the 
Ethiopic,  where  there  is  nothing  more  certain  than 
a S.  E.  wind  all  the  year. 

’Tis  likewife  very  hard  to  conceive,  why  the  limits 
of  the  trade-wind  fhould  be  fixt  about  the  30th  deg. 
of  latitude  all  round  the  globe ; and  that  they  fhould 
fo  feldom  tranfgrefs  or  fall  fhort  of  thofe  bounds ; 
as  alfo  that  in  the  Indian  fea,  only  the  northern  part 
fhould  be  fubjeft  to  the  changeable  monfoons,  and  in 
the  fouthern  there  be  a conftant  S.  E.” 

1 61.  We  may  further  add,  that  the  caufes  men- 
tioned in  the  laft  article,  mull  here  alfo  operate. 
There  may  perhaps  be  fome  cafes  of  thefe  periodi- 
cal winds,  which  we  cannot  fee  altogether  a correct 
folution  of ; but  if  all  the  circumflances  of  fituation, 
heat,  cold,  &c.  were  known,  there  is  no  reafon  to 
doubt  but  that  they  might  be  accounted  for  from 
the  principles  here  delivered 
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162.  We  may  further  obferve  in  refpedt  to  the 
direction  in  which  winds  blow,  that  if  a current  fet 
off  in  any  one  diredtion,  north-eaft  for  inftance,  and 
move  in  a great  circle,  it  will  not  continue  to  move 
on  that  point  of  the  compafs,  becaufe  a great  circle 
will  not  meet  all  the  meridians  at  the  fame  angle, 
the  meridians  not  being  parallel.  This  circumftance 
mult  therefore  enter  into  our  confederation  in  efti- 
mating  the  diredion  of  the  wind.  High  mountains 
are  alfb  obferved  to  turn  the  winds  into  a particular 
courfe.  On  the  lake  of  Geneva , there  are  only 
two  winds,  that  is,  either  up  or  down  the  valley. 
And  the  like  is  known  to  happen  at  other  fuch 
places, 

163.  The  conftant  and  periodical  winds  blow  only  at 
fea ; at  land,  the  wind  is  always  variable. 

164.  Befides  the  winds  already  mentioned,  there 
are  others  called  Land  and  Sea  Breezes.  The  air 
over  the  land  being  hotter  during  the  day,  than  the 
air  over  the  fea,  a current  of  air  will  fet  in  from  the 
fea  to  the  land  by  day;  but  the  air  over  the  land 
being  colder  than  that  over  the  fea  at  night,  the 
current  at  that  time  will  be  from  the  land  to  the 
fea.  This  is  very  remarkable  in  Iflands  fituated  be- 
tween the  tropics. 

165.  Mr.  Clare  exemplifies  this  by  the  follow- 
ing experiment.  In  the  middle  of  a veffel  of  water, 
place  a water-plate  of  warm  water,  the  water  in 
the  veffel  reprefenting  the  ocean,  and  the  plate, 
the  ifland  rarefying  the  air  over  it.  Then  hold  a 
lighted  candle  over  the  cold  water,  and  blow  it 
put,  and  the  fmoke  will  move  towards  the  plate. 

But 
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But  if  the  plate  be  cold,  and  the  ambient  fluid 
be  warm,  the  fmoke  will  move  in  the  contrary 
direction. 

1 66.  Dr.  Derham,  from  repeated  obfervations 
upon  the  motion  of  light,  downy  feathers,  found 
that  the  greatefb  velocity  of  wind  was  not  above  60 
miles  in  an  hour.  But  Mr.  Brice  juftly  obferves, 
that  fuch  experiments  muft  be  fubjedt  to  great  in- 
accuracy, as  the  feathers  cannot  proceed  in  a ftraight 
line ; he  therefore  eflimates  the  velocity  by  means  of 
the  fhadow  of  a cloud  over  the  earth  ; by  which  he 
found,  that  in  a. great  ftorm  the  wind  moved  63  miles 
in  an  hour ; when  it  blows  a frefh  gale,  at  the  rate 
of  2 1 miles  an  hour ; and  in  a fmall  breeze,  at  the 
rate  of  about  10  miles  in  an  hour.  But  this  method 
takes  for  granted,  that  the  clouds  move  as  fall  as  the 
wind.  It  is  probable  that  the  velocity  is  fomething 
more  than  what  is  here  ftated. 

Prop.  LXXVIII. 

To  explain  the  Nature  of  Sound. 

167.  Sound  is  a fenfation  excited  by  the  vibrations 
of  the  air  upon  the  tympanum  or  drum  of  the  ear. 
That  the  air  is  the  inftrument  by  which  found  is 
conveyed  from  the  fonorous  body  is  manifeft  from 
hence,  that  no  found  can  be  produced  if  the  body 
be  in  a vacuum,  or  if  there  be  a vacuum  between 
the  body  and  the  ear. 

168.  By  percuffion,  the  parts  of  a fonorous  body, 
as  a bell,  a mufical  firing,  &c.  are  put  into  a Hate  of 

1 4 vibra- 


vibration,  and  as  long  as  the  vibrations  are  continued, 
correfponding  vibrations  are  communicated  to  the 
air;  and  found  is  heard,  as  long  as  the  vibrations  are 
ftrong  enough  to  produce  the  fenfation.  All  fono- 
rous  bodies  are  therefore  elaftic.  The  manner  in 
which  the  vibrations  are  excited  in  the  air  is  fo  clearly 
defcribed  by  Mr.  Cotes,  that  I cannot  do  better 
than  give  the  account  in  his  own  words.  “ The 
parts  of  the  fonorous  body,  being  put  into  a tre- 
mulous and  vibrating  motion,  are  by  turns  moved 
forwards  and  backwards.  Now  as  they  go  forwards 
they  muft  of  neceffity  prefs  upon  the  parts  of  the 
air  to  which  they  are  contiguous,  and  force  them  alfo 
to  move  forwards  in  the  fame  direction  with  them- 
felves ; and  confequently  thofe  contiguous  parts  will 
at  that  time  be  condenfed  ; then  as  the  parts  of  the 
fonorous  body  return  back  again,  the  parts  of  the 
air  which  were  juft  before  condenfed,  will  be  per- 
mitted to  return  with  them,  and  by  returning  they 
will  again  expand  themfelves.  It  is  manifeft  there- 
fore, that  the  contiguous  parts  of  the  air  will  go 
forwards  and  backwards  by  turns,  and  be  fubjedt 
to  the  like  vibrating  motion  with  the  part  of  the 
fonorous  body. 

“ And  as  the  fonorous  body  produces  a vibrating 
motion  in  the  contiguous  parts  of  the  air,  fo  will 
thefe  parts  thus  agitated,  in  like  manner  produce  a 
vibrating  motion  in  the  next  parts,  and  thofe  in  the 
next,  and  fo  on  continually.  And  as  the  firft  parts 
were  condenfed  in  their  progrefs,  and  relaxed  in 
their  regrefs,  fo  wall  the  other  parts,  as  often  as  they 
go  forwards,  be  condenfed,  and  as  often  as  they  go 
backwards,  be  relaxed.  And  therefore  they  will  not 

all 
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all  go  forwards  together,  and  all  go  backwards  to- 
gether; for  then  their  refpeCtive  dift'ances  would 
always  be  the  fame,  and  confequently  they  could  not 
be  rarefied  and  condenfed  by  turns ; but  meeting 
each  other  when  they  are  condenfed,  and  going  from 
each  other  when  they  are  rarefied,  they  muft  necef- 
farily  one  part  of  them  go  forwards  whilft  the  other 
goes  backwards,  by  alternate  changes  from  the  firft 
to  the  laft. 

“ Now  the  parts  which  go  forwards,  and  by  going 
forwards  are  condenfed,  conftitute  thofe  pulfes  which 
ftrike  upon  our  organs  of  hearing,  and  other  obfta- 
cles  they  meet  with  ; and  therefore  a fucceflion  of 
pulfes  will  be  propagated  from  the  fonorous  body. 
And  becaufe  the  vibrations  of  the  fonorous  body 
follow  each  other  at  equal  intervals  of  time,  the 
pulfes  which  are  excited  by  thofe  feveral  vibrations, 
will  alfo  fucceed  each  other  at  the  fame  equal  in- 
tervals.” 

169.  As,  when  a fluid  is  put  in  motion,  that 
motion  is  communicated  in  all  directions,  Sound 
muft  be  propagated  in  all  directions  from  a fonorous 
body  as  a center,  in  concentric  fuperficies,  or  fliells  of 
air,  called  Aeriel  Pulfes , or  Waves  of  Air,  analogous, 
as  fuppofed  by  fome,  to  the  circular  waves  produced 
on  the  furface  of  water  when  a ftone  is  thrown  in. 
If  the  found  be  impeded  by  a body  which  has  a 
hole,  the  waves  pafs  through,  and  diverge  from 
it  as  a new  center,  and  the  found  is  heard  on  all 
parts  on  the  other  fide  of  the  body. 

170.  The  law  by  which  the  force  of  found  de- 
creafes  as  you  recede  from  the  fonorous  body,  is  not 
eafy  to  be  determined  by  theory.  It  has  been  ufually 

efti- 
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eftimated,  by  dividing  the  furrounding  air  into  fhells 
of  an  equal  thicknefs,  and  fuppofing  thefe  fhells  to 
act  upon  each  other,  as  fo  many  elaftic  bodies  would ; 
but  it  is  probable  that  this  is  a fuppofition  very  far 
diftant  from  the  truth.  The  utmoft  diftance  at 
which  a found  has  been  heard,  is  about  200  miles. 
This  was  obferved  in  the  war  between  England  and 
Holland,  in  the  year  1672.  The  unaffifted  human 

voice  has  been  heard  from  Old  to  New  Gibraltar, 

■ 

a diftance  of  10  or  12  miles  ; the  watch-word,  All's 
well,  given  at  the  latter,  in  a ftill  night,  having  been 
heard  at  the  former.  In  both  thefe  cafes-,  the  found 
palled  over  the  water  ; and  it  is  found,  that  found  will 
always  be  conveyed  much  further  along  a fmooth,  than 
a rough  furface* 

1 7 1.  The  velocity  of  found,  produced  by  all 
bodies,  is  found  by  experiment  to  be  1142  feet  in 
a fecond,  fubjedt  to  a fmall  variation  from  the  courfe 
of  the  wind.  Dr.  Derham  determined  this  very 
accurately,  by  placing  cannon  at  different  diftances, 
and  firing  them,  and  obferving  the  interval  between 
the  flafli  and  the  report.  And  thus  he  alfo  found 
that  found  (or  rather  the  pulfes  of  air  which  excite 
it)  moves  uniformly  ; it  being  always  found,  that  the 
interval  was  in  proportion  to  the  diftance.  Sir  I. 
Newton  determined  the  velocity  of  found  by 
Theory  ; with  which  if  the  reader  wifh  to  be  ac- 
quainted, he  may  confult  the  Principia,  Lib.  2. 
Prop.  47.  Averyftrong  wind  is  found  to  alter  the 
velocity  of  found  by  about  rs  of  the  whole ; to  be 
added  when  the  direction  of  the  wind  and  found 
coincide,  and  fubtradfed,  when  they  oppofe  each 
other. 


172.  Sound 
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172.  Sound  is  conveyed  to  the  greatefT  diflance 
by  a trumpet,  called  a J peaking  or  ftentorophonic  trum- 
pet, the  form  of  which  is  like  that  figure  which  would 
be  generated  by  any  part  of  the  logarithmic  curve 
revolving  about  it’s  axis,  the  mouth  being  applied 
to  the  fmaller  end.  'J'he  theory  by  which  this  is 
attempted  to  be  proved,  is  fubject  to  the  objection  ' 
mentioned  in  Art.  170. 

173.  The  fame  found  is  always  excited,  when  the 
air  is  put  into  the  fame  ftate  of  vibration  ; that  is,  if 
a bell  and  mufical  firing  make  the  air  vibrate  the 
fame  number  of  times  in  a fecond,  they  excite  the  fame 
tone.  And  as  the  fame  fonorous  body  performs  all 
it’s  vibrations  in  the  fame  time,  whether  greater  or 
lefs,  the  fame  body  will  always  give  the  fame  tone, 
whether  the  percuffive  flroke  be  greater  or  lefs.  The 
flower  the  vibration,  the  deeper  or  graver  is  the  tone. 
But  we  mean  not  here  to  enter  into  the  invefligation 
of  the  times  of  vibration  of  mufical  firings ; a fub- 
jecl of  confiderable  difficulty,  and  therefore  not  pro- 
per for  an  elementary  treatife.  If  the  reader  with  for 
any  information  upon  the  fubject,  I refer  him  to 
Mr.  Parkinson’s  Hydrojlatics ; or  Dr.  Smith’s 
Harmonics. 

174.  The  reflection  of  the  vibrations  of  the  air 
from  any  fixed  object  to  the  ear,  will  caufe  a found 
diflinct  from  that  which  is  caufed  by  the  vibrations 
coming  directly  to  the  ear ; and  this  is  called  an  Echo. 
If  the  diflance  of  the  object  which  returns  the  echo 
be  great,  it  will  return  feveral  fyllables.  A fingle 
fy liable  will  not  be  clearly  returned  unlefs  the  diflance 
of  the  object  be  at  lead;  120  feet;  and  fo  in  propor- 
tion. Hence  an  echo  returning  ten  fyllables  muft 

come; 
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come  from  an  objed  1200  feet  diftant.  More  fyl- 
lables  however  will  be  returned  by  night  than  by  day, 
becaufe  the  air  being  then  colder,  is  denfer,  in  which 
cafe,  the  return  of  the  vibrations  become  flower,  and 
confequently  more  fyllables  may  be  heard. 

Prop.  LXXIX, 

i ' . 

To  explain  the  afeent  of  Vapours , and  the  origin  of 

Springs 

17  5.  Vapours  are  raifed  from  the  furface  of  the 
water;  the  principal  caufe  of  which  is,  probably,  the 
heat  of  the  fun,  the  evaporation  being  always  great- 
efl  when  the  heat  is  the  greateft.  The  difficulty  of 
folving  the  phenomenon  arifes  from  hence,  that  we 
find  a heavier  fluid  (water)  fufpended  in  a lighter 
fluid  (air),  contrary  to  our  foregoing  principles. 

176.  Dr.  Halley  fuppofed,  that  by  the  adion  of 
the  fun  upon  the  furface  of  the  water,  the  aqueous 
particles  become  formed  into  hollow  bubbles  filled 
with  warm,  and  rarefied  air,  fo  as  to  make  the  whole 
bulk  fpecifically  lighter  than  the  air,  in  which  cafe  the 
particles  will  (Art.  45.)  afeend.  But  there  is  a great 
difficulty  is  conceiving  how  this  can  be  effeded. 
And  if  bubbles  could  be  at  firfl  thus  formed,  when 
they  afeend,  the  air  within  would  very  foon  be  re- 
duced to  the  fame  temperature  of  the  air  without, 
and  they  would  immediately  defeend  upon  that  effed 
taking  place.  Another  opinion  is,  that  the  particles 
of  water  are  feparated  by  a repulfive  force,  which  is 
increafed  in  proportion  as  the  heat  is  increafed,  and 
thus  they  are  difperfed  through  the  air ; but  the  fame 

argument 
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argument  may  be  ufed  againft  this  hypothefis,  as 
againft  the  laft,  that  is,  that  this  effeft  could  not 
continue  in  the  cold  part  of  the  atmofphere  where 
the  clouds  are  fufpended.  The  mod  probable  fup- 
pofition  is,  that  evaporation  is  a chemical  folution 
of  air  in  water.  We  know  that  metals  are  diftolved 
in  menftruums,  and  their  particles  diffufed  and  fuf- 
pended in  the  fluid,  although  their  fpecific  gravity 
be  greater  than  that  of  the  fluid.  Heat  promotes 
this  folution ; in  the  day  time  therefore  the  heat 
caufes  a more  perfect  folution  than  what  can,  cateris 
paribus,  take  place  in  the  night  when  the  air  is  colder, 
when  the  heat  is  frequently  not  fufficient  to  keep  the 
water  in  a ftate  of  folution,  and  it  falls  in  fogs  and 
dews.  The  vapours,  thus  raifed  by  heat,  afcend  into 
the  cold  regions  of  the  atmofphere,  and  not  being 
there  kept  in  a ftate  of  folution,  they  appear  in  the 
form  of  clouds;  and  when  driven  together  by 
the  agitation  of  the  air,  the  particles  run  together 
into  drops  and  fall  down  in  rain.  If  they  be  frozen 
before  they  form  themfelves  into  drops,  they  defcend 
in  fnow;  but  if  the  drops  of  rain  themfelves  be 
frozen,  they  defcend  in  hail.  See  Hamilton  on 
the  AJcent  of  V apours. 

1-77.  Marriotte  fuppofed  Springs  to  be  owing  to 
rain  water  and  melted  fnow,  which  penetrating  the 
furfaces  of  hills,  and  running  by  the  fide  of  clay  or 
rocks  which  it  cannot  penetrate,  at  laft  comes  to  fome 
place  where  it  breaks  out.  This  would  account  for 
the  phenomenon,  provided  the  fupply  from  thefe 
caufes  was  fufficient ; but  D.  Sideleau,  and  others, 
making  an  eftimate  of  the  -quantity  of  rain  and  fnow 
which  fails  in  the  fpace  of  a year,  to  fee  whether  it 

would 
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would  afford  a quantity  of  water,  equal  to  that  which 
is  annually  difcharged  into  the  fea  by  the  rivers  (which 
are  fupplied  by  fprings),  found  that  it  would  not . 
But  Dr.  Hat.ley  difcovered  the  caufe  of  a lufficient 
fupply ; for  he  has  proved  by  experiment,  that  the 
vapours  which  are  raifed,  afford  a much  greater  fupply 
than  is  neceffary;  we  will  give  the  account  in  his 
own  words. 

178.  “We  took  a pan  of  water  (falted  to  the  degree 
as  is  common  fea-water,  by  the  folution  of  about  a 
fortieth  part  of  fait)  about  four  inches  deep,  and  7 
inches  to  diameter,  in  which  we  placed  a thermo- 
meter, and  by,means  of  a pan  of  coals,  we  brought  the 
water  to  the  fame  degree  of  heat  which  is  obferved  to 
be  that  of  the  air  in  our  hotteft  fummers ; the  ther- 
mometer nicely  fhowing  it.  This  done,  we  affixed 
the  pan  of  water,  with  the  thermometer  in  it,  to  one 
end  of  the  beam  of  the  fcales,  and  exactly  counter- 
poifed  it  with  weights  in  the  other  fcale ; and  by  the 
application  or  removal  of  the  pan  of  coals,  we  found 
it  very  eafy  to  maintain  the  water  in  the  fame  degree 
of  heat  precifely.  Doing,  thus,  we  found  the  weight 
of  the  water  fenfibly  to  decreafe ; and  at  the  end  of 
two  hours  we  obferved,  that  there  wanted  half  an 
ounce  troy,  all  but  7 grains,  or  233  grains  of  water, 
which  in  that  time  had  gone  off  in  vapour ; tho’  orie 
could  hardly  perceive  it  fmoak,  and  the  water  was 
not  fenfibly  warm.  This  quantity  in  fo  fhort  a time 
feemed  very  confiderable,  being  little  lefs  than  6 
ounces  in  24  hours,  from  fo  fmall  a furface  as  a circle 
of  8 inches  diameter.  To  reduce  this  experiment 
to  an  exaft  calculus , and  determine  the  thicknefs  of 
the  Ikin  of  water  that  had  fo  evaporated,  I affume 

the 
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the  experiment  alledged  by  Dr.  Edw.  Bernard  to 
have  been  made  in  the  Oxford  Society , viz.  that  the 
cube  foot  Englifh  of  water  weighs  exactly  76  pounds 
troy  ; this  divided  by  1728,  the  number  inches  in 
afoot,  will  give  2531  grains,  or  half  ounce  13E  grains 
for  the  weight  of  a cube  inch  of  water ; wherefore 

the  weight  of  233  grains  is  or  33  parts  of3S  of  a 

2 5 3 

cube  inch  of  water.  Now  the  area  of  the  circle, 
whofe  diameter  is  7 -h  inches,  is  49  fquare  inches; 
by  which  dividing  the  quantity  of  water  evaporated, 

viz.  U of  an  inch,  the  quote  -~4~  or  — , thews  that 
3 8 1 8 62'  53 

the  thicknefs  of  the  water  evaporated  was  the  53'’  part 

of  an  inch  : But  we  will  fuppofe  it  only  the  60th  part, 

for  the  facility  of  calculation.  If  . therefore  water  as 

warm  as  the  air  in  fummer,  exhales  the  thicknefs  of** 

a 60th  part  of  an  inch  in  two  hours  from  it’s  whole 

furface,  in  12  hours  it  will  exhale  — of  an  inch: 

10 

which  quantity  will  be  found  abundantly  fufficient  to 
ferve  for  all  the  rains,  fprings,  and  dews,  and  account 
for  the  Cafpian  Sea's  being  always  at  a (land,  neither 
wafting  nor  overflowing ; as  likewife  for  the  current 
faid  to  fet  always  in,  at  the  Straights  of  Gibraltar , 
tho’  thofe  Mediterranean  Seas  receive  fo  many,  and  fo 
confiderable  rivers. 

179.  “ To  eftimate  the  quantity  of  water  arifing  in 
vapours  out  of  the  fea,  I think  I ought  to  confider  it 
only  for  the  time  the  fun  is  up,  for  that  the  dews  return 
in  the  night  as  much,  if  not  more  vapours  than  are  then 
emitted ; and  in  fummer  the  days  being  longer  than 

twelve 
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twelve  hours,  this  excels  is  balanced  by  the  weaker 
aftion  of  the  fun,  efpecially  when  rifing  before  the 

water  is  warmed  : So  that  if  1 allow  — of  an  inch  of 

to 

the  furface  of  the  fea  to  be  raifed  per  diem  in  vapours, 
it  may  not  be  an  improbable  conjed’ture. 

“ Upon  this  fuppofition,  every  io  fquare  inches  of 
the  furface  of  the  water  yields  in  vapour  per  diem  a 
cube  inch  of  water  ; and  each  fquare  foot,  half  a wine 
pint;  every  fpace  of  4 feet  fquare,  a gallon  ; a mile 
fquare,  6914  tons;  a fquare  degree,  fuppofe  of  69 
Englijh  miles,  will  evaporate  33  millions  of  tuns  : And 
if  the  Mediterranean  be  eftimated  at  40  degrees  long 
and  4 broad,  allowances  being  made  for  the  places 
where  it  is  broader  by  thofe  where  it  is  narrower,  (and 
I am  fure  I guefs  at  the  lcaft)  there  will  be  160  fquare 
degrees  of  fea;  and  confequently  the  whole  Mediter- 
ranean mult  lofe  in  vapour,  in  a fummer’s  day,  at 
lead  5280  millions  of  tuns.  And  this  quantity  of 
vapour,  though  very  great,  is  as  little  as  can  be  con- 
cluded from  the  experiment  produced  : And  yet  there 
remains  another  caufe,  which  cannot  be  reduced  to 
the  rule,  I mean  the  winds,  whereby  the  furface  of 
the  water  is  licked  up,  fomewhat  falter  than  it  exhales 
by  the  heat  of  the  lim,  as  it  is  well  known  to  thofe 
that  have  confidered  thofe  drying  winds  which  blow 
fometimes. 

“ The  Mediterranean  receives  thefe  confiderable 
rivers;  the  Iberus , the  Rhone,  the  Tiber,  the  Po,.  the 
Danube,  the  Niejier,  the  Boryjihenes , the  Tanais,  and 
the  Nile , all  the  reft  being  of  no  great  note,  and 
their  quantity  of  water  inconfiderable.  We  will  fup- 
pofe 


ON  VAPOURS  AND  SPRINGS.  145 

pofe  each  .of  thefe  nine  rivers  to  bring  down  ten  times 
as  much  water  as  the  river  'Thames , not  that  any  of 
them  is  fa.  great  , in  reality,  but  to  comprehend  with 
them  all  the  final!  rivulets  that  fall  into  the  fea,  which 
other  wife  I know  not  how  to  allow  for. 

“ To  caculate  the  water  of  the  Thames , I affume  that 
at  Kingfion  Bridge,  where  the  flood  never  reaches,  and 
the  water  always  runs  down,  the  breadth  of  the  chan- 
nel is  100  yards,  and  it’s  depth  3,  it  being  reduced  to 
an  equality,  (in  both  which  fuppofitions  I am  fure  I 
take  with  the  moft.)  Hence  the  profile  of  the  water 
in  this  place  is  300  fquare  yards : This  multiplied  by 
48  miles,  (which  I allow  the  water  to  run  in  24 
hours,  at  2 miles  in  an  hour)  or  84480  yards,  gives 
25344000  cubic  yards. of  water  to  be  evacuated  every 
day,  that  is  20300000  tons  per  diem ; and  I doubt 
not  but  in  the  excefs  of  my  meafure  of  the  channel  of 
the  river,  I have  made  more  than  fufficient  allowance 
for  the  waters  of  the  Brent , the  JVandel , the  Lea , and 
Darwent , which  are  all  worth  notice,  that  fall  into 
the  Thames  below  Kingjion. 

“ Now  if  each  of  the  aforefaid  nine  rivers  yield  ten 
times  as  much  water  as  the  Thames  doth,  ’twill  follow 
that  each  of  them  yields  but  203  millions  of  tons  per 
diem , and  the  whole  nine  but  1827  millions  of  tons 
in  a day;  which  is  but  little  more  than  ~ of  what  is 
proved  to  be  raifed  in  vapours  out  of  the  Mediter* 
ranean  in  twelve  hours  time.” 

1 80.  Befides  the  Conjlant  Springs,  there  are  others 
which  ebb  and  flow  alternately,  which  may  thus  be 
accounted  for.  The  water,  before  it  breaks  out,  may 
meet  with  a large  cavity  on  the  fide  of  the  hill,  and 
Vol.  III.  K the 
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the  water,  upon  die  overflowing  of  this  refervoir,  may 
find  an  aperture,  and  make  it’s  efcape;  in  cafe  of  dry 
weather,  therefore,  the  fupply  of  water  may  not  be 
fiifficient  to  keep  it  full,  in  which  cafe,  the  fpring  will 
ceafe  to  flow,  and  continue  dry,  till  a fupply  caufes  it 
overflow,  and  produce  agaiii  the  fpring. 


THE  END  OF  VOL  III, 
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Pace  3,  line  22,  for  eajiy,  read  eafy. 

1 2,  line  9,  for  AB,  read  AD. 

13,  line  18,  foroXz,  readoXoz. 

19,  line  11,  for  {Art.  17),  read  {Art.  18). 

26,  line  14,  for  ^225787,  read  #'—,5787. 

28,  line  16,  for  (y&Y.  39),  read  {Art.  38). 

33,  line  3,  for  {Art.  43),  read  42). 

33,  line  1,  for  H,  read  P. 

4O,  line  4,  for  BCD,  read  Jin.  BCD. 

48,  line  6,  for  Cm % read  fw1. 

75,  line  5,  for  a,  read  c. 

76,  lad  line,  for  a : b ::  b ::  c : c ::  d : d ::  Sec. 

read  a : b ::  b : c ::  c : d ::  d : &c. 

77,  line  19,  for  (Prop.  37),  read  (Prop.  58). 
128,  line  10,  for  Pacijic , read  Atlantic » 


